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Preface

This is a book about arithmetic subgroups of semisimple Lie groups,
which means that we will discuss the group SL(n, Z), and certain of its
subgroups. By definition, the subject matter combines algebra (groups
of matrices) with number theory (properties of the integers). However,
it also has important applications in geometry. In particular, arithmetic
groups arise in classical differential geometry as the fundamental groups
of locally symmetric spaces. (See Chapters 0 and 2 for an elaboration of
this line of motivation.) They also provide important examples and test
cases in geometric group theory.

My intention in this text is to give a fairly gentle introduction to sev-
eral of the main methods and theorems in the subject. There is no at-
tempt to be encyclopedic, and proofs are usually only sketched, or only
carried out for an illustrative special case. Readers with sufficient back-
ground will learn much more from [Ma] and [PR] (written by the masters)
than they can find here.

The book assumes knowledge of algebra, analysis, and topology that
might be taught in a first-year graduate course, plus some acquaintance
with Lie groups. (Appendix B quickly recounts the essential Lie theory,
and Appendix B lists the required facts from graduate courses.) Some
individual proofs and examples assume additional background (but may
be skipped).

Generally speaking, the chapters are fairly independent of each other
(and they all have their own bibliographies), so there is no need to read
the book linearly. To facilitate making a plan of study, the bottom of
each chapter’s first page states the main prerequisites that are not in ap-
pendices @ and B. Individual chapters (or, sometimes, sections) could be
assigned for reading in a course or presented in a seminar. (The book has
been released into the public domain, so feel free to make copies for such
purposes.) Notes at the end of each chapter have suggestions for further
reading. (Many of the subjects have been given book-length treatments.)
Several topics (such as amenability and Kazhdan’s property (T)) are of
interest well beyond the theory of arithmetic groups.

Although this is a long book, some very important topics have been
omitted. In particular, there is almost no discussion of the cohomology
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of arithmetic groups, even though it is a subject with a long history and
continues to be a very active field. (See the lecture notes of Borel [BZ] for
a recent survey.) Also, there is no mention at all of automorphic forms.
(Recent introductions to this subject include [Dé€] and [5S].)

Among the other books on arithmetic groups, the authoritative mono-
graphs of Margulis [Ma] and Platonov-Rapinchuk [PR] have already been
mentioned. They are essential references, but would be difficult reading
for my intended audience. Some works at a level more comparable to
this book include:

[B1]

[H1]

(]
[MR]

[Ra]

[l

(7]

This classic gives an explanation of reduction theory (discussed
here in Chapter M) and some of its important consequences.

This exposition covers reduction theory (at a more elementary level
than [BT]), adeles, ideles, and fundamentals of the Congruence Sub-
group Property (mentioned here in Remark IZT3(&)).

This extensive survey touches on many more topics than are cov-
ered here (or even in [Ma] and [PR]]), with 60 pages of references.

This monograph thoroughly discusses arithmetic subgroups of the
groups SL(2,R) and SL(2, C).

This is an essential reference (along with [Ma] and [ER]). It is the
standard reference for basic properties of lattices in Lie groups
(covered here in Chapter ). It also has proofs of the Godement
Criterion (discussed here in Section BE3), the existence of both co-
compact and noncocompact arithmetic subgroups (discussed here
in Section I84), and reduction theory for arithmetic groups of Q-
rank one (discussed here in Chapter I3d). It also includes several
topics not covered here, such as cohomology vanishing theorems,
and lattices in non-semisimple Lie groups.

This textbook provides an elementary introduction to the Congru-
ence Subgroup Property (which has only a brief mention here in
Remark ITZT3(@)).

After developing the necessary prerequisites in ergodic theory and
representation theory, this monograph provides proofs of three
major theorems of Margulis: Superrigidity, Arithmeticity, and Nor-
mal Subgroups (discussed here in Chapters I8 and I). It also
proves a generalization of the superrigidity theorem that applies
to “Borel cocycles”

Dave Morris
April 2015
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Chapter 1

What is a
Locally Symmetric Space?

In this chapter, we give a geometric introduction to the notion of a sym-
metric space or a locally symmetric space, and explain the central role
played by simple Lie groups and their lattice subgroups. (Since geome-
ters are the target audience here, we assume familiarity with differential
geometry that will not be needed in other parts of the book.) This ma-
terial is not a prerequisite for reading any of the later chapters, except
Chapter B it is intended to provide a geometric motivation for the study
of lattices in semisimple Lie groups. Since arithmetic subgroups are the
primary examples of lattices, this also motivates the main topic of the
rest of the book.

§1.1. Symmetric spaces

Recall that a Riemannian manifold is a smooth manifold M, together
with the choice of an inner product (- | -)x on the tangent space TxM,
for each x € M, such that (- | -} varies smoothly as x varies. The nicest
Riemannian manifolds are homogeneous. This means that every point
looks exactly like every other point:

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: understanding of geodesics, and
other concepts of Differential Geometry.


http://creativecommons.org/publicdomain/zero/1.0/
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1. WHAT IS A LOCALLY SYMMETRIC SPACE?

(1.1.1) Definition. A Riemannian manifold X is a homogeneous space if
its isometry group Isom(X) acts transitively. That is, for every x,y € X,
there is an isometry ¢ of X, such that ¢(x) = y.

(1.1.2) Notation. We use G° to denote the identity component of the
group G.

(1.1.3) Examples. Here are some elementary examples of (simply con-
nected) homogeneous spaces.

1)

2)

3)

4)

5)

The round sphere S* = {x € R™! | ||x|| = 1}. Rotations
are the only orientation-preserving isometries of S", so we have
Isom(5™)° = SO(n + 1). Any point on S" can be rotated to any
other point, so $™ is homogeneous.

Euclidean space R™. Every orientation-preserving isometry of R" is
a combination of a translation and a rotation, and this implies that
Isom(R™)° = SO(n) x R™. Any point in R” can be translated to any
other point, so R™ is homogeneous.

The hyperbolic plane $° = {z € C | Imz > 0}, where the inner
product on T,$)? is given by
1
(ulv)ge = 2(mz)? (u | v)ge.

It is not difficult to show that

Isom($)?)° is isomorphic to PSL(2,R)° = SL(2,R)/{+1},
by noting that SL(2,R) acts on $)? by linear-fractional transfor-
mations z — (az + b)/(cz + d), and confirming, by calculation,

that these linear-fractional transformations preserve the hyper-
bolic metric.

Hyperbolic space " = {x € R" | x,, > 0}, where the inner prod-
uct on T, $H" is given by

1
(ulv)gn = Ax2 (w | v)gn.
n

It is not difficult to see that £ is homogeneous (see Exercise ).
One can also show that that the group Isom(£™)° is isomorphic to
SO(1,n)° (see Exercise ).

A cartesian product of any combination of the above (see Exer-
cise B).

(1.1.4) Definitions. Let ¢: X — X.

1)
2)
3)

We say that ¢ is involutive (or that ¢ is an involution) if ¢* = Id.
A fixed point of ¢ is a point p € X, such that ¢(p) = p.

A fixed point p of ¢ is isolated if there is a neighborhood U of p,
such that p is the only fixed point of ¢ that is contained in U.
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Besides an isometry taking x to y, each of the above spaces also has
a nice involutive isometry that fixes x.

1) Define ¢;: S™ — S" by

¢1(x11 .. -,Xn+]) = (_XI, ey _xn,xn+1)-
Then ¢, is anisometry of ", such that ¢ has only two fixed points:
namely, e, 1 and —e, .1, where e,,.1 = (0,0,...,0,1). Therefore,

en+1 is an isolated fixed point of ¢;.

2) Define ¢»: R" — R" by ¢p2(x) = —x. Then ¢- is an isometry of R™,
such that 0 is the only fixed point of ¢».

3) Define ¢3: $H2 — H2 by ¢p3(z) = —1/z. Then i is the only fixed
point of ¢s.

4) There are involutive isometries of $" that have a unique fixed point
(see Exercise B), but they are somewhat difficult to describe in the
upper-half-space model that we are using.

The existence of such an isometry is the additional condition that is re-
quired to be a symmetric space.

(1.1.5) Definition. A Riemannian manifold X is a symmetric space if
1) X is connected,
2) X is homogeneous, and

3) there is an involutive isometry ¢ of X, such that ¢ has at least one
isolated fixed point.

(1.1.6) Remark. If X is a symmetric space, then all points of X are essen-
tially the same, so, for each x € X (not only for some x € X), there is
an isometry ¢ of X, such that ¢? = Id and x is an isolated fixed point
of ¢ (see Exercise H). Conversely, if Condition (8) is replaced with this
stronger assumption, then Condition (2) can be omitted (see Exercise ).

We constructed examples of involutive isometries of S, R", and $H"
that have an isolated fixed point. The following proposition shows that
no choice was involved: the involutive isometry with a given isolated
fixed point p is unique, if it exists. Furthermore, in the exponential co-
ordinates at p, the involution must simply be the map x —» —x.

(1.1.7) Proposition. Suppose ¢ is an involutive isometry of a Riemmanian
manifold X, and suppose p is an isolated fixed point of ¢. Then
1) d¢, = —1d, and
2) for every geodesic y with y(0) = p, we have ¢(y(t)) = y(-t), for
all't € R.
Proof. () From the Chain Rule, and the fact that ¢(p) = p, we have
d(¢2)p = dd)(,b(p) ° d¢p = (d(l)p)z-
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Also, because ¢? = Id, we know that d(¢?), = d1d, = Id. We conclude
that (d¢,)? = Id; hence, the linear transformation de¢,: TpX — TpX
satisfies the polynomial equation x2 — 1 = Q.

Suppose d¢, # —Id. (This will lead to a contradiction.) Since the
polynomial x? — 1 has no repeated roots, we know that d¢,, is diagonal-
izable. Furthermore, because 1 and —1 are the only roots of x2 — 1, we
know that 1 and —1 are the only possible eigenvalues of d¢,. Therefore,
because d¢, # —Id, we conclude that 1 is an eigenvalue; so we may
choose some nonzero v € T,X, such that d¢,(v) = v. Let y be the
geodesic with y(0) = p and y’(0) = v. Then, because ¢ is an isometry,
we know that ¢ o y is also a geodesic. We have

(poy)(0) = d(y(0) =p(p) =p=y(0)
and
(P oy)(0) =dey)(y'(0)) =dey(v) =v =y'(0).

Since every geodesic is uniquely determined by prescribing its initial po-
sition and its initial velocity, we conclude that ¢ o y = y. Therefore,
¢(y(t)) = y(t), so y(t) is a fixed point of ¢, for every t. This contra-
dicts the fact that the fixed point p = y(0) is isolated.

() Define y(t) = y(—t), so y is a geodesic. Because ¢ is an isometry,
we know that ¢ o y is also a geodesic. We have

(poy)(0) =d(y(0) =p(p) =p=y(0)
and, from (),
(P oy)(0) =ddy (¥ (0) =—-y'(0) =¥ (0).
Since a geodesic is uniquely determined by prescribing its initial position
and its initial velocity, we conclude that ¢ o y =y, as desired. O

(1.1.8) Definition. Let M be a Riemannian manifold, and let p € M. It is
a basic fact of differential geometry that there is a neighborhood V of 0
in T, M, such that the exponential map exp, maps V diffeomorphically
onto a neighborhood U of p in M. By making V smaller, we may assume
it is:

¢ symmetric (thatis, -V = V), and

e star-shaped (thatis, tV c V,for 0 <t < 1).
The geodesic symmetry at p is the diffeomorphism T of U that is defined
by

T(exp, (v)) = exp, (-v),

forallv e V.

In other words, for each geodesic y in M, such that y(0) = p, and for
all t € R, such that ty’(0) € V, we have T(y(t)) = y(-t).

Note. The geodesic symmetry T is a local diffeomorphism, but, for most
manifolds M, it is not a local isometry (cf. Remark IT322).
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In this terminology, the preceding proposition shows that if an invo-
lutive isometry ¢ has a certain point p as an isolated fixed point, then,
locally, ¢ must agree with the geodesic symmetry at p. This has the
following easy consequence, which is the motivation for the term sym-
metric space.

(1.1.9) Corollary. A connected Riemannian manifold M is a symmetric
space if and only if, for each p € M, the geodesic symmetry at p extends
to an isometry of M.

Exercises for §1.1.

#1. Show that $" is homogeneous.

[Hint: For any t € R*, the dilation x ~ tx is an isometry of $". Also, for any
v € R" !, the translation x — x + v is an isometry of $".]

#2. Let B* = {x € R™ | ||x|| < 1} be the open unit ball in R", equip
T, B™ with the inner product

1
(ulvipgn = ———5 (Ul V)gn,
(1 - [Ix)2)?
and let e,, = (0,0,...,0,1) € R". Show that the map ¢: B" — H"
defined by
X+e 1
P(x) = z

Ix+enl2  2°"

is an isometry from B, onto ™. (In geometric terms, ¢ is obtained
by composing a translation with the inversion centered at the south
pole of B".)

#3. Show that x — —x is an isometry of B™ (with respect to the Rie-
mannian metric (- | -)g» defined in Exercise D).

#4. For u,v € R*"*1 define
n

(W v)im=uovo — Z UjVj.
j=1
(Note that, for convenience, we start our numbering of the coordi-
nates at 0, rather than at 1.) Let
Xip={xeR"™ | (x|x)in=1, x0>0},
so X7, is one sheet of a 2-sheeted hyperboloid. Equip T X7, with
the inner product obtained by restricting (- | -); » to this subspace.
a) Show that the bijection ¢: B" — X{,, defined by

1
Y(x) = W(LX)

is an isometry. (Note that this implies that the restriction of
(- | -)1,n to Tx X7, is positive definite, even though (- | -)1,, is
not positive definite on all of R"**1))
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b) Show SO(1,n)° acts transitively on X 1* » Dy isometries.

#5. For G = SO(1,n)° = Isom($H™")°, show there is some p € H", such
that Stabg(p) = SO(n).
[Hint: This is easy in the hyperboloid model Xf nl

#6. Show that if X7, X», ..., X;, are homogeneous spaces, then the carte-
sian product X; X X» X - - - X X, is also homogeneous.

#7. Show that every homogeneous space is geodesically complete.
That is, for every geodesic segment y: (—€,€) — X, there is a
doubly-infinite geodesic y: R — X, such that y(t) = y(t) for all

t € (—€,€).
#8. Show that if Xj,..., X, are symmetric spaces, then the cartesian
product X; X Xp X - - - X X, is also a symmetric space.

#9. Show that if X is a symmetric space, then, for each x € X, there
is an isometry ¢ of X, such that ¢2 = Id and x is an isolated fixed
point of ¢.

#10. Let X be a connected Riemannian manifold, and assume, for each
x € X, that there is an isometry ¢ of X, such that ¢? = Id and x
is an isolated fixed point of ¢. Show that X is homogenous, and
conclude that X is a symmetric space.

#11. Show that the real projective space RP" (with the metric that makes
its universal cover a round sphere) has an involutive isometry ¢,
such that ¢ has both an isolated fixed point, and a fixed point that
is not isolated. Is RP™ a symmetric space?

§1.2. How to construct a symmetric space

In this section, we describe how Lie groups are used to construct sym-
metric spaces. Let us begin by recalling the well-known group-theoretic
structure of any homogeneous space.

Suppose X is a connected homogeneous space, and let G = [som(X)°.
Because Isom(X) is transitive on X, and X is connected, we see that G
is transitive on X (see Exercise M), so we may identify X with the coset
space G/K, where K is the stabilizer of some point in X. Note that K is
compact (see Exercise D).

Conversely, if K is any compact subgroup of any Lie group G, then
there is a G-invariant Riemannian metric on G/K (see Exercise &), so G/K
(with this metric) is a homogeneous space. (For any closed subgroup H
of G, the group G acts transitively on the manifold G/H, by diffeomor-
phisms. However, when H is not compact, G usually does not act by
isometries of any Riemannian metric on G/H, so there is no reason to
expect G/H to be a homogeneous space in the sense of Definition II1l.)
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(1.2.1) Example.
1) For X = S™ we have G = SO(n + 1), and we may let
K = Stabg(en+1) = SO(n), so S™ =S0O(n +1)/SO(n).
Note that, letting o be the diagonal matrix
o = diag(-1,-1,...,-1,1),
we have 02 = Id, and K = Cg(0) is the centralizer of ¢ in G.
2) For X = R", we have G = SO(n) x R", and we may let
K = Stabs(0) = SO(n), so R™ = (SO(n) x R™)/SO(n).
Note that the map o: (k,v) —~ (k,—v) is an automorphism of G,
such that o? = Id, and
Celo)={geGlo(g) =g} =K.
3) For X = $2, we have G ~ SL(2, R), and we may let
K = Stabg (i) = SO(2), so $° = SL(2,R)/SO(2).

4) For X = 9", we have G = SO(1,n)°, and we may take K = SO(n)
(see Exercise IF3). Note that, for o = diag(1,-1,-1,...,—1), we
have 02 =1Id, and K = Cg(0).

Therefore, in each of these cases, there is an automorphism o of G, such
that K is the centralizer of o. (In other words, K = {k € G | o(k) = k}
is the set of fixed points of ¢ in G.) The following proposition shows, in

general, that a slightly weaker condition makes G /K symmetric, not just
homogeneous.

(1.2.2) Proposition. Let
e G be a connected Lie group,
e K be a compact subgroup of G, and

e 0 be an involutive automorphism of G, such that K is an open sub-
group of Cg (o).
Then G/K can be given the structure of a symmetric space, such that
the map T(gK) = o(g)K is an involutive isometry of G/K with eK as an
isolated fixed point.

Proof. To simplify the proof slightly, let us assume that K = Cg(0)
(see Exercise B).

Because K is compact, we know there is a G-invariant Riemmanian
metric on G/K (see Exercise @). Then, because () is finite, and normal-
izes G, it is not difficult to see that we may assume this metric is also
T-invariant (see Exercise B). (This conclusion can also be reached by let-
ting Gt = (0)x Gand K* = (o) XK, so K* is a compact subgroup of G*,
such that G*/K* = G/K.) Therefore, T is an involutive isometry of G/K.

Suppose gK is a fixed point of T, with g = e. Then 0 (g) € gK, so we
may write o (g) = gk, for some k € K. Since o centralizes k (and o is an
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automorphism), we have

o2(g) = a(0(9) = a(gk) = 0(g) o(k) = (gk) (k) = gk>.
On the other hand, we know o2(g) = g (because o is involutive), so we
conclude that k2 = e.

Since g ~ e, and o(e) = e, we have 0(g) ~ g, so k = g~ lo(g) = e.
Since k? = e, we conclude that k = e. (There is a neighborhood U of e
in G, such that, for every u € U ~ {e}, we have u? # e.) Therefore
o(g) =gk =ge=g,s0g € Cs(0) = K; hence, gK = eK. O

Conversely, for any symmetric space X, there exist G, K, and o as in
Proposition 22, such that X is isometric to G/K (see Exercise [2).

(1.2.3) Example. Let G = SL(n, R), K = SO(n), and define o-(g) = (g~ )T
(the transpose-inverse). Then o2 = 1 and Cg(0) = K, so the theorem im-
plies that G/K is a symmetric space. Let us describe this space somewhat
more concretely.

Recall that any real symmetric matrix A can be diagonalized over R.
In particular, all of its eigenvalues are real. If all the eigenvalues of A are
strictly positive, then we say that A is positive definite.

Let

X ={A eSL(n,R) | Ais symmetric and positive definite },
and define x: G x X — X by a(g,x) = gxg'. Then:

a) odefines an action of G on X; i.e., we have «(gh, x) = a(g, «(h, x))
forall g,h € Gand x € X.

b) This action is transitive, and we have K = Stabs(Id), so X may be
identified with G/K.

¢) TiuX = {u € Mat,xn(R) | uis symmetric and trace(u) = 0}. (By
definition, we have X < SL(n,R). The condition trace(u) = 0 is
obtained by differentiating the restriction det(A) = 1.)

d) The inner product (u | v) = trace(uv) on TigX is K-invariant, so it
may be extended to a G-invariant Riemannian metric on X.
e) The map T: X — X, defined by T(A) = A~!, is an involutive isome-
try of X, such that T(x(g,x)) = 0(g) T(x)forallg € Gand x € X.
(1.2.4) Example. Other examples of symmetric spaces are:
1) SL(n,C)/SU(n), and
2) SO(p,a)°/(SO(p) x SO(a)).
These are special cases of a consequence of Proposition I_22 that
will be stated after we introduce some terminology.
(1.2.5) Definitions.

1) A symmetric space X is irreducible if its universal cover is not
isometric to any nontrivial product X; x X».
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2) A Riemannian manifold is flat if its curvature tensor is identically
zero, or, equivalently, if every point in X has a neighborhood that
is isometric to an open subset of the Euclidean space R™.

(1.2.6) Proposition. Let G be a connected, noncompact, simple Lie group
with finite center. Then G has a maximal compact subgroup K (which
is unique up to conjugacy), and G /K is a simply connected, noncompact,
irreducible symmetric space. Furthermore, G /K has non-positive sectional
curvature and is not flat.

Conversely, any noncompact, non-flat, irreducible symmetric space is
of the form G /K, where G is a connected, noncompact, simple Lie group
with trivial center, and K is a maximal compact subgroup of G.

(1.2.7) Remark. Let K be a compact subgroup of a connected, simple
Lie group G with finite center, such that G/K is a symmetric space (cf.
Proposition I222). Proposition 28 shows that if G is not compact, then
K must be a maximal compact subgroup of G, which is essentially unique.

On the other hand, if G is compact, then the subgroup K may not be
unique, and may not be maximal. For example, both SO(n)/SO(n — 1)
and SO(n)/{e} are symmetric spaces. The former is a round sphere,
which has already been mentioned. The latter is a special case of the fact
that every connected, compact Lie group is a symmetric space (see Exer-
cise I0).

E. Cartan obtained a complete list of all the symmetric spaces (both
compact and noncompact) by finding all of the simple Lie groups G
(see Theorem BZ7), and determining, for each of them, which compact
subgroups K can arise in Proposition I22.

Exercises for §1.2.

#1. Suppose a topological group G acts transitively (and continuously)
on a connected topological space M. Show that the identity com-
ponent G° is transitive on M.

#2. Let {gn} be a sequence of isometries of a connected, complete Rie-
mannian manifold M, and assume there exists p € M, such that
gnp = p for all n.) Show there is a subsequence {gy, } of {gn} that
converges uniformly on compact subsets of M. (That is, there is
some isometry g of M, such that, for every € > 0 and every com-
pact subset C of M, there exists ko, such that d(gn,c,gc) < € for
all c € Cand all k > kg.)

[Hint: This is a special case of the Arzela-Ascoli Theorem. For each ¢ € C, the se-
quence {gnc} is bounded, and therefore has a convergent subsequence. By Cantor
diagonalization, there is a subsequence that works for all ¢ in a countable, dense
subset of C.]
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#3.

#4.

#5.

#0.

#7.

#8.

#9.

#10.

1. WHAT IS A LOCALLY SYMMETRIC SPACE?

Let K be a compact group, and let p: K — GL(n, R) be a continuous
homomorphism. Show that there is a K-invariant inner product
(- | -)x on R™; that is, such that (p(k)u | p(k)v)g = (u | v)g for
all k € K and all u,v € R"™.

[Hint: Define (u | v)k = [g(p(k)u | p(k)v) du(k), where pis Haar measure on K.]

Let K be a compact subgroup of a Lie group G. Use Exercise B to
show that there is a G-invariant Riemannian metric on G/K.

[Hint: A G-invariant Riemannian metric on G/K is determined by the inner product
it assigns to the tangent space Ty (G/K).]

Complete the proof of Proposition 22, by removing the simplify-
ing assumption that K = C¢(0).

Let F be a finite group of diffeomorphisms (not necessarily isome-
tries) of a Riemannian manifold (M, {- | -)x). Define a new inner
product (- | -)5 on each tangent space T,M by

(u | v); = Z (dfx(u) | dfx(v)>f(x)-
f€F
a) Show that the Riemannian metric (- | -)’ on M is F-invariant.
b) Show that if G is a group of isometries of (M, (- | -)x), and G is
normalized by F, then (- | -)’ is G-invariant.

For any symmetric space X, show that there exist G, K, and o as in
Proposition 22, such that X is isometric to G/K.

[Hint: Suppose T is an involutive isometry of X with an isolated fixed point p. Let
G =Isom(X)° and K = Stabg (p). Define o(g) = TgT. Show K C Cg(0) and, using
the fact that p is isolated, show that K contains the identity component of Cg(0).]
Verify assertions (a), (B), (o), (d), and (&) of Example 23

[Hint: To prove transitivity in (B), you may assume that every symmetric matrix A
is diagonalizable by an orthogonal matrix. That is, there exists g, such that gAg~!
is diagonal and ggT = Id. Note that every positive-definite diagonal matrix has a
square root that is also a diagonal matrix.]

Show that if X is a connected homogeneous space, then Isom(X)
has only finitely many connected components.

[Hint: Every component of G = Isom(X) intersects the compact group Stabg (x).]

Show that if G is compact, then there is a G-invariant Riemannian
metric on G that makes G a symmetric space.
[Hint: The involutive isometry is g — g~1.]

§1.3. Locally symmetric spaces

The gist of the following definition is that a locally symmetric space is a
Riemannian manifold that is locally isometric to a symmetric space; that
is, every point has a neighborhood that is isometric to an open subset of
some symmetric space.
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(1.3.1) Definition. A complete Riemannian manifold M is locally sym-
metric if its universal cover is a symmetric space. In other words, there
is a symmetric space X, and a group I of isometries of X, such that

1) T acts freely and properly discontinuously on X, and
2) M is isometric to I'\ X.

(1.3.2) Remark. At every point of a symmetric space, the geodesic sym-
metry y(t) — y(—t) extends to an isometry of the entire manifold
(see Corollary TTH). In a locally symmetric space, the geodesic sym-
metry T at each point is an isometry on its domain, but it may not be
possible to extend T to an isometry that is well-defined on the entire
manifold; that is, the geodesic symmetry is only a local isometry. That
is the origin of the term locally symmetric.

(1.3.3) Example. Define g: $° — by g(z) = z + 1, let T = (g), and let
M =T\$?2. Then (obviously) M is locally symmetric.

However, M is not symmetric. We provide several different geomet-
ric proofs of this fact, in order to illustrate the important distinction
between symmetric spaces and locally symmetric spaces. (It can also be
proved group-theoretically (see Exercise B).) The manifold M is a cusp:

—

1) Any point far out in the cusp lies on a short loop that is not null-
homotopic, but points at the other end do not lie on such a loop.
Therefore, M is not homogeneous, so it cannot be symmetric.

2) The geodesic symmetry performs a 180° rotation. Therefore, if it
is a well-defined diffeomorphism of M, it must interchange the two
ends of the cusp. However, one end is thin, and the other end is
(very!) wide, so no isometry can interchange these two ends. Hence,
the geodesic symmetry (at any point) is not an isometry, so M is
not symmetric.

3) Let us show, directly, that the geodesic symmetry at some point
p € $H? does not factor through to a well-defined map onT'\$)? = M.
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e letx =-1+iand y =1 +1, and let p € iR be the midpoint
of the geodesic segment joining x and y:

I

I

I

I
4

¢ Let T be the geodesic symmetry at p. Then T(x) =y =1 +1.

e Because the imaginary axis is a geodesic, we have T(i) = ai,
for some a > 1.

e Nowi=x+1= g(x),soxandirepresent the same pointin M.
However, T7(i) —T(x) = =1+ (a—1)iis not an integer (it is not
even real), so T(x) and 7(i) do not represent the same point
in M. Therefore, T does not factor through to a well-defined
map on M.

(1.3.4) Remarks.

1) Some authors do not require M to be complete in their definition
of a locally symmetric space. This would allow the universal cover
of M to be an open subset of a symmetric space, instead of the
entire symmetric space.

2) A more intrinsic (but more advanced) definition is that a complete,
connected Riemannian manifold M is locally symmetric if and only
if the curvature tensor of M is invariant under all parallel transla-
tions, and M is complete.

Any complete, connected manifold of constant negative curvature is
a locally symmetric space, because the universal cover of such a mani-
fold is $" (after normalizing the curvature to be —1). As a generalization
of this, we are interested in locally symmetric spaces M whose universal
cover M is of noncompact type, with no flat factors; that is, such that
each irreducible factor of M is noncompact (and not flat). From Proposi-
tion [ZH, we see, in this case, that M can be written in the form M = G/K,
where G = G X - - - X Gy, is a product of noncompact simple Lie groups,
and K is a maximal compact subgroup of G. We have M = I\M, , for some
discrete subgroup I of Isom(M). We know that Isom (M) has only finitely
many connected components (see Exercise I2F9), so, if we replace M
with an appropriate finite cover, we can arrange that I' C Isom( M )" =G.
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N[

1
2

FIGURE 1.3A. A fundamental domain F for SL(2, Z) in SL(2, R).

Then
M =T\G/K, and I is a discrete subgroup of G.

A topologist may like M to be compact, but it turns out that a very
interesting theory is obtained by making the weaker assumption that M
has finite volume. Hence, the subgroup I' should be chosen so thatI'\G/K
has finite volume. Because I'\G is a principal K-bundle over I'\G/K, and
K has finite measure, it is not difficult to see, from Fubini’s Theorem,
that T'\G has finite volume (see Exercise B). This leads to the following
definition.

(1.3.5) Definition. A subgroup I of G is a lattice in G if T is discrete and
I'\G has finite volume (which respect to the Haar measure on G).

(1.3.6) Example. If T'is discrete and I'\ G is compact, thenI'is alattice in G,
because any compact Riemannian manifold obviously has finite volume.

(1.3.7) Example. SL(2,7) is a lattice in SL(2, R). To see this, let
F=1{ze$H%||zl=1land -1/2 <Rez <1/2} (1.3.8)
(see Figure IT3A). It is well known (though not obvious) that ¥ is a fun-
damental domain for the action of SL(2,Z) on $? (see Exercises @ and B);
it therefore suffices to show that ‘F has finite volume, or, more precisely,
finite hyperbolic area.
The hyperbolic area dA of an infinitesimal rectangle is the product
of its hyperbolic length and its hyperbolic width. If the Euclidean length
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is dx and the Euclidean width is dy, and the rectangle is located at the
point x + iy, then, by definition of the hyperbolic metric, the hyperbolic
length is (dx)/(2y) and the hyperbolic width is (dy)/(2y). Therefore,
dxdy

4y2 °
Since Imz = /3/2 for all z € F, we have

© (12 dxdy 1(° 1
vol = J dA < == —d
& x+iyeF Al 4y? 4 )32 2

Unfortunately, SL(2,7Z)\$)? is not a locally symmetric space, because
SL(2,7) does not act freely on $)2 (so the quotient space is not a Riemann-
ian manifold). However, there are finite-index subgroups of SL(2, Z) that
do act freely (cf. Theorem E82), and these provide interesting locally
symmetric spaces.

dA =

Y < oo,

Calculations similar to (but more complicated than) Example 134
show:

e SL(n,Z) is a lattice in SL(n, R), and

e SO(p,q) N SL(n,Z) is a lattice in SO(p, q).
As in the example of SL(2,7)\$2, the hard part is to find a fundamental
domain for I'\G (or an appropriate approximation of a fundamental do-
main); then it is not difficult to see that its volume is finite. These are

special cases of the following general theorem, which implies that every
simple Lie group has a lattice.

(1.3.9) Theorem (Arithmetic subgroups are lattices (see Theorem B1-1T)).
Assume

e G =G1 X -+ X Gy is a product of simple Lie groups,
e GcSL{,R), and
e GNSL(¥, Q) isdenseinG.

Then Gz = G N SL({, Z) is a lattice in G.

Lattices constructed by taking the integer points of G in this way are
said to be arithmetic (see Definition BE2T-14). (For most simple Lie groups,
these are the only lattices (see Theorem 6=2T)).) When £ is large, there is
more than one way to embed G in SL(#, R), and we will see that different
embeddings can lead to quite different intersections with SL(#,7). In
particular, if G is a noncompact, simple Lie group, then:

e By taking an appropriate embedding of G in some SL(¢, R), we will
construct a lattice I in G, such that I'\ G is not compact (see Corol-
lary BT12).

o By taking a different embedding, we will construct a different lattice
I, such that I'"\ G is compact (see Theorem [EZT).
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We will also see that algebraic properties of I influence the geometry
of the corresponding locally symmetric space M. In particular, the struc-
ture of I determines whether M is compact or not. (For example, the
“Godement Criterion” (533) implies that M is compact if and only if ev-
ery element of I' is a diagonalizable matrix over C.) Much more generally,
the following important theorem implies that every geometric property
of M is faithfully reflected in some group-theoretic property of I.

(1.3.10) Theorem (Mostow Rigidity Theorem (see Chapter I3)). Let M,
and M be finite-volume locally symmetric spaces (not both 2-dimensional),
such that

e the universal covers of M1 and M» are neither compact, nor flat, nor
reducible, and

e the volumes of M, and M» are normalized (i.e., vol M; = vol M> = 1).
If T11(My) = 111 (M), then M, is isometric to Mo.
In fact, every homotopy equivalence is homotopic to an isometry.

The theorem implies that locally symmetric spaces have no nontrivial
deformations, which is why it is called a “rigidity” theorem:

(1.3.11) Corollary. Let {g;} be a continuous family of Riemannian metrics
on a manifold M with dim M > 2, such that, for each t:

e (M, gy) is a finite-volume locally symmetric space whose universal
cover is neither compact, nor flat, nor reducible, and

e vol(M,g;) = 1.
Then (M, g;) is isometric to (M, gy), for every t.

(1.3.12) Definition. A locally symmetric space is irreducible if no finite
cover of M can be written as a nontrivial cartesian product M; x M.

It is important to note that the universal cover of an irreducible lo-
cally symmetric space need not be an irreducible symmetric space. In

other words, there can be lattices in G; X - - - X G, that are not of the
form Iy X - - - X I, (see Example 553).

(1.3.13) Remark. Theorem 310 (and the corollary) can be generalized
to the case where only M, rather than the universal cover of My, is ir-
reducible. However, this requires the hypotheses to be strengthened: it
suffices to assume that no irreducible factor of M; or M, is either com-
pact or flat or 2-dimensional. Furthermore, the conclusion needs to be
weakened: rather than simply multiplying by a single scalar to normalize
the volume, there can be a different scalar on each irreducible factor of
the universal cover.
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Exercises for §1.3.

#1.

#2.

#3.

#4.

#5.

#6.

#7.

#8.

Let

¢ X be a simply connected symmetric space,

e I'\X be alocally symmetric space whose universal cover is X (so
I'is a discrete group of isometries that acts freely and properly
discontinuously on X), and

e T be an isometry of X.

Show that if T factors through to a well-defined map on I'\ X, then
T normalizes I (that is, TyT~! €T, for every y € I).

Define g: % - H%by g(z) =z + 1.
a) Show the geodesic symmetry T at iis given by 7(z) = —-1/z.
b) Show that T does not normalize (g).
¢) Conclude that T does not factor through to a well-defined map

on (g)\H2.

Let
e X be a simply connected symmetric space, and
e I'\ X be alocally symmetric space whose universal cover is X (so
I'is a discrete group of isometries that acts freely and properly
discontinuously on X).
Show that X is homogeneous if and only if the normalizer N¢(I')
is transitive on X, where G = Isom(X).

Let M = T'\G/K be alocally symmetric space, and assume that G has
no compact factors. Show that if Ng(I') /T is finite, then Isom (M)
is finite.

Show that if K is any compact subgroup of a Lie group G, then there
is a unique (up to a scalar multiple) G-invariant Borel measure v on
G /K, such that v(C) < oo, for every compact subset C of G/K.

Let

e K be a compact subgroup of a Lie group G, and

e I' be a discrete subgroup of G that acts freely on G/K.
Show that I'\G has finite volume if and only if I'\G/K has finite
volume.

Let T = SL(2,Z), and define F C $? as in (I3R). Show, for each
p € $2, that there is some y € I with y(p) € F.
[Hint: f Imy(p) <Impforall y eI,and —1/2 <Rep < 1/2,then p € F.]

LetT = SL(2,7), and define F ¢ $2 asin (I3R). Show, for z, w € F,
that if there exists y € I' with y(z) = w, then either z = w or
z,wedf.

[Hint: Assume Imw < z. Then |y2,1z+y2,2| < 1. Hence |y2,1| € {0,1}. If [y21] =1
and y2» # O, then |Rez| = 1/2,s0 z € 0F. If |y21] = 1 and y2» = 0, then
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w = (az —1)/z. Since |Re(1/z)| < |Rez| < 1/2,and |Rew| < 1/2, we see that
eitherRez=1/2orw = —-1/z.]

Notes

Either of Helgason’s books [, B] is a good reference for the geometric
material on symmetric spaces and locally symmetric spaces, the connec-
tion with simple Lie groups, and much more. Lattices are the main topic
of Raghunathan’s book [8].

Theorem I3 is a result of Borel and Harish-Chandra [T] that will be
proved in Chapters [@ and [9.

Theorem 310 combines work of Mostow [B], Prasad [[4], and Mar-
gulis [@]. We will discuss it in Chapter 3.

Example 37 appears in many number theory texts, including [9,
§7.1.2, pp. 77-79]. Our hints for Exercises IT3#4 and I3#8 are taken
from [B, Prop. 4.4, pp. 181-182].
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Chapter 2

Geometric Meaning of
R-rank and Q-rank

This chapter, like the previous one, is motivational. Itis not a prerequisite
for later chapters.

§2.1. Rank and real rank

Let X be a symmetric space (see Definition I_T5). For example, X could
be a Euclidean space R", or a round sphere S, or a hyperbolic space ",
or a product of any combination of these.

As is well known, the rank of X is a natural number that describes
part of the geometry of X, namely, the dimension of a maximal flat.

(2.1.1) Definition. A flat in X is a connected, totally geodesic, flat sub-
manifold of X.

(2.1.2) Definition. rank X is the largest natural number 7, such that X
contains an r-dimensional flat.

Let us assume that X has no flat factors. (That is, the universal cover
of X is not isometric to a product of the form Y x R". Mostly, we will be
interested in the case where X also does not have any compact factors.)

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: locally symmetric spaces

(Chapter M) and other differential geometry.
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Let G = Isom(X)°. Then G acts transitively on X, and there is a
compact subgroup K of G, such that X = G/K. Because X has no flat
factors, G is a connected, semisimple, real Lie group with trivial center
(see §I2). (We remark that G is isomorphic to a closed subgroup of
SL(¢,R), for some £.)

The real rank can be understood similarly. It is an invariant of G that
is defined algebraically (see Chapter B), but it has the following geometric
interpretation.

(2.1.3) Theorem. rankg G is the largest natural number v, such that X
contains a closed, simply connected, r-dimensional flat.

(2.1.4) Warning. By closed, we simply mean that the flat contains all of its
accumulation points, not that it is compact. (A closed, simply connected
flat is homeomorphic to some Euclidean space R".)

For example, if X is compact, then every closed, totally geodesic, flat
subspace of X must be a torus, not R", sorankg G = 0. On the other hand,
if X is not compact, then X has unbounded geodesics (for example, if X is
irreducible, then every geodesic goes to infinity), so rankg G > 1. Hence:

rankg G = 0 = X is compact.
Thus, there is a huge difference between rankg G = 0 and rankg G > 0,
because no one would mistake a compact space for a noncompact one.

(2.1.5) Remark. rankg G = rank X if and only if X has no compact factors.

There is also an important difference between rankg G = 1 and
rankg G > 1. The following proposition is an important example of this.

(2.1.6) Definition. X is two-point homogeneous if, whenever (x1, x») and
(y1,y?2) are two pairs of points in X with d(x1,x2) = d(y1, y2), there is
an isometry g of X with g(x;) = y; and g(x2) = y».

If rankg G > 1, then there exist maximal flats H; and H» that intersect
nontrivially. On the other hand, there also exist some pairs x1, x», such
that {x1,x»} is not contained in the intersection of any two (distinct)
maximal flats. This establishes one direction of the following result.

(2.1.7) Proposition. Assume X is noncompact and irrveducible. The sym-
metric space X is two-point homogeneous if and only if rankg G = 1.

The following is an infinitesimal version of this result.
(2.1.8) Proposition. Assume X is noncompact and irreducible. The action
of G on the set of unit tangent vectors of X is transitive iff rankg G = 1.
(2.1.9) Corollary. rankg SO(1,n) = 1.
Proof. For G = SO(1,n), we have X = . The stabilizer SO(n) of a point

in )" acts transitively on the unit tangent vectors at that point. So G acts
transitively on the unit tangent vectors of X. O
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More generally, it can be shown that rankg (SO(m, n)) = min{m, n}.
Also, rankg (SL(n, R)) = n—1. Although they may not be obvious geomet-
rically, these real ranks are easy to calculate from the algebraic definition
that will be given in Chapter 8.

(2.1.10) Remark. For every 7, there is a difference between rankg G = v
and rankg G > 7, but this difference is less important as » grows larger:
the three main cases arerankg G = O,rankg G = 1, and rankg G > 2. (This
is analogous to the situation with smoothness assumptions: countless
theorems require a function to be C% or C! or C?, but far fewer theorems
require a function to be, say, C’, rather than only CS.)

Exercises for §2.1.

#1. Show rankg (G, X G2) = rankg G1 + rankg Go.

#2. Assume rankg G = 1. Show X is irreducible if and only if X has no
compact factors.

#3. Show that if X is reducible, then X is not two-point homogeneous.
(Do not assume the fact about maximal flats that was mentioned,
without proof, before Proposition ZZ1-2.)

§2.2. Qrank

Now let I'\ X be a locally symmetric space modeled on X, and assume that
I'\ X has finite volume. Hence, I'is a (torsion-free) discrete subgroup of G,
such that I'\ G has finite volume; in short, I is a lattice in G.

The real rank depends only on X, so it is not affected by the choice of
a particular lattice I. We now describe an analogous algebraically defined
invariant, rankq I, that does depend on T, and therefore distinguishes be-
tween some of the various locally homogeneous spaces that are modeled
on X. We will mention some of the geometric implications of Q-rank,
leaving a more detailed discussion to later chapters.

(2.2.1) Theorem (see Subsections and [9.3GV)).

1) rankq I is the largest natural number v, such that some finite cover
of T\ X contains a closed, simply connected, v-dimensional flat.

2) rankq I is the smallest natural number v, for which there exists col-
lection of finitely many closed, v-dimensional flats, such that all of
I'\X is within a bounded distance of the union of these flats.

(2.2.2) Remark. Itis clear from Theorem ZZZ1I(I) that rankqg I' always ex-
ists (and is finite). Furthermore, 0 < rankg[' < rankg G. Although not
so obvious, it can be shown that the extreme values are always attained:
there are lattices I, and I; in G with rankq I = 0 and rankq Is = rankg G
(see Theorem I®—ZT and Exercise BT#4). So it is perhaps surprising that
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there may be gaps in between. (For example, if G = SO(2,n), withn = 5,
and n is odd, then rankg G = 2, but Corollary I86G2 shows there does
not exist a lattice I' in G, such that rankq I = 1.)

(2.2.3) Example (see Example @T1). From the algebraic definition, which
will appear in Chapter G, it is easy to calculate

rankq (SO(m, n)z) = min{m, n} = rankg (SO(m, n))

and
rankq (SL(n,Z)) = n — 1 = rankg (SL(n, R)).

As for the real rank, the biggest difference is between spaces where
the invariant is zero and those where it is nonzero, because this is again
the distinction between a compact space and a noncompact one:

(2.2.4) Theorem (see Exercise BT#3). rankq ' = 0 iff T\ X is compact.

Theorem ZZZ1I(P) implies that the Q-rank of T is directly reflected in
the large-scale geometry of I'\ X, as described by the asymptotic cone
of I'\ X. Intuitively, the asymptotic cone of a metric space is obtained by
looking at it from a large distance. For example, if I'\ X is compact, then,
as we move farther away, the manifold appears smaller and smaller (see
the illustration below). In the limit, the manifold shrinks to a point.

“ o - (2.2.5)

An intuitive understanding is entirely sufficient for our purposes
here, but, for the interested reader, we provide a more formal definition.

(2.2.6) Definition. The asymptotic cone of a metric space (M, d) is the
limit space

lim (M, ed), p),

€— +

if the limit exists. Here, p is an arbitrary (but fixed!) point of M, and the
limit is with respect to Gromov’s Hausdorff distance. (Roughly speaking,
a large ball around p in (M, ed) is 6-close to being isometric to a large
ball around a certain (fixed) point pg in the limit space (Mg, do).)

(2.2.7) Examples.

1) If I'\X is compact, then the asymptotic cone of I'\ X is a point,
as is illustrated in (ZZZ3). This point is a 0-dimensional simpli-
cial complex, which is a geometric manifestation of the fact that
rankgI' = 0.

2) If rankg G = 1, and I'\ X is not compact, then, as is well known,
I'\X has finitely many cusps. The asymptotic cone of a cusp is
a ray, so the asymptotic cone of I'\X is a “star” of finitely many
rays emanating from a single vertex (see Figure ZZZAl). Therefore,
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the asymptotic cone of I'\ X is a 1-dimensional simplicial complex.
This manifests the fact that rankqg I’ = 1.

FIGURE 2.2A. Looking at a manifold with cusps from far-
ther and farther away.

(2.2.8) Theorem (see Remark TI3Y). The asymptotic cone of T\X is a
simplicial complex whose dimension is rankg I

(2.2.9) Example. Let G = SL(3,R) and I = SL(3,Z). From Theorem P_ZJ,
we see that the asymptotic cone of I'G/K is a 2-dimensional simplicial
complex. In fact, it turns out to be (isometric to) the sector

{(x,y)e[k@ Osys\/fx}.

(Itis not a coincidence that this sector is a Weyl chamber of the Lie algebra
s[(3,R).)
(2.2.10) Remarks.

1) If rankg I’ = 1, then the asymptotic cone of I'\ X is a star of finitely
many rays emanating from the origin (cf. Example ZZZZ4(2)). Note
that this intersects the unit sphere in finitely many points.

2) In general, if rankqgI' = k, then the unit sphere contains a certain
simplicial complex Tt of dimension k — 1, such that the asymptotic
cone of I'\ X is the union of all the rays emanating from the origin
that pass through 7Tr.

3) For I = SL(3, 7), the simplicial complex Tt is a single edge (cf. Ex-
ample 22Z9). In general, the Tits building 7 is a certain simplicial
complex defined from the parabolic Q-subgroups of G, and 7t can
be obtained from 7; by modding out the action of T.

4) The asymptotic cone is also known as “tangent cone at infinity”

(2.2.11) Remark. Although we will not prove this, the Q-rank is directly
reflected in the cohomology of I'\ X. Namely, let ¢ be the cohomological
dimension of I'\X. Because I'\ X is a manifold of dimension dim X, we
have ¢ = dim X if and only if I'\ X is compact. So the deficiency dim X — ¢
is, in some sense, a measure of how far I'\ X is from being compact. This
measure is precisely rankq I' (if X has no compact factors).
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Exercises for §2.2.

#1. Theorem 224 states that if '\ X is compact, then rankg I’ = 0.
a) Prove this directly from Theorem PZ_Z_TI(M).
b) Prove this directly from Theorem Z_ZT(2).

Notes

Helgason’s book [2] has a thorough treatment of rank and R-rank.

Theorem ZZZTI(2) was proved by B. Weiss [BI].

Theorem =24 was proved for arithmetic lattices by Borel and Harish-
Chandra [0] and, independently, by Mostow and Tamagawa [[4]. For non-
arithmetic lattices, this theorem is part of the definition of Q-rank.

A more precise version of Theorem (providing a description of
the geometry of the simplicial complex) was proved by Hattori [B]. Proofs
also appear in [S] and [B].

Remark 22217 is due to Borel and Serre [2].
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Chapter 3

Brief Summary

This book is about arithmetic subgroups, and other lattices, in semisim-
ple Lie groups. Given a lattice I' in a semisimple Lie group G, we will
investigate both the algebraic structure of I', and properties of the corre-
sponding homogeneous space G /I. We will also study the close relation-
ship between G and I'. For example, we will see that G is essentially the
only semisimple group in which I can be embedded as a lattice (“Mostow
Rigidity Theorem”), and, conversely, we will usually be able to make a list
of all the lattices in G (“Margulis Arithmeticity Theorem”).

This chapter provides a very compressed outline of the material in
this book. To help keep it brief, let us assume, for the remainder of the
chapter, that

G is a noncompact, simple Lie group, and I is a lattice in G.
This means (see Definition EE1-9):
e T'is a discrete subgroup of G, and

e the homogeneous space G/I has finite volume (with respect to the
Haar measure on G).

(If G/T is compact, which is a very important special case, we say I is
cocompact.)

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none for most of the non-proof
material.
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Part I. Introduction

All three chapters in this part of the book are entirely optional; none of
the material will be needed later (although some examples and remarks
do refer back to it). Chapters @ and B provide geometric motivation for
the study of arithmetic groups, by explaining the connection with locally
symmetric spaces. The present chapter (Chapter B) is a highly condensed
version of the entire book.

Part @I. Fundamentals

This part of the book presents definitions and other foundational mate-
rial for the study of arithmetic groups.

Chapter 8. Basic Properties of Lattices. This chapter presents a few
important definitions, including the notions of lattice subgroups, com-
mensurable subgroups, and irreducible lattices. 1t also proves a number
of fundamental algebraic and geometric consequences of the assumption
that T is a lattice, including the following.

(E2Z72)) Recall that an element u of SL(n, R) is unipotent if its char-
acteristic polynomial is (x — 1)" (or, in other words, its only eigenvalue
is 1). If G/T is compact, then I' does not have any nontrivial unipotent
elements. This is proved by combining the Jacobson-Morosov Lemma
(B5R) with the observation that if a sequence ¢;I' leaves all compact sets,
and U is a precompact set in G, then, after passing to a subsequence, the
sets UciI, UcyT,. .. are all disjoint. However, G/I" has finite volume, so
it cannot have infinitely many disjoint open sets that all have the same
volume.

(BSFET) (Borel Density Theorem) T is not contained in any connected,
proper, closed subgroup of G. Assuming that G/I' is compact, the key to
proving this is to note that if p: G — GL(m, R) is any continuous homo-
morphism, u is any unipotent element of G, and v € R™, then the co-
ordinates of the vector p(u¥)v are polynomial functions of k. However,
if G/T is compact, and v happens to be p(I')-invariant, then the coordi-
nates are all bounded. Since every bounded polynomial is constant, we
conclude that every p(I')-invariant vector is p(G)-invariant. From this,
the desired conclusion follows by looking at the action of G on exterior
powers of its Lie algebra.

(B=Z10) T is finitely presented. When G/I' is compact, this follows
from the fact that the fundamental group of any compact manifold is
finitely presented. For the noncompact case, it follows from the existence
of a nice fundamental domain for the action of I' on G (which will be
explained in Chapter [9).
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(B2 (Selberg’s Lemma) I has a torsion-free subgroup of finite index.
For example, if I' = SL(3, Z), then the desired torsion-free subgroup can
be obtained by choosing any prime p > 3, and taking the matrices in I’
that are congruent to the identity matrix, modulo p.

(BEB#Z9) T is residually finite. For example, if I = SL(3, Z), then no
nontrivial element of I is in the intersection of the finite-index subgroups
used in the preceding paragraph’s proof of Selberg’s Lemma.

(B9 (Tits Alternative) T contains a nonabelian free subgroup. This
is proved by using the Ping-Pong Lemma (B298), which, roughly speaking,
states that if homeomorphism a contracts all of the space toward one
point, and homeomorphism b contracts all of the space toward a different
point, then the group generated by a and b is free.

(B103) (Moore Ergodicity Theorem) If H is any noncompact, closed
subgroup of G, then every real-valued, H-invariant, measurable function
on G/T is constant (a.e.). The general case will be proved in Section T2,
but suppose, for example, that G = SL(2,R), H = {a®} is the group of
diagonal matrices, and f is an H-invariant function that, for simplicity,
we assume is uniformly continuous. If we let {u!} be the group of upper-
triangular matrices with 1’s on the diagonal, then we have

ut_f:utas_f:asue*t_f S—o asuolf:f,
so fisinvariant under {u’}. Similarly, it is also invariant under the group
of lower-triangular matrices. So f is G-invariant, and therefore constant.

Chapter 5. What is an Arithmetic Group? Roughly speaking, an
arithmetic subgroup Gz of G is obtained by embedding G in some SL(¥¢, R),
and taking the resulting set of integer points of G. That is, Gz is the in-
tersection of G with SL(¢,Z). However, in order for Gz to be called an
arithmetic subgroup, the embedding G — SL(¥,7) is required to satisfy a
certain technical condition (“defined over Q”) (see Definition B-12).

(BcI1) Every arithmetic subgroup of G is a lattice in G. This funda-
mental fact will be proved in Chapters [@ and 9.

(B2Z0) (Margulis Arithmeticity Theorem) Conversely, if G is neither
SO(1,n) nor SU(1,n), then every lattice in G is an arithmetic subgroup.
Therefore, in most cases, “arithmetic subgroup” is synonymous with “lat-
tice? This amazing theorem will be proved in Section IG3.

It is a hugely important result. The definition of “lattice” is quite
abstract, but a fairly explicit list of all the lattices in G can be obtained by
combining this theorem with the classification of arithmetic subgroups
that will be given in Chapter I3.

(B33) (Godement Compactness Criterion) G/Gyz is compact if and
only if the identity element is the only unipotent element of Gz. The
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direction (=) is very elementary and was proved in the previous chapter
(see E24). The converse uses the same main idea, combined with the
simple observation that if a polynomial has integer coefficients, and all
of its roots are close to 1, then all of its roots are exactly equal to 1.

(B3) The embedding of G in SL(¢, R) is not at all unique, and different
embeddings can yield quite different arithmetic subgroups Gz. One very
important method of constructing non-obvious embeddings is called Re-
striction of Scalars. It starts by choosing a field F that is a finite extension
of Q. If we think of F as a vector space over Q, then it can be identified
with some Q", in such a way that the ring O of algebraic integers of F is
identified with Z". This implies that the group Ge is isomorphic to G,
where G’ is a semisimple group that has G as one of its factors. There-
fore, this method allows arithmetic subgroups to be constructed not only
from ordinary integers, but also from algebraic integers.

Chapter B. Examples of Arithmetic Groups. This chapter explains
how to construct many arithmetic subgroups of SL(2,R), SO(1,n), and
SL(n, R), by using unitary groups and quaternion algebras (and other
division algebras). (Restriction of scalars is also used for some of the
cocompact ones.) It will be proved in Chapter I8 that these fairly simple
constructions actually produce all of the arithmetic subgroups of these
groups.

(69) There exist non-arithmetic lattices in SO(1, n) for every n. This
was proved by M. Gromov and I. Piatetski-Shapiro. They “glued together”
two arithmetic lattices to create a “hybrid” lattice that is not arithmetic.

Chapter @. SL(n, Z) is a lattice in SL(n, R). This chapter explains
two different proofs of the fundamental fact (already mentioned in The-
orem B 11T that Gz is a lattice in G, in the illustrative special case where
G =SL(n,R) and Gz = SL(n, 2).

The first proof is quite short and elementary, and is presented fairly
completely. It constructs a nice set thatis (approximately) a fundamental
domain for the action of I on G. The key notion is that of a Siegel set. We
begin with the Iwasawa decomposition G = KAN.

e K =S0O(n) is a maximal compact subgroup of G.

o The group A of diagonal matrices in G is isomorphic to R*"!, so
we can think of it as a real vector space. Under this identification,
the “simple roots” are linear functionals «y,..., ;-1 on A. Choose
any t € R, and let

Ar={aecAlx(a) =tforalli},
S0 A; is a polyhedral cone in A.
e Nis the group of upper-triangular matrices with 1’s on the diagonal.
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e Choose any compact subset Ny of N.

Then the product © = Ny A; K is a Siegel set (see Section [Z2). It depends
on the choice of t and Nj.

A straightforward calculation shows that every Siegel set has finite
volume (see Proposition [ZZ3). It is also not terribly difficult to find a
Siegel set © with the property that Gz - © = G (see Theorem [ZZ). This
implies that G/G7z has finite volume, so Gz is a lattice in G, or, in other
words, SL(n, 7Z) is a lattice in SL(n, R).

Unfortunately, some difficulties arise when generalizing this method
to other groups, because it is more difficult to use Siegel sets to construct
an appropriate fundamental domain in the general case. The main ideas
will be explained in Chapter 9.

So we also present a different proof that is much easier to generalize
(see Section [Z4)). Namely, the general case is quite easy to prove if one
accepts the following key fact that was proved by Margulis: If

e u! is any unipotent 1-parameter subgroup of SL(n,R), and
e x € SL(n,R)/SL(n,Z),

then there is a compact subset C of SL(n,R)/SL(n,Z), and some € > 0,
such that at least €% of the orbit {ulx}icg is in the set C (see Theo-
rem [ZZ27).

Part . Important Concepts

This part of the book explores several fundamental ideas that are impor-
tant not only for their applications to arithmetic groups, but much more
generally.

Chapter B. Real rank. This chapter defines the real rank of G, which
is an important invariant in the study of semisimple Lie groups. It also
describes some consequences of assuming that the real rank is at least
two, and presents the definition and basic structure of the minimal par-
abolic subgroups of G.

Chapter 9. Q-rank. This chapter, unlike the others in this part of
the book, discusses a topic that is primarily of interest in the theory
of arithmetic groups (and related algebraic groups). Largely parallel to
Chapter B, it defines the Q-rank of I', describes some consequences of
assuming that the Q-rank is at least two, and presents the definition and
basic structure of the minimal parabolic Q-subgroups of G.
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Chapter I0. Quasi-isometries. Any finite generating set S for I' yields
a metric dg on I': the distance from x to y is the minimal number of
elements of S that need to be multiplied together to obtain x~!y. Unfor-
tunately, this “word metric” is not canonical, because it depends on the
choice of the generating set S. However, it is well-defined up to abounded
factor, so, to get a geometric object that is uniquely determined by I', we
consider two metric spaces to be equivalent (or quasi-isometric) if there
is a map between them that only distorts distances by a bounded factor
(see Definition I T3).

(T2 Some quasi-isometries arise from cocompact actions: it is
not difficult to see that if I acts cocompactly, by isometries on a (nice)
space X, then there is a quasi-isometry from I' to X. Thus, for example,
any cocompact lattice in SO(1,n) is quasi-isometric to the hyperbolic
space ™.

(M™2) T is Gromov hyperbolic if and only if rankg G = 1 and T is
compact, except that all lattices in SL(2, R) are hyperbolic, not only the
cocompact ones. One direction is a consequence of the well-known fact
that Z x Z is not contained in any hyperbolic group. The other direction
(for the cocompact case) is a special case of the fact that the fundamental
group of any closed manifold of strictly negative sectional curvature is
hyperbolic.

Chapter IT. Unitary representations. This chapter presents some
basic concepts in the theory of unitary representations, the study of
group actions on Hilbert spaces. The Moore Ergodicity Theorem (B1113))
is proved in Section T2, and the “induced representations” defined in
Section will be used in Section I34 to prove that I' has Kazhdan’s
Property (T) if rankg G > 2.

(Z22) (Decay of matrix coefficients) If 1T is a continuous homomor-
phism from G to the unitary group of a Hilbert space #, then

uhum (m(g)p | y) =0, forall p,y € H.
g — 00

This yields the Moore Ergodicity Theorem (BETT3) as an easy corollary,
and the proof is based on the existence of a € G and (unipotent) sub-
groups Ut and U~ of G, such that (U",U~) = G and a"ua™" — e as
n — oo (or —oo), for all u € U* (or U, respectively).

(ITZ2) Every unitary representation of any compact Lie group is a
direct sum of finite-dimensional, irreducible unitary representations.

(IT=3) Every unitary representation of any abelian Lie group is a
direct integral of one-dimensional unitary representations.

(IT63) Every unitary representation of G is a direct integral of irre-
ducible unitary representations.
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Chapter T2. Amenable Groups. Amenability is such a fundamental
notion that it has very many quite different definitions, all of which de-
termine exactly the same class of groups (see Definition and The-
orem [Z3). One useful choice is that a group A is amenable if every
continuous action of A on a compact, metric space has a finite, invariant
measure.

(ZZ42) The fact that the lattice I contains a nonabelian free subgroup
(see Corollary BE92) implies that it is not amenable. This is because sub-
groups of amenable groups are amenable (see Proposition IZ28), and
free groups do have actions (such as the actions described in the Ping-
Pong Lemma (EZIH)) that do not have a finite, invariant measure.

Even so, amenability plays an important role in the study of I', through
the following observation:

(CZZB) (Furstenberg Lemma) If P is an amenable subgroup of G,
and we have a continuous action of I' on some compact, metric space X,
then there exists a measurable, I'-equivariant map from G/P to the space
Prob(X) of measures pu on X, such that u(X) = 1. To prove this, let ‘F
be the set of measurable, I'-equivariant maps from G to Prob(X). With
an appropriate weak topology, this is a compact, metrizable space, and
P acts on it by translation on the right. Since P is amenable, there is a
P-invariant, finite measure p on F. The barycenter of this measure is a
fixed point of P in ¥, and this fixed point is a function on G that factors
through to a well-defined I'-equivariant map from G/P to Prob(X).

Chapter 3. Kazhdan’s Property (T). To say I' has Kazhdan’s prop-
erty (T) means that if a unitary representation of I' does not have any
(nonzero) vectors that are fixed by I', then it does not almost-invariant
vectors, that is, vectors that are moved only a small distance by the ele-
ments of any given finite subset of I' (see Definition I311).

(I3T3) Kazhdan’s property (T) is, in a certain sense, the antithesis
of amenability: a discrete group cannot have both properties unless it is
finite. This is because the regular representation of any amenable group
has almost-invariant vectors.

(I3T32) Every discrete group with Kazhdan’s property (T) is finitely
generated. To see this, let H = @y £%(A/F), where F ranges over all the
finitely generated subgroups of A. Then, by construction, every finite
subset of A fixes some nonzero vector in 7.

(I3Z3) G has Kazhdan’s property (T), unless G is either SO(1,n) or
SU(1,n). To prove this for G = SL(3,R), first note that the semidirect
product SL(2,R) x R? can be embedded in G. Also note that there are
elements a and b of SL(2,R), such that, if Q is any of the 4 quadrants
of R?, then either aQ or bQ is disjoint from Q (except for the 0 vector).
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Applying this to the Pontryagin dual of R? implies that if a representation
of the semidirect product SL(2, R) x R? has almost-invariant vectors, then
it must have a nonzero vector that is invariant under R2. This vector
must be invariant under all of SL(3, R), by a generalization of the Moore
Ergodicity Theorem that is called the Mautner phenomenon (II—Z31).

(I32D) T has Kazhdan’s property (T), unless G is either SO(1,n) or
SU(1,n). Any unitary representation 1t of I' can be “induced” to a repre-
sentation 'ITl-G of G. If m has almost-invariant vectors, then the induced
representation has almost-invariant vectors, and, since G has Kazhdan’s
property (T), this implies that TrrG has G-invariant vectors. Any such
vector must come from a I'-invariant vector in 7.

(I3=3) A group has Kazhdan’s property (T) if and only if every ac-
tion of the group by (affine) isometries on any Hilbert space has a fixed
point. This is not at all obvious, but here is the proof of one direction.

Suppose I' does not have Kazhdan’s property (T), so there exists a
unitary representation of I' on some Hilbert space #{ that has almost-
invariant vectors, but does not have invariant vectors. Choose an in-
creasing chain F; € F» < - - - of finite subsets whose union is all of T.
Since H has almost-invariant vectors, there exists a unit vector v, € H,
such that || fvy, — vyl < 1/2" for all f € F,. Now, define «: I — FH * by

x(g)n = n(gvn — vn).
Then «is a 1-cocycle, so defining g x v = gv + «(g) vields an action of T
on the Hilbert space 74 ®. Since #{ has no nonzero invariant vectors, it
is not difficult to see that « is an unbounded function on I', so « is not a
coboundary. This implies that the corresponding action on H ® has no
fixed points.

Chapter I4. Ergodic Theory. Ergodic Theory can be defined as the
measure-theoretic study of group actions. In this category, the analogue
of the transitive actions are the so-called ergodic actions, for which every
measurable, invariant function is constant (a.e.) (see Definition ITZ-2_1I).

(Z32) (Pointwise Ergodic Theorem) If Z acts ergodically on X, with
finite invariant measure, and f is any L'-function on X, then the average
of f on almost every Z-orbit is equal to the average of f on the entire
space X.

(223) Every measure-preserving action of G can be measurably de-
composed into a union of ergodic actions.

(Z3T10) If the action of G on a space X is ergodic, with a finite,
invariant measure, then the action of G on X x X is also ergodic.
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Part IM. Major Results

Here are some of the major theorems in the theory of arithmetic groups.

Chapter I5. Mostow Rigidity Theorem.

(IT2) (Mostow Rigidity Theorem) Suppose I is a lattice in G, for
i=1,2 and @:I7 — Ib. If G; has trivial center and no compact factors,
and is not PSL(2, R), then @ extends to an isomorphism @: G; — Go.

In most cases, the desired conclusion is a consequence of the Mar-
gulis Superrigidity Theorem, which will be discussed in Chapter OH.
However, a different proof is needed when G; = G» = SO(1,n) (and
some other cases). Assuming that the lattices are cocompact, the proof
uses the fact (mentioned in Proposition MIT4) that I} and I are quasi-
isometric to $". Comparing the two embeddings yields a quasi-isometry
@ from $H™ to itself. By proving that this quasi-isometry induces a map
on the boundary that is conformal (i.e., preserves angles), it is shown that
the two embeddings are conjugate by an isometry of ™.

(I3™) Mostow’s theorem does not apply to PSL(2, R): in this group,
there are uncountably many lattices that are isomorphic to each other,
but are not conjugate. This follows from the fact that there are uncount-
ably many different right-angled hexagons in the hyperbolic plane $2. A
compact surface of genus g can be constructed by gluing 4g — 4 of these
hexagons together, in such a way that the fundamental group is a cocom-
pact lattice in PSL(2, R). The uncountably many different hexagons yield
uncountably many non-conjugate lattices.

() From Mostow’s Theorem, we know that lattices in two differ-
ent groups G; and G» cannot be isomorphic. In fact, the lattices cannot
even be quasi-isometric. Some ideas in the proof of this fact are similar
to the argument of Mostow’s theorem, but we omit the details.

Chapter 0I6. Margulis Superrigidity Theorem.

(I6M) (Margulis Superrigidity Theorem) Suppose p: I’ - GL(n,R) is a
homomorphism. If G is neither SO(1, n) nor SU(1,n), and mild hypothe-
ses are satisfied, then p extends to a homomorphism p: G — GL(n, R).

Assuming rankg G > 2, a proof is presented in Section IE3. Start
by letting H be the Zariski closure of p(I'), and let Q be a parabolic sub-
group of H. Furstenberg’s Lemma (IZZ61) provides a I'-equivariant map
Y: G/P — Prob(RP™). By using “proximality;, ¢ can be promoted to a
map ¢: G/A — R" (where A is a maximal R-split torus of G). Thus, we
have an A-invariant (measurable) section of the flat vector bundle over
G/T that is associated to @. Since G is generated by the centralizers
of nontrivial, connected subgroups of A, this implies there is a finite-
dimensional, G-invariant space of sections of the bundle, from which it
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follows that @ has the desired extension to a homomorphism defined on
all of G.

(6ZT) This theorem of Margulis is a strengthening of the Mostow
Rigidity Theorem (I 12), because the homomorphism p is not required
to be an isomorphism. (On the other hand, Mostow’s theorem applies
to the groups SO(1,n) and SU(1, n), which are not allowed in the super-
rigidity theorem.)

(23) In geometric terms, the superrigidity theorem implies (under
mild hypotheses) that flat vector bundles over G /I become trivial on a
finite cover.

(33) (Margulis Arithmeticity Theorem) If G is neither SO(1,n) nor
SU(1,n), then the superrigidity theorem implies that every lattice in G is
an arithmetic subgroup (as was stated without proof in Theorem B=2T).

The basic idea of the proof is that if there is some p(y) with a matrix
entry that is transcendental, then composing p with arbitrary elements
of the Galois group Gal(C/Q) would result in uncountably many differ-
ent n-dimensional representations of I'. Since G has only finitely many
representations of each dimension, this would contradict superrigidity.
Thus, we conclude that p(I') € GL(n, Q). By using a p-adic version of the
superrigidity theorem, Q can be replaced with Z.

(BRV) For groups of real rank one, the proof of superrigidity de-
scribed in Section does not apply, because A does not have any non-
trivial, proper subgroups. Instead, a more geometric approach is used
(but only a brief sketch will be provided). Let X and Y be the symmetric
spaces associated to G and H, respectively, where H is the Zariski closure
of p(I'). By minimizing a certain energy functional, one can show there
is a harmonic I'-equivariant map y: X — Y. Then, by using the geometry
of X and Y, it can be shown that this harmonic map must be a totally
geodesic embedding. This provides an embedding of the isometry group
of X in the isometry group of Y. In other words, an embedding of G in H.

Chapter 2. Normal Subgroups of T.

(1) If rankg G = 2, then I' is almost simple. More precisely, every
normal subgroup of I either is finite, or has finite index. This is proved by
showing that if N is any infinite, normal subgroup of I, then the quotient
I'/N is amenable. Since I'/ N has Kazhdan’s property (T) (because we saw
in Proposition I3Z1 that I has this property), this implies I'/N is finite.

(ZZT) On the other hand, if rankg G = 1, then I is very far from
being simple — there are many, many infinite normal subgroups of I. In
fact, I' is “SQ-universal,; which means that if A is any finitely generated
group, then there is a normal subgroup N of T, such that A is isomorphic
to a subgroup of I'/ N (see Theorem I[ZZ73).
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Chapter I8. Arithmetic Subgroups of Classical Groups. The main
result of this chapter is the table on page B8U that provides a list of all of
the arithmetic subgroups of G (unless G is either an exceptional group or
a group whose complexification G¢ is isogenous to SO(8, C)). Inspection
of the list establishes several results that were stated without proof in
previous chapters.

(I®3) It was stated without proof in Section that every arithmetic
subgroup of SL(n, R) is either a special linear group or a unitary group
(if we allow division algebras in the construction). The proof of this fact
is based on a calculation of the group cohomology of Galois groups (or
Galois cohomology, for short). To introduce this method in a simpler
setting, it is first proved that the only R-forms of the complex Lie group
SL(n, C) are SL(n,R), SL(n/2,H), and SU(k, ¥) (see Section I83).

(I8H) The same methods show that all the Q-forms of any classical
group G are classical groups (except that there is a problem when G is a
real form of SO(8, C) (see Remark [8510)). However, we do not provide
the calculations.

(B=Z4) We say that a semisimple group H = G; X - - - X G, is isotypic
if all the simple factors of H¢ are isogenous to each other. A theorem of
Borel and Harder (IB=Z3) on Galois cohomology implies that if H is iso-
typic, then it has an arithmetic subgroup that is irreducible: it is not com-
mensurable to a nontrivial direct product I'1 X I. (The converse follows
from the Margulis Arithmeticity Theorem unless H is either SO(1,n) x K
or SU(1,n) X K.)

Chapter T9. Construction of a Coarse Fundamental Domain. This
chapter presents some of the main ideas involved in the construction
of a nice subset of G that approximates a fundamental domain for G/T
(when T is an arithmetic subgroup). This generalizes the construction for
I' = SL(n, Z) that was explained in Chapter [@.

As in Chapter [, the key notion is that of a Siegel set. The main
difference is that, instead of the maximal R-split torus A, we must work
with a subtorus T of A that is Q-split, not merely R-split:

e K is a maximal compact subgroup of G (same as before),

e Sis a maximal Q-split torus in G,

St is a sector in S,

e P is a minimal parabolic Q-subgroup of G that contains S, and
e Pyis a compact subset of P.

Then KS; Py is a Siegel set for I' in G (see Definition T 12).
It may not be possible to find a Siegel set &, such that © - T = G
(see Example TIZ1). (When dimS = 1, this is because each Siegel set
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can only cover one cusp, and G/I' may have several cusps.) However,
there is always a finite union of (translates of) Siegel sets that will suffice
(see Theorem TI22).

The existence of a nice set F, such that F - T = G, has important
consequences, such as the fact that I' is finitely presented (see Subsec-
tion [[9.3{)). This fact was stated in Theorem BE—Z1I0Q, but could only be
proved for the cocompact case there.

Chapter 20. Ratner’s Theorems on Unipotent Flows. If {a!} is any
1-parameter group of diagonal matrices in G, then there are {a'}-orbits in
G /T that have bad closures: the closure is a fractal. M. Ratner proved that
if a subgroup V is generated by 1-parameter unipotent subgroups, then it
is much better behaved: the closure of every V-orbit is a C® submanifold
of G/T (see Theorem I 13).

This theorem has important consequences in geometry and number
theory. As a sample application in the theory of arithmetic groups, we
mention that if I7 and I are any two lattices in G, then the subset I’ I,
of G is either discrete or dense (see Corollary ZOZH). This is proved by
letting I' = I} xI» in G X G, and letting V be the diagonal embedding of G
in the same group.

Ratner proved that the actions of 1-parameter unipotent subgroups
on G /I also have nice measurable properties: every finite, invariant prob-
ability measure is the Haar measure on a closed orbit of some subgroup
of G (see Theorem PZIL33), and every dense orbit is uniformly distributed
(see Theorem PZI33J).

We will not prove Ratner’s theorems, but some of the ideas in the
proof will be described. One of the main ingredients is called “shearing”
(see Section PT1d). For example, suppose G = SL(2,R) and V = {u'}is a
1-parameter unipotent subgroup. Then the key point is that if x and y
are two nearby points in G/T (and are not on the same {u!}-orbit), then
the fastest relative motion between the two points is along the V-orbits.
More precisely, there is some t, such that utx is close to either ut*!y or
ut-ly.

Appendices

The main text is followed by three appendices. The first two (appen-
dices @ and B) recall some facts that are used in the main text. The third
(Appendix O) defines the notion of S-arithmetic group, and quickly sum-
marizes how the results on arithmetic groups extend to this more general
setting.
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Chapter 4

Basic Properties of
Lattices

This book is about lattices in semisimple Lie groups (with emphasis on
the “arithmetic” ones).

(4.0.0) Standing Assumptions. Throughout this book:

1) G is a linear, semisimple Lie group (see Appendix BT for
an explanation of these terms), with only finitely many

connected components, and
2) I'is a lattice in G (see Definition ET_9).
Similar restrictions apply to the symbols G4, G2, G, I, I, I, etc.

(4.0.1) Remark. Without losing any of the main ideas, it may be assumed,
throughout, that G is either SL(n, R) or SO(m, n) (or a product of these
groups), but it is best if the reader is also acquainted with the other “clas-
sical groups; such as unitary groups and symplectic groups (see Defini-
tion BZT).

Three definitions in this chapter are very important: lattice sub-
groups (E19), commensurable subgroups (E221l), and irreducible lattices

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none.
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(B30 and B33). The rest of the material in this chapter may not be es-
sential for a first reading, and can be referred back to when necessary.
However, if the reader has no prior experience with lattices, then the
basic properties discussed in Section E-Il will probably be helpful.

§4.1. Definition

(4.1.1) Lemma. If A is a discrete subgroup of G, then there is a strict
fundamental domain for G/A in G. That is, there is a Borel subset F
of G, such that the natural map F — G/A, defined by g — gA, is bijective.

Proof. Since A is discrete, there is a nonempty, open subset U of G, such
that (U1 U) n A = {e}. Since G is second countable (or, if you prefer,
since G is o-compact), there is a sequence {g,} of elements of G, such
that U,,_; gnU = G. Let

F=U <gnU\ U giUA> ,
n=1 i<n
Then F is obviously Borel, and it is a strict fundamental domain for G/A
(see Exercise B). O

(4.1.2) Remark.

1) The above lemma is stated for the space G/A of left cosets of A,
but, in some situations, it is more natural to work with the space
A\G of right cosets. In this book, we will feel free to use whichever
is most convenient at a particular time, and leave it to the reader
to translate between the two, by using the fact that the function
g\ — Ag~'is ahomeomorphism from G/A to A\G (see Exercises
and @). Our choice will usually be determined by the preference for
most mathematicians to write their actions on the left. (Therefore,
if G is acting, then we will tend to use G/A, but if we are thinking
of A as acting on G, then we usually consider the quotient A\G.)

2) Definitions in the literature vary somewhat, but saying that a sub-

set F of G is a fundamental domain for G /A typically means:

@ FA =G,

(b) F is a closed set that is nice: its interior ¥ is dense in /F, and

its boundary ‘F ~. ¥ has measure 0, and

() FAn F = @, for all nonidentity A € A.
It is not difficult to see that if F is a fundamental domain, then it
has a Borel subset F’, such that ‘F’ is a strict fundamental domain
and F ~ F' has measure 0. This means that, for many purposes
(such as calculating integrals), it suffices to have a fundamental do-
main, rather than finding a set that is precisely a strict fundamental
domain.
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(4.1.3) Proposition. Let A be a discrete subgroup of G, and let u be Haar
measure on G. There is a unique (up to a scalar multiple) o-finite, G-
invariant Borel measure v on G/A. More precisely:

1) For any strict fundamental domain F, the measure v can be defined
by
V(A/N) = p(An ), (4.1.4)
for every Borel set A in G, such that A\ = A.
2) Conversely, for A < G, we have

H(A) = L;/A#(A NxA)dv(xA). (4.1.5)

Proof. See Exercises @ and B for () and (2). The uniqueness of v follows
from (2) and the uniqueness of the Haar measure p. O

(4.1.6) Remark. We always assume that the G-invariant measure v on
G /A is normalized so that (B14) and (E-13) hold.

(4.1.7) Corollary. Let A be a discrete subgroup of G, and let p: G — G/A
be the natural quotient map ¢p(g) = gA. If A is a Borel subset of G, such
that the restriction ¢ | 4 is injective, then v(¢p(A)) = u(A).

(4.1.8) Remarks.

1) The Haar measure u on G is given by a smooth volume form, so
the associated measure v on G/A is also given by a volume form.
Therefore, we say that G/A has finite volume if v(G/A) < .

2) The assumption that A is discrete cannot be eliminated from Propo-
sition E-T3. However, a G-invariant measure on G/A can be con-
structed under the weaker assumption that A is closed and uni-
modular (see Exercise Q).

(4.1.9) Definition. A subgroup I of G is a lattice in G if
e I'is a discrete subgroup of G, and
e G /T has finite volume.

(4.1.10) Remark. The definition is not vacuous: we will explain in Corol-
lary BT1H that G does have at least one lattice (in fact, infinitely many),
although part of the proof will be postponed to Chapter [@.

(4.1.11) Proposition. Let A be a discrete subgroup of G, and let u be Haar
measure on G. The following are equivalent:
1) Ais a lattice in G.
2) There is a strict fundamental domain F for G/A, with u(F) < oo.
3) There is a strict fundamental domain F' for A\G, with u(F') < oo.
4) There is a Borel subset C of G, such that CA = G and u(C) < oo.
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Proof. (I & @) From Equation (E1-4)), we have v(G/A) = u(F). Therefore,
G /A has finite volume if and only if pu(F) < oo.

(@ < B) If F is any strict fundamental domain for G/A, then F~lis a
strict fundamental domain for A\G (see Exercise B). Since G is unimod-
ular, we have u(F~1) = u(F) (see Exercise B).

(2 = &) Obvious.

@ = M We have CnxA + O, for every x € G, so, from (BE2I5), we see
that

v(G/A) = J ldv(xA) < J #(CNxA)dv(Ax) = u(C) <oco. O
G/A GIA

(4.1.12) Example. As mentioned in Example T34, SL(2, Z) is a lattice in
SL(2, R).

(4.1.13) Definition. A closed subgroup A of G is cocompact (or uniform)
if G/A is compact.
(4.1.14) Corollary.

1) Every cocompact, discrete subgroup of G is a lattice.

2) Every finite-index subgroup of a lattice is a lattice.

Proof. Exercises T2 and 3. O

(4.1.15) Remark. Lattices in G are our main interest, but we will occasion-
ally encounter lattices in Lie groups H that are not semisimple. If H is
unimodular, then all of the above results remain valid with H in the place
of G. In contrast, if H is not unimodular, then Proposition may fail:
there may exist a discrete subgroup A, such that there is no H-invariant
Borel measure on H/A. Instead, there is sometimes only a semi-invariant
measure v:
v(hA) = A(h)v(A),

where A is the modular function of H (see Exercise I4).

For completeness, let us specifically state the following concrete gen-
eralization of Definition BEET9 (cf. ETT—1).

(4.1.16) Definition. A subgroup A of a Lie group H is a lattice in H if
e Ais a discrete subgroup of H, and
e there is an H-invariant measure v on H/A, such that v(H/A) < co.

(4.1.17) Example. 7" is a cocompact lattice in R".
(4.1.18) Proposition. If a Lie group H has a lattice, then H is unimodular.

Proof. Let ‘F be a strict fundamental domain for H/A. The proof of Propo-
sition shows v(A/A) = v(A n F), for every Borel set A in G, such
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that AA = A. Then Exercise 4 implies v(hA/A) = A(h) v(A/A). In par-
ticular, we see that v(H/A) = A(h) v(H/A), by letting A = H (and noting
that hH = H). Since v(H/A) < oo, this implies A(h) = 1, as desired. O

Exercises for §4.1. Recall that (in accordance with the Standing Assump-
tions (BE1X0)), I'is a lattice in G, and G is a semisimple Lie group.

#1.
#2.

#3.

#4.

#5.

#06.

#7.

#8.

#9.

Show that I’ is finite if and only if G is compact.

Complete the proof of Lemma ET_T]; that is, show that F is a strict
fundamental domain.

Define f: G/A — A\G by f(gA) = Ag~'. Show that f is a homeo-
morphism.

Show Lemma BT easily implies an analogous statement that ap-
plies to right cosets. More precisely, show that if

e Ais a discrete subgroup of G,

e Fis a strict fundamental domain for G/A, and

e Fl={x1|xeF}
then the natural map F~! — A\G, defined by g — Ag, is bijective.

Show that u(A~1) = u(A) for every Borel subset A of G.

[Hint: Defining p' (A) = u(A~1) yields a G-invariant measure on G. The uniqueness
of Haar measure implies ¢’ = u. Where did you use the fact that G is unimodular?]

Let
e A be a discrete subgroup of G,
e F and F’' be strict fundamental domains for G/A,
e U be Haar measure on G, and
e A be a Borel subset of G.
Show:
a) For each g € G, there is a unique A € A, such that gA € F.
b) Foreach A € A,if welet Ay = {a € A | aA € T}, then A, is
Borel, and A is the disjoint union of the sets { Ay | A € A }.
Q) u(F) = pu(F).
d) f AA=A thenu(AnF) =u(An F’).

Show, for every Haar measure u on G, that the Borel measure v
defined in Proposition EET3(M) is G-invariant.

[Hint: For any g € G, the set g F is a strict fundamental domain. From Exercise B(d),
we know that v is independent of the choice of the strict fundamental domain ¥.]

If A is a discrete subgroup of G, and v is a o-finite, G-invariant
Borel measure on G/A, show that the Borel measure u defined in
Proposition EET3(P) is G-invariant.

Let H be a closed subgroup of G. Show that there is a o-finite,
G-invariant Borel measure v on G/H if and only if H is unimodular.
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#10.

#11.

#12.

#13.

#14.

#15.
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[Hint: (=) For a left Haar measure p on H, define a left Haar measure u on G by
u(A) = J p(x~tAnH)dv(xH).
G/H

Then pu(A) = Ag(h) u(Ah) for h € H, where Ay is the modular function of H.
Since G is unimodular, we must have Ay = 1.]

Show that if A is a discrete subgroup of G that contains I, then A
is a lattice in G, and I' has finite index in A.

[Hint: Let F be a strict fundamental domain for G/A, and let F be a set of coset
representatives for I'in A. Then ¥ - F is a strict fundamental domain for G/T, and
therefore has finite measure.]

Let A be a discrete subgroup of G. Show that a subset A of G/A is
precompact if and only if there is a compact subset C of G, such
that A € CA/A.

[Hint: (<) The continuous image of a compact set is compact. (=) Let ‘U be a cover
of G by precompact, open sets.]

Prove Corollary E-T_T2().

[Hint: Exercise [ and Proposition EZTTT(@).]

Prove Corollary EET_TZI(2).
[Hintj' Proposition BEIT1. A finite union of sets of finite measure has finite mea-
sure.
Let

e H be a Lie group,

e A be a discrete subgroup of H,

e u be the right Haar measure on H, and

e F be a strict fundamental domain for H/A.
Define a o Borel measure von H/Aby v(A/A) = u(An¥F), for every
Borel set A in H, such that AA = A. Show v(hA/A) = A(h) v(A/A),
where A is the modular function of H.
[Hint: Cf. Exercise [@.]

Show that every discrete, cocompact subgroup of every Lie group
is a lattice.
[Hint: Define v as in Exercise I4. Since v(H/A) < o (Why?), we must have A(h) = 1.]

§4.2. Commensurability and isogeny

We usually wish to ignore the minor differences that come from pass-
ing to a finite-index subgroup. The following definition describes the
resulting equivalence relation.

(4.2.1) Definition. We say that two subgroups A; and Ay of a group H are
commensurable if A1 N A is a finite-index subgroup of both A; and Ao.
This is an equivalence relation on the collection of all subgroups of H
(see Exercise ).
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(4.2.2) Examples.

1) Two cyclic subgroups aZ and bZ of R are commensurable if and
only if a is a nonzero rational multiple of b; therefore, commensu-
rability of subgroups generalizes the classical notion of commen-
surability of real numbers.

2) Itis easy to show that every subgroup commensurable to a lattice is
itself a lattice. (For example, this follows from Corollary EZTTZ(2)
and Exercise BETFI0.)

The analogous notion for Lie groups (with finite center and finitely
many connected components) is called “isogeny:”

(4.2.3) Definitions.
1) G, is isogenous to G if some finite cover of (G;)° is isomorphic to
some finite cover of (G2)°. This is an equivalence relation.
2) A (continuous) homomorphism @: G; — G» is an isogeny if it is an
isomorphism modulo finite groups. More precisely:
e the kernel of @ is finite, and
e the image of @ has finite index in Go.

(4.2.4) Remark. The following are equivalent:
1) G, is isogenous to Go.
2) Ad(G1)° = Ad(G>)".
3) G and G are locally isomorphic, that is, the Lie algebras g; and g»
are isomorphic.

4) There is an isogeny from some finite cover of (G1)° to Go.

The normalizer of a subgroup is very important in group theory. Be-
cause we are ignoring finite groups, the following definition is natural in
our context.

(4.2.5) Definition. An element g of G commensurates T if gTg~! is com-
mensurable to I'. Let

Commg(I') = {g € G | g commensuratesI'}.
This is called the commensurator of T.

(4.2.6) Remark. The commensurator of I' is sometimes much larger than
the normalizer of I'. For example, let G = SL(n,R) and I' = SL(n, 7).
Then N (I') is commensurable to I' (see Corollary E51), but Commyg (T')
contains SL(n, Q)(see Exercise EE8Z11l), so Commyg (I') is dense in G, even
though N (I') is discrete. Therefore, in this example (and, more gener-
ally, whenever I' is “arithmetic”), N¢ (I') has infinite index in Commyg (T').

On the other hand, if G = SO(1,n), then it is known that there are
examples in which I', N (I'), and Commyg (I') are commensurable to each
other (see Exercise and Corollary B5TH).
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(4.2.7) Definition. We say that two groups A; and A, are abstractly com-
mensurable if some finite-index subgroup of A; is isomorphic to some
finite-index subgroup of A.

Note that if A; and Ap are commensurable, then they are abstractly
commensurable, but not conversely.

Exercises for §4.2.

#1. Verify that commensurability is an equivalence relation.

#2. If I1 is commensurable to I, show Commg (I) = Commg (I2).

§4.3. Irreducible lattices

Note that I'1 XI5 is a lattice in G; X G». A lattice that can be decomposed
as a product of this type is said to be reducible.

(4.3.1) Definition. I is irreducible if TN is dense in G, for every noncom-
pact, closed, normal subgroup N of G° (and I is infinite, or, equivalently,
G is not compact).

(4.3.2) Example. If G is simple (and not compact), then every lattice in G
is irreducible. Conversely, if G is not simple, then not every lattice in G
is irreducible. To see this, assume, for simplicity, that G is connected
and has trivial center (and is not compact). Then we may write G as
a nontrivial direct product G = G; X G, where each of G, and G is
semisimple. If we let I; be any lattice in G;, for i = 1,2, then I} xI> is a
reducible lattice in G.

The following proposition shows (under mild assumptions) that ev-
ery lattice is commensurable to a product of irreducible lattices. There-
fore, the preceding example provides essentially the only way to con-
struct reducible lattices, so most questions about lattices can be reduced
to the irreducible case. We postpone the proof, because it relies on some
results from later in this chapter.

(4.3.3) Proposition (see proof on page b8). Assume
e G has trivial center, and
e I projects densely into the maximal compact factor of G.

Then there is a direct-product decomposition G = G X - - - X Gy, such
that T is commensurable toT7 X - - - X I}, wherel; =T N Gy, and T; is an
irreducible lattice in G, for each i.

For readers familiar with locally symmetric spaces, these results can
be restated in the following geometric terms.
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(4.3.4) Definition. Recall that a locally symmetric space I'\X is irre-
ducible if there do not exist (nontrivial) locally symmetric spaces I\ X;
and I\ Xy, such that the product (I1\X7) x (I\X») finitely covers I'\ X.

The following is obvious by induction on dim X.

(4.3.5) Proposition. There exist locally symmetric spaces '\ X1,..., [\ X,
that are irreducible, such that the product (I1\X1) X - - - X (I, \ X;) finitely
coversT'\ X.

The following is a restatement of Proposition (in the special
case where G has no compact factors).

(4.3.6) Proposition. Let M be an irreducible locally symmetric space, such
that the universal cover X of M has no compact factors, and no flat factors.
For any nontrivial cartesian product decomposition X = X, X X» of X, the
image of X, is dense in M.

We will see in Example that SL(2, R) xSL(2, R) has an irreducible
lattice (for example, a lattice isomorphic to SL(2, Z[+/2])). More generally,
Corollary I8Z4 shows that G has an irreducible lattice if all the simple
factors of the “complexification” of G are isogenous to each other. The
converse is proved in Theorem BE62, under the additional assumption
that G has no compact factors.

Exercises for §4.3.

#1. Show that if I is irreducible, then I' projects densely into the maxi-
mal compact factor of G.

§4.4. Unbounded subsets of I'\G

Geometrically, looking at the fundamental domain described in Exam-
ple 32 makes it clear that the sequence {ni} tends to o in SL(2,7Z)\$2.
In this section, we give an algebraic criterion that determines whether or
not a sequence tends to o in G/I', without any need for a fundamental
domain.

Recall that the injectivity radius of a Riemannian manifold X is the
maximal » > 0, such that, for every x € X, the exponential map is a
diffeomorphism on the open ball of radius  around x. If X is compact,
then the injectivity radius is nonzero. The following proposition shows
that the converse holds in the special case where X = I'\G/K is locally
symmetric of finite volume.

(4.4.1) Proposition. For g € G, define py4: G — G/T by ¢pg4(x) = xgI. The
homogeneous space G /T is compact if and only if there is a nonempty, open
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subset U of G, such that, for every g € G, the restriction ¢ 4|y of ¢y to U
is injective.

Proof. (=) Define ¢p: G — G/T by ¢p(x) = xI. Then ¢ is a covering map,
so, for each p € G/I, there is a connected neighborhood V,, of p, such that
the restriction of ¢ to each component of ¢~1(V,) is a diffeomorphism
onto V,. Since {V, | p € G/I'} is an open cover of G/I, and G/T is
compact, there is a connected neighborhood U of e in G, such that, for
each p € G/I, there is some p’ € G/T, with Up < V) (see Exercise [).
Then ¢4y is injective, for each g € G.

(<) We prove the contrapositive. Let U be any nonempty, precompact,
open subset of G. (We wish to show, for some g € G, that ¢4y is not
injective.) If C is any compact subset of G/I, then, because G/T is not
compact, we have

(GIT)~(UIC) = @.
Hence, we may inductively construct a sequence {g,} of elements of G,
such that the open sets ¢g4, (U), ¢4, (U),... are pairwise disjoint. Since

G /T has finite volume, these sets cannot all have the same volume, so,
for some n, the restriction ¢, |y is not injective (see Corollary B1-2). O

Let us restate this geometric result in algebraic terms.

(4.4.2) Notation. For elements a and b of a group H, and subsets A and B
of H, let

Ya = bab™!, Ba = {ta|beB},

bA=t(ltalac A}, BA = {Pa|a e A beB).
(4.4.3) Corollary. G/T is compact if and only if the identity element e is
not an accumulation point of °T.
Proof. We have

¢g4ly is injective < Pur,ur € U, u1gl = uprgll and uq + uo
e ITn(UU) = {e}. a

This has the following interesting consequence.

(4.4.4) Corollary. If T has a nontrivial, unipotent element, then G /T is not
compact.

Proof. If u is a nontrivial, unipotent element of I', then, from the Jacobson-
Morosov Lemma (B58), we know there is a continuous homomorphism

¢: SL(2,R) — G, with p [§ 1] = u. Leta=¢ [1(/)2 ‘2)] € G. Then
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awa=a (% ][5 1[5 %))
“o(fs 7)) -

Therefore, e is an accumulation point of ¢u, so Corollary implies
that G/T is not compact. O

(4.4.5) Remarks.

1) If G has no compact factors, then the converse of Corollary &4 4 is
true. However, we will prove this only in the special case where I'
is “arithmetic” (see Section B3).

2) In general (without any assumption on compact factors), it can be
shown that G/T is compact if and only if every element of T is
semisimple (see Exercise b3#8).

The proofs of Proposition EZ_1 and Corollary establish the fol-
lowing more general version of those results.

(4.4.6) Proposition (see Exercise Q). Let A be a lattice in a Lie group H,
and let C be a subset of H. The image of C in H/A is precompact if and
only if the identity element e is not an accumulation point of €A.

The following is a similar elementary result that applies to the im-
portant special case where G = SL(¢,R) and I' = SL(¥, Z), without relying
on the fact that SL(¥, Z) is a lattice.

(4.4.7) Proposition (Mahler Compactness Criterion). Let C < SL(#,R). The
image of C in SL(¢,R)/SL(¥,Z) is precompact if and only if 0 is not an
accumulation point of

C7'={cv|ceC,vez’l.

Proof. (=) Since the image of Cin SL(¢, R)/SL(¥¢, Z) is precompact, there is
a compact subset Cy of G, such that C € Cy SL(¥, Z) (see Exercise ETZIT).
There is no harm in assuming that C = Cy SL(¥, Z) (by enlarging C). Then
C(Z' < {0}) = Co(Z' ~ {0}) is closed (since Z’ ~ {0}, being discrete, is
closed and Cy is compact), so C(Z!~ {0}) contains all of its accumulation
points. In addition, since 0 is fixed by every element of C, we know that
0 ¢ C(zZ*~{0}). Therefore, 0 is not an accumulation point of C(Z?~ {0}).

(«) To simplify the notation (while retaining the main ideas), let us
assume ¢ = 2 (see Exercise H). Suppose {g,} is a sequence of elements
of SL(2,R), such that 0 is not an accumulation point of U;,_; gnZ>. We
wish to show there is a sequence {y,} of elements of SL(2,7Z), such that
{gnyn} has a convergent subsequence.
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For each n, let

e v, € 7%~ {0}, such that ||g, Vx| is minimal,

o Ty: R?> — Rgyvy and 11t : R — (Rguvy)* be the orthogonal pro-
jections, and

e Wy € 7% . Rvy, such that ||77;; (gnwy) || is minimal.

By replacing w,, with w,, + kv,, for an appropriately chosen k € 7, we
may assume |[|1T, (gnwWyn) |l < l|gnVnll/2. Then, since the minimality of
lgnvnll implies |gnvnll < [[gnwnll, we have

v
Gnnll < I3 (@uwa) |+ 170n (Gwa) | < 70 (guw) | + 192000,
SO
v
I TTs (gnwn) |l = w (4.4.8)

Let C be the convex hull of {0,v,,w;,} and (thinking of v,, and w,
as column vectors) let y,, = [V, wy]| € Matox2(Z). From the minimality
of ||gnvnll and |7t (gnwy) |l, we see that C N 72 = {0, vy, wy} (see Exer-
ciseld), so det y,, = =1 (see Exercise B). Therefore, perhaps after replacing
wy, with —wy,, we have y, € SL(2,2). Since yn[§] = vnand yu[ (] = wp,
we may assume, by replacing g, with g, y,, that

vn=[4] and  w, =[Y]
Note that
It (gnwi)ll - | gnvnll = det gy = 1. (4.4.9)
By combining this with (B228), we see that {g,, v, } is abounded sequence,
S0, by passing to a subsequence, we may assume g, V,, converges to some
vector v. By assumption, we have v = 0.

Now, from (B=Z9), and the fact that ||g, V.|l — ||v] is bounded away
from 0, we see that ||1T; (gnwn) |l is bounded. Because ||t (gnwy)|l is
also bounded, we conclude that ||g,w;| is bounded. Hence, by passing
to a subsequence, we may assume g,w, converges to some vector w.
From (EZR), we know that ||t} (gnwn)ll # 0, so w ¢ Ru.

Since v # 0 and w ¢ Rv, there is some g € GL({,R) with g[ {] = v
and g[ {] = w. We have

=9gnUn >V :g[(l)]

and, similarly, gn[?] - g[?], so gnx — gx for all x € R?. Therefore,
gn — g, as desired. O

Exercises for §4.4.

#1. Suppose a Lie group H acts continuously on a compact topological
space M, and "V is an open cover of M. Show that there is a neigh-
borhood U of e in H, such that, for each m € M, there is some
Ve VwithUmcV.



#2.

#3.

#4.

#5.

#6.

#7.

#8.

#9.

#10
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[Hint: This is analogous to the fact that every open cover of a compact metric space
has a “Lebesgue number? Each m € M is contained in some V;, € V. Choose V;,
containing m, and a neighborhood Uy, of e, such that U,,,V,, < V. Cover M with
finitely many V,,.]

Prove Proposition EZ4.

[Hint: See the proofs of Proposition B2 and Corollary E23.]

Use Proposition 48 to show that if H is a closed subgroup of G,
such that H/TI is a lattice in H, then the natural inclusion map
H/(I nH) — G/T is proper.

[Hint: It suffices to show that if C is a subset of H, such that the image of Cin G/T
is precompact, then the image of Cin H/(I' n H) is also precompact.]

Let G = SL(2,R), T = SL(2,Z), and A be the subgroup consisting of
all the diagonal matrices in G. Show that the natural inclusion map
A/(T'NA) - G/Tis proper,butI'nAis not alattice in A. (Therefore,
the converse of Exercise B does not hold.)

Let G = SL(3,R), A = SL(3,7Z), and a = diag(1/2, 1, 2) € H. Show
that a”A — o in G/A as n — . That is, show, for each compact
subset C of G/A, that, for all sufficiently large n, we have a”A ¢ C.
(For the purposes of this exercise, do not assume that A is a lattice
in G.)

Prove Proposition BEZ4(<) without assuming £ = 2.
[Hint: Extend the definition of v, and wy to an inductive construction of vectors
Uln,. oy Upy € Z'g.]

Suppose that v and w are linearly independent vectors in R?, and
X =av + bw,witha,b >0and a + b < 1. Show that either

e x € {v,w}, or

o llx|l <llvll, or

e x ¢ Rvand d(x,Rv) < d(w,Rv).
[Hint: Either b =1,or b =0,or0 < b < 1.]

Let C be the convex hull of {0, v, w}, where v and w are linearly
independent vectors in Z2. Show that if C n 7% = {0,v,w}, then
det[v w] = 1.
[Hint: Let P be the the convex hull of {0,v,w,v + w}, so |det[v w]] is the area
of P. If this area is > 1, then the translates of P by elements of Z2 cannot be a tiling
of R2.]
Let H be a closed subgroup of G.

a) Show that if I' n H is a lattice in H, then HT is closed in G.

b) Show that the converse holds if H is normal in G.
[Hint: (a) Exercise B. (B) Since G/TI'is a bundle over G/ (HT) with fiber HT /T, Fubini’s
Theorem implies that HI'/T has finite volume. So the H-equivariantly homeomor-
phic space H/(I' n H) also has finite volume.]
. Suppose
e A is a non-cocompact lattice in a topological group H, and
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e H has a compact, open subgroup K.
Show that A has a nontrivial element of finite order.

[Hint: Since K is compact and A is discrete, it suffices to show that some conjugate
of A intersects K nontrivially.]

§4.5. Borel Density Theorem and some consequences

The results in this section require the minor assumption that I" projects
densely into the maximal compact factor of G. This hypothesis is auto-
matically satisfied (vacuously) if G has no compact factors. Recall that
G° denotes the identity component of G (see Notation I-12).

(4.5.1) Theorem (Borel). Assume
e I projects densely into the maximal compact factor of G,
e V is a finite-dimensional vector space over R or C, and
e p: G — GL(V) is a continuous homomorphism.
Then:
1) Every p(I')-invariant vector in'V is p(G°)-invariant.
2) Every p(I')-invariant subspace of V is p(G°)-invariant.

Proof. The proof is not difficult, but, in order to get to the applications
more quickly, we will postpone it until Section EB. For now, to illus-
trate the main idea, let us just prove (0), in the special case where G/T
is compact (and G is connected). Assume also that G has no compact
factors (see Exercise M); then G is generated by its unipotent elements
(see Exercise B), so it suffices to show that v is invariant under p(u),
for every nontrivial unipotent element u of G. Because p(u) is unipo-
tent (see Exercise Bl), we know that p(u")v is a polynomial function of n
(see Exercise H). However, because G/I' is compact and p(I')v = v, we
also know that p(G)v is compact, so {p(u™)v | n € N} is bounded.
Every bounded polynomial is constant, so we conclude that p(u"™)v = v
for all n; in particular, p(uw)v = p(ul)v = v, as desired. O

(4.5.2) Corollary. Assume I' projects densely into the maximal compact
factor of G. If H is a connected, closed subgroup of G that is normalized
by T, then H is normal in G°.

Proof. The Lie algebra § of H is a vector subspace of the Lie algebra g
of G. Also, because I normalizes H, we know that § is invariant under
AdgT. From Theorem EST(P), we conclude that § is invariant under
Ad G°. Since H is connected, this implies that H is a normal subgroup
of G°. O
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(4.5.3) Corollary. If T projects densely into the maximal compact factor
of G (and G is connected), then Cg(I') = Z(G).

Proof. Recall that G = SL(¥,R), for some ¥ (see the Standing Assump-
tions [4:0.0)). Let V = Maty«¢(R) be the vector space of all real £ x £
matrices, so G € V. For g € G and v € V, define p(g)v = gvg™!,
so p: G — GL(V) is a continuous homomorphism. If ¢ € C¢(I'), then
p(y)c = ycy ' = c for every y € I, so Theorem E-50(I) implies that
p(G)c = c. Therefore c € Z(G). d

(4.5.4) Corollary. Assume I' projects densely into the maximal compact
factor of G (and G is connected). If N is a finite, normal subgroup of T,
then N c Z(G).

Proof. The quotient I'/ Cr(N) is finite, because it embeds in the finite
group Aut(N), so Cr(N) is a lattice in G (see Corollary EET_TZ(P)). Then,
because N c C¢(Cr(N)), Corollary implies N € Z(G). O

(4.5.5) Corollary. If T projects densely into the maximal compact factor
of G, then T has finite index in its normalizer N¢(I').

Proof. By passing to a subgroup of finite index, we may assume G is con-
nected. Because I'is discrete, the identity component N (I')° of N¢(I')
must centralize I. So Ng(I)° € Cq(I') = Z(G) is finite. On the other
hand, N (T')° is connected. Therefore, N (I')° is trivial, so Ng(T') is
discrete. Hence I' has finite index in Ng (I') (see Exercise ETZI0). O

(4.5.6) Corollary (Borel Density Theorem). If T projects densely into the
maximal compact factor of G (and G is connected), then T is Zariski dense
inG. Thatis, ifQ € R[x1,1,...,Xye] is a polynomial function on Matyx,(R),
such that Q(T') = 0, then Q(G) = 0.

Proof. Let
Q={QeR[x1,1,...,X00] | Q) =0}.

From the definition of Q, it is obvious that I is contained in the cor-
responding variety Var(Q) (see Definition B41). Since Var(Q) has only
finitely many connected components (see Theorem BZ6), this implies
that Var(9)° is a connected subgroup of G that contains a finite-index
subgroup of I'. Hence Corollary E52 implies that Var(Q)° = G (see Ex-
ercise 1), so G < Var(9Q), as desired. O

With the above results, we can now provide the proof that was post-
poned from page ES:



56 4. BASIC PROPERTIES OF LATTICES

Proof of Proposition B2323. We may assume I is reducible (otherwise,
let » = 1). Hence, there is some noncompact, connected, closed, normal
subgroup N of G, such that NT is not dense in G; let H be the closure of
NT, and let H; = H°. Because I' ¢ H, we know that I' normalizes H;, so
H; is a normal subgroup of G (see Corollary BE52 and Exercise BE3Z1)).

Let Ay = Hy nI. By definition, H; is open in H, so the subgroup
H,T is also open in H. It is therefore closed, so A; is a lattice in H;
(see Exercise BEZ#9).

Because H; is normal in G and G is semisimple (with trivial center),
there is a normal subgroup H> of G, such that G = H; X H, (see Exer-
cise BTF#R). Let A = H; n (H2I') be the projection of I to H;. Now I nor-
malizes Ay, and H, centralizes A, so A must normalize A;. Therefore
Corollary E2d implies that A is discrete (hence closed), so HoI' = A X H»
is closed, so A» = H> nT'is a lattice in H» (see Exercise BE-Z79).

Because A; is a lattice in H; and A» is a lattice in H», we know that
A1 X Ay is alattice in H; X Hp = G. Hence, A1 X A» has finite index in T
(see Exercise ETZIN).

By induction on dim G, we may write

H =G X+ XGg and Hy = Ggi1 X -+ - X Gy,
so that I' N G; is an irreducible lattice in G;, for each i. O

(4.5.7) Remark. For simplicity, the statement of Theorem BT assumes
that I' projects densely into the maximal compact factor of G. Without
this assumption, the proof of Theorem ELT() establishes the weaker
conclusion that v is p(S)-invariant, for every noncompact, simple fac-
tor S of G. This leads to alternate versions of the corollaries that make
no assumption about the compact factor of G. For example, the ana-
logue of Corollary B2 states that if H is a connected, closed subgroup
of G that is normalized by I', then H is normalized by every noncompact,
simple factor of G.

Exercises for §4.5.

#1. Prove ESI(M), under the assumption that G/I' is compact (but al-
lowing G to have compact factors).

[Hint: The above proof shows that v is invariant under the the product N of all the
noncompact factors of G. So it is invariant under the closure of NT, which is G.]

#2. Show that if G is connected, and has no compact factors, then it is
generated by its unipotent elements.

[Hint: Consider each simple factor of G individually. The conjugates of a unipotent
element are also unipotent.]

#3. Suppose p: G — SL(4,R) is a continuous homomorphism. Show
that if u is unipotent, then p (1) is unipotent.



#4.

#5.
#6.

#7.

#8.

#9.

#10.

#11.

#12.

#13.

#14.
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[Hint: The Jacobson-Morosov Lemma (BE5=8) allows you to assume G = SL(2, R) and
u= [(1) H Then a sequence of conjugates of u converges to Id, so the characteristic
polynomial of p(u) is the same as the characteristic polynomial of Id.]

Show that if u is a unipotent element of SL(#, R) and v € RY, then
each coordinate of the vector u™ v is a polynomial function of n.

[Hint: Let u = Id +T, where T¢*! = 0. Then u" v = (Id +T)"v = 2,'“?:0 (2) Tkv.]
Show that if G is not compact, then I' is not abelian.

Generalizing Exercise B, show that if G is not compact, then I'is not
solvable.

Strengthening Exercise B, show that if G is not compact, then the
commutator subgroup [I,I] is infinite.

Assume the hypotheses of Theorem BT, and that G is connected.
For definiteness, assume that V is a real vector space. For any
subgroup H of G, let V[H] be the R-span of {p(h) | h € H} in
End (V). Show that V[T'] = V[G].

Show the identity component of N (I') is contained in the maximal
compact factor of G.
[Hint: Apply Corollary B3 to G/K, where K is the maximal compact factor.]

Show that if G is not compact, then I' has an element that is not
unipotent.
[Hint: Any unipotent element y of SL(#, R) satisfies the polynomial (x — 1?=0]

Assume G has no compact factors. Show that if H is a connected,
closed subgroup of G that contains a finite-index subgroup of T,
then H = G°.

[Hint: H is normalized by I' n H, so H < G°.]

Assume G has trivial center and no compact factors. Show thatI'is
reducible if and only if there is a finite-index subgroup I of I such

that I is isomorphic to A X B, for some infinite groups A and B.
(Actually, although you do not need to prove it, there is no need to assume the
center of G is trivial. This is because I' has a subgroup of finite index that is torsion
free (see Theorem E=82), and therefore does not intersect the center of G.)

Show that if T'is irreducible, then N NI is finite, for every connected,
closed, normal subgroup N of G, such that G/N is not compact.
[Hint: See the proof of Proposition E33.]

Let p; and p» be finite-dimensional, real representations of G. As-
sume G is connected, and has no compact factors. Show that if
the restrictions pp|r and p2|r are isomorphic, then p; and p;, are
isomorphic.

[Hint: We are assuming p;: G — GL(n,R), for some n, and that there is some
A € GL(n, R), such that p1(g) = Apz(g)A’l, for all y € I. You wish to show there
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is some A" € GL(n, R), such that the same condition holds for all g € G, with A’
in the place of A. The Borel Density Theorem implies that you may take A" = A.]

§4.6. Proof of the Borel Density Theorem

The proof of the Borel Density Theorem (E51) is based on the contrast
between two behaviors. On the one hand, if u is a unipotent matrix, and
v is a vector that is not fixed by u, then some component of u™ v is a
nonconstant polynomial, and therefore tends to +o with n. On the other
hand, the following observation implies that if v is fixed by I', then some
subsequence converges to a finite limit.

(4.6.1) Lemma (Poincaré Recurrence Theorem). Let
e (X,d) be a metric space,
e T: X — X be a homeomorphism, and
e U be a T-invariant measure on X, such that pu(X) < co.

Then, for almost every x € X, there is a sequence ny — oo, such that
T x — x.

Proof. Let
Ac={aeX|Vm>0, d(T"x,x) > €}.

It suffices to show p(A¢) = 0 for every e.

Suppose u(A¢) > 0. Then we may choose a subset B of A¢, such that
u(B) > 0and diam(B) < €. Because the sets B, T"!B, T~2B, ... all have the
same measure, and u(X) < oo, they cannot all be disjoint: there exists
m < n, such that T"™B N T "B + . By applying T", we may assume
n=0. Forx € T"™BnNB,we have T"x € B and x € B, so

d(T™x,x) < diam(B) < €.
This contradicts the definition of A.. O

(4.6.2) Remark. Part (0l) of Theorem E5Tlis a corollary of Part (2). Namely,
if v is p(I')-invariant, then the 1-dimensional subspace Rv (or Cv) is also
invariant, so (2) implies that the subspace is p(G)-invariant. Since G has
no nontrivial homomorphism to the abelian group R* (or C*), this implies
that the vector v is p(G)-invariant.

However, we will provide a direct proof of (), since it is quite short
(and a little more elementary than the proof of (2)).

Proof of Theorem ES(M). Suppose v is a vector in V that is fixed by
p (). It suffices to show, for every unipotent u € G, that v is fixed by
p(u).

Since u is p(I)-invariant, the map p induces a well-defined map
p:G/T — V, defined by p(gl') = p(g)v. Since p is G-equivariant, it
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pushes the G-invariant, finite measure v on G/I to a p(G)-invariant, fi-
nite measure v on V. Therefore, Lemma E&1 implies, for a.e. g € G, that
{p(u"g)v} has a convergent subsequence.

However, each component of the vector p(ug)v is a polynomial
function of n (see Exercise BE5#4). Therefore, the preceding paragraph
implies, for a.e. g € G, that p(u™g)v is constant (independent of n).
This means that p(g)v is fixed by p(u). Since this is true for a.e. g, we
conclude, by continuity, that it is true for all g, including g = e. Hence,
v is fixed by u. O

To prepare for the proof of Theorem E5T(2), we make a few obser-
vations about the action of G on the projectivization of V.

(4.6.3) Proposition. Assume

e G has no compact factors,

e V is a finite-dimensional vector space over R or C,

e p: G — GL(V) is a continuous homomorphism, and

e uis a p(G)-invariant measure on the projective space P(V).
If u(P(V)) < oo, then u is supported on the set of fixed points of p(G°).
Proof. We know that G° is generated by its unipotent elements (see Exer-
cise E5#2), so it suffices to show that u is supported on the set of fixed

points of p(u), for every unipotent element u of G.
Let

e u be a unipotent element of G,
e T=p(u) —1Id, and
e VeV~ {0}

Then T is nilpotent (because p(u) is unipotent (see Exercise E5#3)), so
there is some integer v = 0, such that T"v = 0, but T"*!v = 0. We have
p()T"v = Id+T)(T"v) =T v+T"" v =T"v+0=T"v,
so [T"v] € P(V) is a fixed point for p(u). Also, for each n € N, we have

pu)[v] = LVZO (:)T"v] - [(1;)_1;2()(:)7""1)] ~[T"v]

(because, for k < v, we have (2)/(?) — 0asn — o). Therefore, p(u™)[v]
converges to a fixed point of p(u), as n — co.

The Poincaré Recurrence Theorem (E61) implies, for py-almost every
[v] € P(V), that there is a sequence ny — oo, such that p(u™)[v] — [v].
On the other hand, the preceding paragraph tells us that p (1" )[v] con-
verges to a fixed point of p(u). Therefore, u-almost every element of
P(V) is a fixed point of p(u). In other words, u is supported on the set
of fixed points of p(u), as desired. O
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The assumption that G has no compact factors cannot be omitted
from Proposition E63. For example, the usual Lebesgue measure is an
SO(n)-invariant, finite measure on S*~!, but SO(n) has no fixed points
on S 1. We can, however, make the following weaker statement.

(4.6.4) Corollary. Assume
e V is a finite-dimensional vector space over R or C,
e p: G — GL(V) is a continuous homomorphism, and
e u is a p(G)-invariant measure on the projective space P(V).

If u(P(V)) < oo, then there is a cocompact, closed, normal subgroup G’
of G, such that p is supported on the set of fixed points of p(G').

Proof. Let K be the maximal connected, compact, normal subgroup of G,
and write G = G’ x K, for some closed, normal subgroup G’ of G. Then
G’ has no compact factors, so we may apply Proposition to the
restriction p|¢. O

It is now easy to prove the other part of Theorem EST:

Proof of Theorem EST(2). By passing to a subgroup of finite index, we
may assume G is connected. For simplicity, let us also assume that G has
no compact factors (see Exercise ).

Suppose W is a subspace in V that is fixed by p(I'), and let 4 = dim W.
Note that p induces a continuous homomorphism p: G — GL(/\d V),
and, since W is p (I')-invariant, the 1-dimensional subspace /\d W is p(I')-
invariant. Hence, p induces a well-defined map p: G/T — P(A% V), with
plel') =[ /\d W 1. Then, since p is G-equivariant, it pushes the G-invariant,
finite measure v on G /I to a p(G)-invariant, finite measure v on P( /\d V).
Then Proposition tells us that p(G/T) is contained in the set of
fixed points of p(G). In particular, [/\d W] = p(el) is fixed by p(G). This
means that W is p(G)-invariant. O

(4.6.5) Remark. The proofs of the two parts of Theorem E5T never use
the fact that the lattice I'is discrete. Therefore, I' can be replaced with any
closed subgroup H of G, such that there is a G-invariant, finite measure
on G/H, and H projects densely into the maximal compact factor of G.

Exercises for §4.6.

#1. Complete the proof of Theorem EST(P), by removing the assump-
tion that G has no compact factors.
[Hint: See the hint to Exercise E5Z1.]

#2. Let H be a closed subgroup of G that projects densely into the
maximal compact factor of G. Show that if there is a G-invariant,
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finite measure on G/H, then the identity component H° is a normal
subgroup of G°.
[Hint: Remark EE63 and the proof of Corollary BE52.]

§4.7. I is finitely presented

(4.7.1) Definitions. Let A be a group.

1) Ais finitely generated it has a finite generating set. That is, there
is a finite subset of A that is not contained in any proper subgroup
of A.

2) Ais finitely presented it has a presentation with only finitely many
generators and finitely many relations. In other words, there exist:
e a finitely generated free group F,
e a surjective homomorphism ¢: F — A, and
e a finite subset R of the kernel of ¢,
such that ker ¢ is the smallest normal subgroup of F that con-
tains R.

It is easy to see that every finitely presented group is finitely generated.
However, the converse is not true.

In this section, we describe the proof that I is finitely presented.
Much like the usual proof that the fundamental group of any compact
manifold is finitely presented, it is based on the existence of a nice set
that is close to being a fundamental domain for the action of I' on G.

(4.7.2) Definition. Suppose I' acts properly discontinuously on a topo-
logical space Y. A subset F of Y is a coarse fundamental domain for T
if

1) TF=Y,and

2) {y el | yFnF + @} is finite.

(4.7.3) Other terminology. Some authors call ¥ a fundamental set,
rather than a coarse fundamental domain.

The following general principle will be used to show that I' is finitely
generated:

(4.7.4) Proposition. Suppose a discrete group A acts properly discontin-
uously on a topological space Y. If Y is connected, and A has a coarse
fundamental domain F that is an open subset of Y, then A is finitely gen-
erated.

Proof.let S = {s e A | sTnF = @}. We know that S is finite (see
Definition EZZ2(R)), so it suffices to show that S generates A. Here is the
idea: think of {AF | A € A} as a tiling of Y. The elements of S can
move F to any adjacent tile, and Y is connected, so a composition of
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elements of S can move F to any tile. Therefore (S) is transitive on the
set of tiles. Since S also contains the entire stabilizer of the tile F, we
conclude that (S) = F.

Now, here is the formal proof. Consider some A € A, such that
AF N(S)F + <. This means there exists s € (S), such that AF nsF = &,
S0 sT'AF n F + @. Therefore, by the definition of S, we have s~!1A € S,
so A € sS < (S). Thus, we have shown that (A \ (S})F is disjoint from
($)YF.

However, both of these sets are open (since F is open), and their
union is all of Y (since AF = Y). Therefore, since Y is connected, the
two sets cannot both be nonempty. Since (S) is obviously nonempty, we
conclude that A \ (§) = &, so (S) = A. O

(4.7.5) Corollary. If T\G is compact, then T is finitely generated.

Proof. Since I'\ G is compact, there is a compact subset C of G, such that
I'C = G (see Exercise EET#IT). Let ‘F be a precompact, open subset of G,
such that C < F. Because C < F, we have I'f = G. Also, because F
is precompact, and I" acts properly discontinuously on G, we know that
Condition EZ2(2) holds. Therefore, F is a coarse fundamental domain
for I. By passing to a subgroup of finite index, we may assume G is
connected (see Exercise ), so Proposition E=Z4 applies. O

(4.7.6) Example. Let ¥ be the closed unit square in R?, so F is a coarse
fundamental domain for the usual action of Z? on R? by translations.
Define S as in the proof of Proposition E=Z4, so

S={(mmn) ez’ | mmne{-1,0,1} } = {0, +ay, +a,, +as},

where a; = (1,0), a, = (0,1), and a3z = (1,1). Then S generates Z2; in
fact, the subset {a;,a.} is already a generating set.

Proposition BEZ4 does not apply to this situation, because ¥ is not
open. We could enlarge ¥ slightly, without changing S. Alternatively, the
proposition can be proved under the weaker hypothesis that ¥ is in the
interior of J,cs F (see Exercise B).

Note that 72 has the presentation

2
77 = {x1,X2,X3 | X1X2 = X3, X2X1 = X3 ).

(More precisely, if F3 is the free group on 3 generators xi, X2, X3, then
there is a surjective homomorphism ¢: F3 — 72, defined by

¢(x1) = ai, P(x2) = az, ¢(x3) = as,

and the kernel of ¢ is the smallest normal subgroup of F;3 that contains
both x1x2x5 " and x2x7x3 ) Each of the relations in this presentation is
of a very simple form, merely stating that the product of two elements
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of S is equal to another element of S. The proof of the following proposi-
tion shows that relations of this type suffice to define A in a very general
situation.

(4.7.7) Proposition. Suppose A acts properly discontinuously on a topo-
logical space Y. If

e Y is both connected and simply connected, and

e there is a coarse fundamental domain F for A that is a connected,
open subset of Y,

then A is finitely presented.

Proof. This is somewhat similar to the proof of Proposition EZ4, but is
more elaborate. As before, let S = {A € A | AF nF = @}. For each
s € S, define a formal symbol x;, and let F be the free group on {x;}.
Finally, let

R={xxix;' | s, t,steS},

so R is a finite subset of F.

We have a homomorphism ¢: F — A determined by ¢ (x;) = s. From
the proof of Proposition E=Z4, we know that ¢ is surjective, and it is clear
that R c ker ¢b. The main part of the proof is to show that ker ¢ is the
smallest normal subgroup of F that contains R. (Since R is finite, and
F/ker ¢p = A, this implies that A is finitely presented, as desired.)

Let N be the smallest normal subgroup of F that contains R. (It is
clear that N < ker(¢); we wish to show ker(¢) < N.)

e Define an equivalence relation ~ on (F/N) x F, by stipulating that
(fN,y) ~ (f'N,y»’) if and only if there exists s € S, such that
xsfN = f'Nand sy = ' (see Exercise B).

e Let Y be the quotient space ((F/N) X F)/~.

e Define amap y: (F/N) x F — Yby ¢(fN,y) = ¢(f~1)y. (Note
that, because N < ker(¢), the map y is well defined.)

Because
W(xsfN,sy) = (b(f s (sy) = w(fN,y),

we see that  factors through to a well-defined map ¢: Y-v.

Let T be the image of (ker(¢)/N) x F in Y. Then it is obvious, from
the definition of y, that ( j? ) = F. In fact, it is not difficult to see that
P~L(F) = F (see Exercise ).

For each f € F, the image ¥y of (fN) X ¥ in Y is open (see Exer-
cise B), and, for f1, f> € ker(¢), one can show that Fp n Fp, = D if
f1 # f2 (mod N) (cf. Exercise H). Therefore, from the preceding para-
graph, we see that ( is a covering map over ‘F. Since Y is covered by
translates of F (and ¥ is open) it follows that ¢J is a covering map.
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Because T is connected, it is not difficult to see that Y is connected
(see Exercise [M). Since Y is simply connected, and ( is a covering map,
this implies that y is a homeomorphism. Hence, { is injective, and it is
easy to see that this implies ker(¢) = N, as desired. O

(4.7.8) Remark. The assumption that ‘F is connected can be replaced
with the assumption that Y is locally connected. However, the proof is
somewhat more complicated in this setting.

(4.7.9) Corollary. If I'\G is compact, then I is finitely presented.

Proof. Let K be a maximal compact subgroup of G, so I acts properly dis-
continuously on G/K. Arguing as in the proof of Corollary BE=Z3, we see
that I has a coarse fundamental domain ¥ that is an open subset of G /K.
From the “Iwasawa decomposition” G = KAN (see Theorem B29), we see
that G/K is connected and simply connected (see Exercise BZ#TT(H)). So
Proposition BEZ4 implies that I is finitely presented. O

IfT'\ G is not compact, then it is more difficult to prove that I'is finitely
presented (or even finitely generated).

(4.7.10) Theorem. T is finitely presented.

Idea of proof. It suffices to find a coarse fundamental domain for I that
is a connected, open subset of G/K. Assume, without loss of generality,
that I’ is irreducible.

In each of the following two cases, a coarse fundamental domain F
can be constructed as the union of finitely many translates of “Siegel
sets” (This will be discussed in Chapters [@ and [9.)

1) I'is “arithmetic) as defined in (521-19), or
2) G has a simple factor of real rank one, or, more generally, we have
rankgI' < 1 (see Definitions BT6 and BT4).

The (amazing!) Margulis Arithmeticity Theorem (5=21]) implies that these
two cases are exhaustive, which completes the proof. O

(4.7.11) Remark. It is not necessary to appeal to the Margulis Arithmetic-
ity Theorem in order to prove only that I is finitely generated (and not
that it is finitely presented). Namely, if () does not apply, then the real
rank of every simple factor of G is atleast two, so Kazhdan’s Property (T)
implies that I is finitely generated (see Proposition I3-T_4(3)).

(4.7.12) Remark. For n > 2, I'is said to be of type F,, if there is a compact
CW complex X, such that:

¢ the fundamental group 1 (X) is isomorphic to I', and

¢ the homotopy group 71 (X) is trivial for 2 < k < n.
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Since I is finitely presented (see Theorem E—Z10), it is easy to see that
I is of type F,. (In fact, a group is of type F, if and only if it is finitely
presented.) Borel and Serre proved the much stronger result that I' is of
type F, for every n. (If G/T is compact, and I is torsion free, then one
may let X = I'\G/K, where K is a maximal compact subgroup of G. (In
other words, X is the locally symmetric space associated to I.) When G /T’
is not compact, but I' is torsion free, then X is a certain space called the
“Borel-Serre compactification” of I'\G/K.)

Exercises for §4.7.

#1.

#2.

#3.

#4.

#5.

#06.

Show that if some finite-index subgroup of A is finitely generated,
then A is finitely generated.
[Hint: If F is a finite set of coset representatives for (S)in A, then S UF generates A.]

Assume A is abstractly commensurable to A’. Show A is finitely
generated if and only if A’ is finitely generated.

[Hint: Exercise 0 is half of the proof. For the other half, suppose F is a finite set
of coset representatives for the subgroup A’ of A, and S is a finite generating set
for A. For each f € Fand s € S, we have fs € A’ f’, for some fJ’cS € F. Then

{fs(f},s)’l | f € F,s € S} generates A’. Alternatively, it is easy to prove this

topologically: If A is the fundamental group of a CW-complex X with only finitely
many 1-cells, then A’ is the fundamental group of a finite cover of ¥, which must
also have only finitely many 1-cells.]

Assume A is abstractly commensurable to A’. Show A is finitely
presented if and only if A’ is finitely presented.

[Hint: Suppose A’ has finite index in A, and F is a set of coset representatives. Let
S and S’ be finite generating sets of A and A’, respectively (see Exercise D).

(«) For each s € SUF and f € F, there exist g € A" and f’' € F, such that
fs =gf'. Adding these relations to a presentation of A’ yields a presentation of A.

(=) Proving this direction algebraically is somewhat more complicated, but
there is an easy topological proof: If A is the fundamental group of a CW-complex X
whose 2-skeleton is finite, then A’ is the fundamental group of a finite cover of X,
which must also have only finitely many 1-cells and 2-cells.]

Suppose A is a discrete subgroup of a locally compact group H.
Show that if H/A is compact, and H is compactly generated (that
is, there is a compact subset C of H, such that (C) = H), then A
is finitely generated. (This provides an alternate proof of Proposi-

tion EZ4 that does not require G to be connected.)

[Hint: Assume e € C. Choose a compact subset F of H, such that FA = H (and
ee F),andlet S = An (FICELF). If A = cicp - - - ¢ with ¢; € C*1, then
A=2A1---Ap, with A; € S]]

Prove Proposition BE=Z4, replacing the assumption that ¥ is open
with the weaker assumption that F is in the interior of Uscg SF
(where S is as defined in the proof of Proposition EZ4).

Show that the relation ~ defined in the proof of Proposition B4
is an equivalence relation.
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#7. In the notation of the proof of Proposition BE=Z4, show that if
Y(fN,y) € F, then (fN,y) ~ (f'N,y’), for some f' € Kker(¢)
and some y’ € F.

[Hint: We have ¢ (f) € S, because ¢(f~1)y € F.]

#8. In the notation of the proof of Proposition BEZ4, show that the
inverse image of Frin (F/N) x Fis
U ((xsfN/N) % (F nsF)),
seS
which is open.

#9. In the notation of the proof of Proposition EZ4, show that if we

have Frn F. + @ and f € ker(¢), then f € N.
[Hint: If (fN,y1) ~ (N,»?2), then there is some s € S with x¢;N = fN. Since
f eker(¢), we have s = p(xs) = p(f) = el

#10. Show that the set Y defined in the proof of Proposition EZ4 is
connected.
[Hint: For s1,...,sy € S, define F; = {ij - -+ X5 N} X F. Show there exist a € F;
and b € Fjq, such thata ~ b.]

#11. Assume A acts properly discontinuously on a topological space Y.
Show that a Borel subset ‘F of Y is a coarse fundamental domain
for A if and only if

a) F contains a strict fundamental domain ‘Fy for A, and
b) there is a finite subset F of A, such that F < FF.

§4.8. I' has a torsion-free subgroup of finite index

(4.8.1) Definition. A group is torsion free if it has no nontrivial finite
subgroups. Equivalently, the identity element e is the only element of
finite order.

(4.8.2) Theorem (Selberg’s Lemma). I has a torsion-free subgroup of finite
index.

Proof. From the Standing Assumptions [4.0.0]), we know I' < SL(¢, R), for
some £. Let us start with an illustrative special case.

Case 1. Assume I' = SL(¢,Z). For any positive integer n, the natu-
ral ring homomorphism Z — Z/nZ induces a group homomorphism
I' — SL(¢,Z/nZ) (see Exercise B); let I, be the kernel of this homomor-
phism. (This is called the principal congruence subgroup of SL({,Z)
of level n.) Since it is the kernel of a group homomorphism, we know
that I}, is a normal subgroup of I. It is also not difficult to see that I,
has finite index in I' (see Exercise B). It therefore suffices to show that
I, is torsion free, for some n. In fact, I, is torsion free whenever n > 3
(see Exercise B), but, for simplicity, we will assume n = p is an odd prime.
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Given y € I, \ {Id} and k € N\ {0}, we wish to show that yk = 1d.
We may write
y =1d+p?T,
where
e d=>1,
e T € Matyyy(Z), and
e p 1T (that is, not every matrix entry of T is divisible by p).

Also, we may assume k is prime (see Exercise B). Therefore, either p { k
orp = k.

Subcase 1.1. Assume p 1 k. Noting that
(p?T)? = p?aT? = 0 (mod p?*1),
and using the Binomial Theorem, we see that
Y& = Ad +p4T)* = 1d +k(p?T) # Id (mod p4*!),
as desired.

Subcase 1.2. Assume p = k. Using the Binomial Theorem (and noting that

("Z)pdi is divisible by p4+2 for i > 1 (see Exercise ), we have

YK =y? = Ad +p4T)? =1d +p(paT) = 1d +p4*'T # Id (mod p4*+?).

Case 2. Assume T < SL(¢,7). From Case [, we know there is a torsion-
free, finite-index subgroup I);, of SL(#,Z). Then I' n I}, is a torsion-free
subgroup of finite index in I

Case 3. The general case. The proof is very similar to Case 0, with the
addition of some commutative algebra (or algebraic number theory) to
account for the more general setting.

We know that I is finitely generated (see Theorem E—ZT11), so there
exist ay,...,a, € C such that every matrix entry of every element of I is
contained in thering Z = Z[a,,...,a,] generated by {a,...,a,} (see Ex-
ercise [d). Therefore, letting A = SL(#, Z), we have I' c A.

Now let p be a maximal ideal in Z. Then Z/p is a field, so, because
Z [p is also known to be a finitely generated ring, it must be a finite field.
Therefore, the kernel of the natural homomorphism A — SL(¥, Z/p) has
finite index in A. Basic facts of Algebraic Number Theory allow us to
work with the prime ideal p in very much the same way as we used the
prime number p in Case . 0

(4.8.3) Warning. Our standing assumption that G < SL(¢, R) is needed
for Theorem BE=. For example, the group Sp(4, R) has an 8-fold cover,
which we call H. The inverse image of Sp(4,7) in H is a lattice A in H. It
can be shown that every finite-index subgroup of A contains an element
of order 2, so no subgroup of finite index is torsion free. This does
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not contradict Theorem E82, because H is not linear: it has no faithful
embedding in any SL(¥, R).

If y* = Id, then every eigenvalue of y must be a k™ root of unity.
If, in addition, y + Id, then at least one of these roots of unity must be
nontrivial. Therefore, the following is a strengthening of Theorem E-Z2.

(4.8.4) Theorem. There is a finite-index subgroup I'' of T, such that no
eigenvalue of any element of T’ is a nontrivial root of unity.

Proof. Assume I' = SL(¥, 7). Let
e 1 be some (large) natural number,

I, be the principal congruence subgroup of I of level n,
e w be a nontrivial k'™ root of unity, for some k,

y be an element of I}, such that w is an eigenvalue of y,
T =y-1d,
Q(x) be the characteristic polynomial of T, and

e A =w — 1, s0 Ais anonzero eigenvalue of T.

Since y € I, we know that n|T, so Q(x) = x! + nR(x), for some
integral polynomial R (x). Since Q(A) = 0, we conclude that A? = nZ, for
some L € Z[A]. Therefore, A? is divisible by n, in the ring of algebraic
integers.

The proof can be completed by noting that any particular nonzero
algebraic integer is divisible by only finitely many natural numbers, and
there are only finitely many roots of unity that satisfy a monic integral
polynomial of degree £. See Exercise B for a slightly different argument.

]

(4.8.5) Remarks.

1) The proof of Theorem E82 shows that I has nontrivial, proper,
normal subgroups, so I' is not simple. However, the normal sub-
groups constructed there all have finite index. In fact, it is often
the case that every nontrivial, normal subgroup of I" has finite index
(see Theorem IZ1°T).

Moreover, although it will not be proved in this book, it is often
the case that all of the normal subgroups of finite index are close
to being of the type constructed in the course of the proof. More
precisely, the “Congruence Subgroup Property” asserts there is a
constant C, such that if N is any finite-index, normal subgroup
of T, then there is a principal congruence subgroup I of I, such
that |T” : N’| < C. This is not always true, but it has been proved
for the lattices in many groups.
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2) Arguing more carefully, one can obtain a finite-index subgroup I'
with the stronger property that, for every y € I, the multiplicative
group generated by the (complex) eigenvalues of y does not contain
any nontrivial roots of unity. Such a subgroup is sometimes called
net.

3) If F is any field of characteristic zero, then Theorem E82 remains
valid (with the same proof) when I is replaced with any finitely
generated subgroup A of SL(¥, F).

Let us now present an alternate approach to the general case of The-
orem B8 It requires only the Nullstellensatz, not Algebraic Number
Theory.

Another proof of Theorem B8 (optional). Let

e Z be the subring of C generated by the matrix entries of the ele-
ments of I, and

e F be the quotient field of Z.

Because I'is a finitely generated group (see Theorem BE=Z11), we know that
Z is a finitely generated ring (see Exercise [@), so F is a finitely generated
extension of Q.

Step 1. We may assume that F = Q(x,...,X,) is a purely transcendental
extension of Q. Choose a subfield L = Q(x1,...,x;) of F, such that

e [ is a purely transcendental extension of Q, and
e F is an algebraic extension of L.

Let d be the degree of F over L. Because F is finitely generated (and
algebraic over L), we know that d < . Therefore, we may identify F’
with L4, so there is an embedding
I'c SL({,F) — SL(d¥¢,L).

Hence, by replacing F with L (and replacing ¢ with d¥), we may assume
that F is purely transcendental. (Identifying F with L4’ is the founda-
tion of an important technique called “Restriction of Scalars” that will be
introduced in Section B3.)

Step 2. If y is any element of finite order in SL(¢, F), then trace(y) € Z,
and | trace(y)| < ¢. There is a positive integer k with y* = Id, so every
eigenvalue of y is a k™ root of unity. The trace of y is the sum of these
eigenvalues, and any root of unity is an algebraic integer, so we conclude
that the trace of y is an algebraic integer.

Since trace(y) is the sum of the diagonal entries of y, we know
trace(y) € F. Since trace(y) is algebraic, but F is a purely transcendental
extension of Q, this implies trace(y) € Q. Since trace(y) is an algebraic
integer, this implies trace(y) € 7.
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Since trace(y) is the sum of £roots of unity, and every root of unity is
on the unit circle, we see, from the triangle inequality, that | trace(y)| < 4.

Step 3. There is a prime number p > 2{, such that 1/p ¢ Z. From the
Nullstellensatz (B41), we know that there is a nontrivial homomorphism
¢: Z — Q, where Q is the algebraic closure of Q in C. Replacing Z with
¢(Z), let us assume that Z ¢ Q. Thus, for each z € Z, there is some
nonzero integer n, such that nz is an algebraic integer. More precisely,
because Z is finitely generated, there is an integer n, such that, for each
z € Z, there is some positive integer k, such that nkz is an algebraic
integer. It suffices to choose p so that it is not a divisor of n.

Step 4. There is a finite field E of characteristic p, and a nontrivial homo-
morphism ¢, : Z — E. Because 1/p ¢ Z, there is a maximal ideal p of Z,
such that p € p. Then E = Z/p is a field of characteristic p. Because
it is a finitely generated ring, E must be a finite extension of the prime
field Z/pZ (see Theorem BZ3), so E is finite.

Step 5. Let A be the kernel of the homomorphism <[>,,: SL(¢,Z) — SL({,E)
that is induced by ¢,. Then A is torsion free. Let y be an element of finite
order in A. Then

trace(¢, (y)) = trace(Id) = £ (mod p),

so p | (£ — trace(y)) (since Step B tells us that trace(y) € 7). Since we
also know that | trace(y)| < £ and p > 2¥, we conclude that trace(y) = .
Since the ¢ eigenvalues of y are roots of unity, and trace(y) is the sum of
these eigenvalues, we conclude that 1 is the only eigenvalue of y. Since
y* = Id, we know that y is elliptic (hence, diagonalizable over C), so this
implies y = Id, as desired. O

Exercises for §4.8.

#1. Show that if p is an odd prime, d > 1, and 2 < i < p, then ("Z)pdi
is divisible by p4+2,
[Hint: If eitherd > 1 ori > 2, thendi > d + 2.]

#2. Show that SL(¥, -) is a (covariant) functor from the category of rings
with identity to the category of groups. That is, show:
a) if A is any ring with identity, then SL(¢, A) is a group,
b) for every ring homomorphism ¢: A — B (with ¢p(1) = 1), there
is a group homomorphism ¢ : SL(#,A) — SL(¥, B), and
¢) if ¢: A - Band ¢: B — C are ring homomorphisms (with
¢(1) =land (1) = 1), then (Y o )y = Yy o Py

#3. Show that if B is a finite ring with identity, then SL(¥¢, B) is finite.
Use this fact to show, for every positive integer n, that if I}, denotes



#4.

#5.

#06.

#7.

#8.

#9.

#10.

#11.

#12.
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the principal congruence subgroup of SL(¥, Z) of level n (cf. Case @
of the proof of Theorem E-82), then I}, has finite index in SL(¥, Z).

Show that if T has a nontrivial element of finite order, then I' has
an element of prime order.

Show the principal congruence subgroup I, is torsion free if n > 3.
[Hint: Since I}y, < Iy whenever n | m, you may assume, without loss of generality,
that n is either 4 or an odd prime.]

In the notation of Case O of the proof of Theorem B8, show that
I is not torsion free. Where does your solution of Exercise B fail?

Show that if A is a finitely generated subgroup of SL(¢,C), then
there is a finitely generated subring B of C, such that A c SL(¥, B).
[I%{int]: Let B be the subring of C generated by the matrix entries of the generators
of A.

Suppose w is a nontrivial root of unity, and (w — 1) = ng, for
somen,{cZ*and €Z+7Zw + - - - + Zw'~1. Show n < 2(/+D",
[Hint: Let F be the Galois closure of the field extension Q(w) of Q generated by w,
and define N: F — Qby N(x) = [lgecai(r/q) 0(x). Then N(w — 1) = niN(©),
and [N(w — 1)| < 24 < 2 where d is the degree of F over Q.]

Show that I' is residually finite. That is, for every y € I' \ {e}, show
that there is a finite-index, normal subgroup I of T, such that y ¢ I".
(In particular, if T is infinite, then I is not a simple group.)

Show there is a sequence N, Ny, ... of subgroups of I, such that
a) NtDNyD -+,
b) each Ny is a finite-index, normal subgroup of I', and
¢) NiNnNon--- ={e}.

[Hint: Use Exercise H.]

Show that SL(n, Q) commensurates SL(n, Z).

[Hint: For each g € SL(nm,Q), there is a principal congruence subgroup I}, of
SL(n,Z), such that g~ g < SL(n,7).]

Show that if @: T — GL(n,R) is a homomorphism, such that every
element of @ (I') has finite order, then ¢ (I') is finite.

[Hint: Remark EZ3(B).]

§4.9. I' has a nonabelian free subgroup

In this section, we describe the main ideas in the proof of the following
important result.

(4.9.1) Theorem (Tits Alternative). If A is a subgroup of SL({,R), then
either

1) A contains a nonabelian free group, or

2) A has a solvable subgroup of finite index.
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Since I is not solvable when G is not compact (see Exercise BES#H),
the following is an immediate corollary.

(4.9.2) Corollary. If G is not compact, then I' contains a nonabelian free
group.

(4.9.3) Definition. Let us say that a homeomorphism ¢ of a topological
space M is (A~, B, A*)-contracting if A, B and A* are nonempty, dis-
joint, open subsets of M, such that $(BUA™) < A*tand p 1 (BUA™) < A™.

In a typical example, A~ and A" are small neighborhoods of points p~
and p*, such that ¢ collapses a large open subset of M into A*, and ¢!
collapses a large open subset of M into A~ (see Figure E=9A).

B

B

FIGURE 4.9A. A typical (A~, B, A")-contracting homeo-
morphism of the circle.

(4.9.4) Example. Let
e M be the real projective line P(R?),

2 0
oy:|:0 1/2]ESL(2,[R),

A~ be any (small) neighborhood of p~ = [0: 1] in P(R?),
A* be any (small) neighborhood of p* = [1: 0] in P(R?), and
e Bbe any precompact, open subset of P(R?) < {p~,p*}.

For any (x,y) € R? with x # 0, we have
yrx:yl=[2"x:2"y] =[1:2"2"y/x] - [1:0] =p* as n — ,
and the convergence is uniform on compact subsets. Similarly, we have

y "[x:y] — p~ as n — . Hence, for sufficiently large n, the homeo-
morphism y" is (A-, B, A*)-contracting on P(R?).
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More generally, if y is any nontrivial, hyperbolic element of SL(2, R),
then y™is (A-, B, A*)-contracting on P(R?), for some appropriate choice
of A-, B, and A" (see Exercise ).

The following is easy to prove by induction on n.

(4.9.5) Lemma. If ¢ is (A~, B, A*)-contracting, then
1) ¢"™(B) < At for alln > 0,
2) ¢™(B) € A” foralln < 0,
3) ¢™(B) € A~ U AT foralln + 0.
The following lemma is the key to the proof of Theorem B9

(4.9.6) Lemma (Ping-Pong Lemma). Suppose
e ¢ and @ are homeomorphisms of a topological space M,
e A™, A", B, and B* are nonempty, pairwise-disjoint, open subsets
of M,
e ¢ is (A, B, A")-contracting, where B = B~ U B*, and
e is (B~, A, B")-contracting, where A = A~ U A",
Then ¢ and @ have no nontrivial relations; so (¢, @) is free.

Proof. Consider a word of the form w = ¢p™ @™ ... p™k ", with each
mj and n; nonzero. We wish to show w =+ e.
From Lemma E-93(B), we have
¢"™i(B) < A and Y"i(A) € B, forj=1,2,...,k
Therefore
"k (A) < B,
PP (A) < A,
Prk-1 Mk (A) < B,

Pty MYk (A) < A,
and so on: points bounce back and forth between A and B. (Hence, the
name of the lemma.) In the end, we see that w(A) c A.

Assume, for definiteness, that m; > 0. Then, by applying EZ95(I) in
the last step, instead of EZI5(B), we obtain the more precise conclusion
that w(A) € A*. Since A ¢ A" (recall that A~ is disjoint from A*), we
conclude that w + e, as desired. d

(4.9.7) Corollary. If y, and y» are two nontrivial hyperbolic elements of
SL(2,R) that have no common eigenvector, then, for sufficiently large
n € 7%, the group ((y1)™, (y2)") is free.

Proof. Let

e v; and w; be linearly independent eigenvectors of yj, with eigen-
values Aj and 1/Aj, such that A; > 1,
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e A" and A~ be small neighborhoods of [v;] and [w;]in P(R?), and
e B* and B~ be small neighborhoods of [v>] and [w>] in P(R?).

By the same argument as in Example BE294, we see that if » is sufficiently
large, then

e (y1)"is (A-,B~ U B*, A*)-contracting, and

e (y2)"is (B~,A” U A*, B")-contracting
(see Exercise M). Therefore, the Ping-Pong Lemma (B98) implies that
((yp)"™, (y2)™) is free. R

We can now give a direct proof of Corollary B292, in the special case
where G = SL(2, R).

(4.9.8) Corollary. If G = SL(2,R), then T contains a nonabelian, free
group.

Proof. By passing to a subgroup of finite index, we may assume that I' is
torsion free (see Theorem E-82). Hence, I' has no elliptic elements. Not
every element of I'is unipotent (see Exercise BE5#11), so we conclude that
some nontrivial element y; of I' is hyperbolic.

Let v and w be linearly independent eigenvectors of y;. The Borel
Density Theorem (ESM) implies that there is some y < I, such that
{yv,yw} n (Rv URw) = @ (see Exercise ). Let y» = yy1¥y ™!, s0 y2is a
hyperbolic element of I with eigenvectors yv and yw.

From Corollary 94, we conclude that ((y1)", (y2)") is a nonabelian,
free subgroup of I, for some n € Z*. O

The same ideas work in general:

Idea of direct proof of Corollary B9 2. Assume G < SL(£,R). Choose
some nontrivial, hyperbolic element y; of I, and let A1 = A» = - - - = Ay be
its eigenvalues. We may assume, without loss of generality, that A; > A».
(If the eigenvalue A, has multiplicity d, then we may pass to the d' exte-
rior power A4(RY), to obtain a representation in which the largest eigen-
value of y; is simple.)

Let us assume that the smallest eigenvalue A, is also simple; that is,
Ay < Ap—1. (One can show that this is a generic condition in G, so it can
be achieved by replacing y; with some other element of I'.)

Let v be an eigenvector corresponding to the eigenvalue A; of y, and
let w be an eigenvector for the eigenvalue A,. Assume, to simplify the
notation, that all of the eigenspaces of y; are orthogonal to each other.
Then, for any x € R’ ~ v+, we have (y1)"[x] — [v]in P(RY), as n — oo
(see Exercise B). Similarly, if x ¢ w+, then (y;) "[x] — [w].

We may assume, by replacing R! with a minimal G-invariant sub-
space, that R? has no nontrivial, proper, G-invariant subspaces. Then the
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Borel Density Theorem implies that there exists y € I', such that we have
{yv,yw}n (RvuRw) = &.
Then, for any small neighborhoods A~, A*, B~, and B* of [v], [w],

[yv],

and [yw], and any sufficiently large n, the Ping-Pong Lemma im-

plies that the subgroup ((y1)", (yy1y~1H)") is free. O

(4.9.9) Remark. The proof of Theorem B9 is similar, but involves ad-
ditional complications.

D

2)

In order to replace R’ with an irreducible subspace W, it is nec-
essary to have dimW > 1 (otherwise, there do not exist two lin-
early independent eigenvectors v and w). Unfortunately, the min-
imal A-invariant subspaces may be 1-dimensional. After modding
these out, the minimal subspaces in the quotient may also be 1-
dimensional, and so on. In this case, the group A consists entirely
of upper-triangular matrices (after a change of basis), so A is solv-
able.

The subgroup A may not have any hyperbolic elements. Even
worse, it may be the case that 1 is the absolute value of every eigen-
value of every element of A. (For example, A may be a subgroup
of the compact group SO(n), so that every element of A is elliptic.)
In this case, the proof replaces the usual absolute value with an
appropriate p-adic norm. Not all eigenvalues are roots of unity (cf.
Theorem E84), so Algebraic Number Theory tells us that some el-
ement of A has an eigenvalue whose p-adic norm is greater than 1.
The proof is completed by using this eigenvalue, and the corre-
sponding eigenvector, just as we used A; and the corresponding
eigenvector v.

Exercises for §4.9.

#1.

#2.

In the notation of the proof of Corollary EE94, show thatif A~, A,
B~, and BT are disjoint, then, for all large n, the homeomorphism
(y1)™is (A~,B~ U B*, A*)-contracting on P(R?).

Assume that G is irreducible in SL(#, R) (see Definition BZ3), and
that I projects densely into the maximal compact factor of G. If F is
a finite subset of R’~ {0}, and W is a finite set of proper subspaces
of R?, show that there exists y € I, such that
YEn | w=0.
wew

[Hint: Forv € Fand W € ‘W, theset Ay w = {g € G | gv € W } is Zariski closed, so
Uv,w Av,w is Zariski closed. Apply the Borel Density Theorem and Exercise BZZ2.]
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#3. Let
e y be a hyperbolic element of SL(¢,R),
e A1 > Ap > - - - = Ay be the eigenvalues of y,
e v be an eigenvector of y corresponding to the eigenvalue Aq,
and
e W be the sum of the other eigenspaces.
Show that if x € P(R?) . [W], then y"x — [v] as n — c. Further-
more, the convergence is uniform on compact subsets.

#4. (another version of the Ping-Pong Lemma) Suppose A and B are dis-
joint, nonempty subsets of M, such that $"(B) < Aand ¢/"(A) < B,
for every nonzero integer n. Show (¢, ) is free.

[Hint: If every m; and n; is nonzero, then ¢p™1 @™ - . . ¢k "k p™k+1(B) c Al

#5. LetI' = <[(1) %] , [% (l)]> be the Sanov subgroup of SL(2,7). Show

that I' is a free subgroup of finite index in SL(2, Z).

4k+1 2¢

2m 4n + 1] areinI”]

[Hint: Exercise @ implies I is free. Matrices of the form [

#6. Generalizing Exercise B, show that every torsion-free subgroup of
SL(2,7) is a free group.
[Hint: Let 0F be the boundary of the usual fundamental domain for the action
of SL(2,Z) on the upper half plane $? (see Figure I3A). Then Uyery - 0F is a

contractible 1-dimensional simplicial complex; in other words, it is a tree. I' acts
properly on this tree, so any subgroup of I' that acts freely must be a free group.]

#7. Show there is an irreducible lattice I' in SL(2, R) x SO(3), such that
I' n SL(2, R) is infinite.

[Hint: There is a free group F and a homomorphism ¢: F — SO(3), such that ¢ (F)
is dense in SO(3).]

§4.10. Moore Ergodicity Theorem

All mathematicians encounter situations in which they would like to
prove that some function @ on some space X is constant. If X = G/T,
this means that they would like to prove @ is G-invariant.

(4.10.1) Definition. Suppose f is a function on G /I, and H is a subgroup
of G. We say that f is H-invariant if f(hx) = f(x) for all h € H and
x € G/T.

The following fundamental result shows that it suffices to prove @ is
invariant under a much smaller subgroup of G (if we make the very weak
assumption that @ is measurable). It does not suffice to prove that @
is invariant under a compact subgroup, because it is easy to find a non-
constant, continuous function on G/I' that is invariant under any given
compact subgroup of G (unless G itself is compact) (see Exercise ), so
the following result is optimal.
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(4.10.2) Theorem (Moore Ergodicity Theorem). Suppose
e G is connected and simple,
e H is a closed, noncompact subgroup of G, and
e @:G/T — Cis H-invariant and measurable.

Then @ is constant (a.e.).

Exercise B shows how to derive this theorem from the following more
general result that replaces I' with a discrete subgroup that need not be
a lattice. (This generalization will be a crucial ingredient in Section [Z&’s
proof of the important fact that SL(n, Z) is a lattice in SL(n, R).) In this
more general situation, we impose an $*-integrability hypothesis on @,
in order to compensate for the fact that G/A is not assumed to have finite
measure (cf. Exercise D).

(4.10.3) Theorem. Suppose
e G is connected and simple,
e H is a closed, noncompact subgroup of G,
e A is a discrete subgroup of G, and
e @ is an H-invariant $P-function on G/A (with1 < p < ).
Then @ is constant (a.e.).
Idea of proof. To illustrate the key ingredient in the proof, let us con-
sider only the special case where G = SL(2, R) and H is the group of diag-

onal matrices. (A proof of the general case will be given in Section I[T2.)
Let

atz[eto]eH and ue[ig]

0 et
Note that straightforward matrix multiplication (see Exercise B) shows
}im aluat =e. (4.10.4)

For g € G, define gp: G/A — Chby gp(x) = @(g-'x). We are
assuming that @ is a'-invariant (which means a'@ = @), and the crux of
the proof is the observation that we can use (BE1104) to show that ¢ must
also be u-invariant: we have

lup - @l = llatup - a'ell, (Exercise [IT)
= [(a'uaYHate - a'@ll, (inserting a ‘a)

(atcp =@ because)

— t -t _
= (@ ua™)e - @llp @ is H-invariant

- llep —@ll, ast— o Exercise 11

((4.10.4) and)

=0,
sou® = @ (a.e.).
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Thus, from the fact that @ is H-invariant, we have shown that

@ must also be [ L 9 J-invariant (a.e.).

The same calculation, but with t — — o, shows that

Since [

@ must also be [} ¥ ]-invariant (a.e.).

10

% ] and [0 1] generate SL(2, R) = G (see Exercise B), we conclude

that @ is G invariant (a.e.). Since G is transitive on G/A, this implies that
@ is constant (a.e.) (see Exercise ). O

Exercises for §4.10.

#1.

#2.

#3.

#4.
#5.

#6.

#7.

#8.

#9.

Show that if K is any compact subgroup of G, and G is not compact,
then there is a continuous, K-invariant function on G/I that is not
constant.

Show there is a counterexample to Theorem EI13 if we remove
the assumption that the measurable function @ is ¥%.
[Hint: Tt is easy to construct an counterexample by taking A to be trivial (or finite).]

Derive Theorem EIT02 from Theorem ETU3.

[Hint: If there is a nonconstant H-invariant function on G/T, then there is one that
is bounded.]

Verify Equation (BE1114).

Suppose
e G and H are as in the Moore Ergodicity Theorem (EI0-2), and
e X is an H-invariant, measurable subset of G/I.
Show that either X has measure 0, or the complement of X has
measure O.

Show SL(2, R) is generated by the subgroups {[ 1 0]} and {[0 1 ]}

[Hint: If a matrix can be reduced to the identity matrix by a sequence of elementary
row operations, then it is a product of elementary matrices.]

Suppose @ is a measurable function on G/A, and for each g € G,
we have @ (gx) = @(x) for a.e. x € G/A. Show @ is constant (a.e.).
[Hint: Use Fubini’s Theorem to reverse the quantifiers.|

Suppose G and H are as in the Moore Ergodicity Theorem (E1112).
Show that Hx is dense in G /T, for a.e. x € G/T.

[Hint: Use Exercise B. For any open subset @ of G/I, the set H® is measurable
(why?) and H-invariant.]

Assume G is simple, and let H be a subgroup of G (not necessar-
ily closed). Show that every (real-valued) H-invariant measurable
function on G/T is constant (a.e.) if and only if the closure of H is
not compact.
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#10. Show that if A is a discrete subgroup of G, and u is a G-invariant
measure on G/A, then [y gpdu = [y @ duy, for every g € G and
measurable @: G/A - C.

[Hint: Apply a change of variables, and use the fact that gxu = u (since u is G-
invariant).]

#11. Show that G acts continuously on $P(G/A) if 1 < p < c. More
precisely, show that if A is a discrete subgroup of G, and we define
o GXFP(GIN) - FP(G/N) by x(g, @) = g, then «is continuous.

[Hint: To show «is continuous in g, use Lusin’s Theorem (BGH) to approximate @
by a uniformly continuous function. Then use Exercise I (and the Triangle In-
equality) to complete the proof.]

Notes

Raghunathan’s book [I6] is the standard reference for the basic prop-
erties of lattices. It contains almost all of the material in this chapter,
except the Tits Alternative (Section E9) and the Moore Ergodicity Theo-
rem (Section EI0).

Remark BZ3 (the existence of unipotent elements in noncompact
lattices) was proved by Kazhdan and Margulis [I3]. Expositions can be
found in [B] and [I#, Cor. 11.13, p. 180].

The Borel Density Theorem (BE5) was proved by Borel [2]. It appears
in [T4, Thm. 2.4.4, p. 93], [16, Thm. 5.5, p. 79], and [21, Thm. 3.2.5, pp. 41-
42]. Several authors have published generalizations or alternative proofs
(for example, [B, 9, Z0]).

Our presentation of Propositions B4 and B—Z4 is based on [I5,
pp- 195-199]. A proof of Remark E=Z8 can also be found there. A proof
of Theorem B—Z11 for the case where I' is arithmetic can be found in [4]
or [I5, Thm. 4.2, p. 195]. For the case where rankqI' = 1, see [[0] or [0,
Cor. 13.20, p. 210].

Borel and Serre [5, §11.1] proved I' is of type F,, (see Remark E=ZT72).
(We remark that there is no harm in assuming T is torsion free, since
being of type F, is invariant under passage to finite-index subgroups
[, Cor. 7.2.4, p. 170].)

Theorem B8 is proved in [I6, Thm. 6.11, p. 93] and [4, Cor. 17.7,
p- 119], in stronger forms that establish Remark EZ85(2,8). Our alternate
proof of Theorem E-82 is excerpted from the elementary proof in [I].

Warning is due to P.Deligne [8]. See also [L4].

For an introduction to the Congruence Subgroup Property, see [12,
Chap. 6] or [L8].

The Tits Alternative (B291) was proved by Tits [I9]. A nice introduc-
tion (and a proof of some special cases) can be found in [Z].

See Section IZ2 for more on the Moore Ergodicity Theorem (EIT12)
and related results.
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Chapter 5

What is an
Arithmetic Group?

SL(n, Z) is the most basic example of an “arithmetic group” We will see
that, by definition, the other arithmetic groups are obtained by inter-
secting SL(n,Z) with some semisimple subgroup G of SL(n,R). More
precisely, if G is a subgroup of SL(n, R) that satisfies certain technical
conditions (to be explained in Section B1), then G N SL(n, Z) (the group
of “integer points” of G) is said to be an arithmetic subgroup of G. How-
ever, the official definition (&2I-19) also allows certain modifications of
this subgroup to be called arithmetic.

Different embeddings of G into SL(n, R) can yield different intersec-
tions with SL(n, Z), so G has many different arithmetic subgroups. (Ex-
amples can be found in Chapter B.) Theorem BT tells us that all of
them are lattices in G. In particular, SL(n, Z) is a lattice in SL(n, R).

§5.1. Definition of arithmetic subgroups

We are assuming that G is a subgroup of SL(¥,R) (see the Standing As-
sumptions [4:0.0]), and we are interested in I' = G n SL(¥, Z), the set of

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: Definitions B9 and B—21 (lattice
subgroups and commensurability).


http://creativecommons.org/publicdomain/zero/1.0/
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“integer points” of G. However, in order for the integer points to form a
lattice, G needs to be well-placed with respect to SL(¥, Z). (If we replace G
by a conjugate under some terrible irrational matrix, perhaps GNSL(¢, Z)
would become trivial (see Exercise M).) The following proposition is an
elementary illustration of this idea.

(5.1.1) Proposition. The following are equivalent, for every subspace W
of R!:

1) W n 7! is a cocompact lattice in W.
2) W is spanned by W n 7°.
3) WnQisdenseinW.

4) W can be defined by a set of linear equations with coefficients in Q.

Proof. Let k = dim W.

(M = P) Let V be the R-span of W n Z!. Then W/V, being a vector
space over R, is homeomorphic to R4, for some d. On the other hand,
we know that W n 7! c V, and that W /(W n 7Z!) is compact, so W/V is
compact. Henced = 0,so0V = W.

(@ = M) Let {&1,..., &} be the standard basis of R¥. Because W n zZ*
contains a basis of W, there is a linear isomorphism T: Rk — W, such
that T({¢1,...,&}) € W n Z!. This implies that T(Z*) < W n Z!. Since
Rk/Z* is compact, and T is continuous, we conclude that W/ (W n Z') is
compact.

(@ = B) As in the proof of (@ = ), there is a linear isomorphism
T: Rk — W, such that T(Z¥) € W nZ!. Then T(Q*) € W n Q. Since QX is
dense in R¥, and T is continuous, we conclude that T(Q¥) is dense in W.

(@ = ) By assumption, W is the solution space of a system of linear
equations whose coefficients belong to Q. (Since R’ is finite dimensional,
only finitely many of the equations are necessary.) Therefore, by ele-
mentary linear algebra (row reductions), we may find a basis for W that
consists entirely of vectors in Q’. Multiplying by a scalar to clear the
denominators, we may assume that the basis consists entirely of vectors
in Z%.

(8 = @) Since W n Q' is dense in W, we know that the orthogonal
complement W+ is defined by a set of linear equations with rational co-
efficients. (For each w € W n QY, we write the equation w - x = 0.) Thus,

from (@ = ), we conclude that there is a basis vy, ..., v, of W+, such that
each vj € Q. Then W = (W+)* is defined by the system of equations
v1-x=0,...,Vm-x=0. O

With the above proposition in mind, we make the following definition.
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(5.1.2) Definition (cf. Definitions BZ_1 and BZ7). Let H be a closed sub-
group of SL(¢, R). We say H is defined over Q (or that H is a Q-subgroup)
if there is a subset Q of Q[x1,1,...,Xy¢], such that
e Var(Q) = {g € SL({,R) | Q(g) = 0, VQ € 9} is a subgroup of
SL(¢, R),
e H° =Var(9)°, and
e H has only finitely many components.
In other words, H is commensurable to the variety Var(Q ), for some set @
of Q-polynomials.
(5.1.3) Examples.
1) SL(¥,R) is defined over Q: let Q = @.
2) If n < ¢, we may embed SL(7, R) in the top left corner of SL(¥, R).
This copy of SL(n, R) is defined over Q: let
Q ={x;; - 6] | max{i, j} >n}.
3) For A € SL(4,Q), the group SO¢(A;R) = {g € SL({,R) | gAg"T = A}
is defined over Q: let

Q:{ > XipApaXja — Aij 1si,jsm+n}>.

l<p,g=m+n

In particular, SO(m, n), under its usual embedding in SL(m + n, R),
is defined over Q.

4) SL(n, C), under its usual embedding in SL(2n, R), is defined over Q
(cf. Example BZ2(@)).

(5.1.4) Remarks.

1) There is always a subset Q of R[x1 1,...,Xy,], such that G is com-
mensurable to Var(Q) (see Theorem BZY); that is, G is defined
over R. However, it may not be possible to find a set Q that con-
sists entirely of polynomials whose coefficients are rational, so G
may not be defined over Q.

2) If G is defined over Q, then the set Q of Definition E2I-2 can be
chosen to be finite (because the ring Q[x1 1, ..., X¢,¢] is Noetherian).

(5.1.5) Proposition. G is isogenous to a group that is defined over Q.

Proof. It is easy to handle direct products, so the crucial case is when G is
simple. This is easy if G is classical. Indeed, the groups in Examples
and B4 are defined over Q (after identifying SL(#, C) and SL(#, H) with
appropriate subgroups of SL(2¢, R) and SL(4¢, R), in a natural way).

The general case is not difficult for someone familiar with exceptional
groups. Namely, since Ad G is a finite-index subgroup of Aut(g), it suf-
fices to find a basis of g, for which the structure constants of the Lie
algebra are rational. We omit the details. O
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(5.1.6) Notation. For each subring © of R (containing 1), we construct
Go = GNSL(n, ). Thatis, Gp is the subgroup consisting of the elements
of G whose matrix entries all belong to O.

(5.1.7) Example. Let ¢: SL(n,C) — SL(2n, R) be the natural embedding.
Then

$(SL(n,©)) g = b (SL(n, QLi])).

Therefore, if we think of SL(n, C) as a Lie group over R, then SL(n, Q[i])
represents the “Q-points” of SL(n, C).

The following result provides an alternate point of view on being de-
fined over Q. It is the nonabelian version of (8 < H) of Proposition 511

(5.1.8) Proposition. Let H be a connected subgroup of SL(¢,R) that is
almost Zariski closed. The group H is defined over Q if and only if Hq is
dense in H.

Proof. () Let Q¢ = {Q € C[x1,1,...,Xxpe] | Q(h) =0, Vh € H}. Also,
for d € N, let Q% ={Q € Qc | degQ =< d}. Since Hq is dense in H
(and polynomials are continuous), it is clear that Q¢ is invariant under
the Galois group Gal(C/Q), so it is not difficult to see that Q?é is spanned
(as a vector space over C) by a collection 94 of polynomials with rational
coefficients (see Exercise B). Since H is almost Zariski closed, and polyno-
mial rings are Noetherian, we have H° = Var(94Y for d sufficiently large.
The polynomials in 94 all have rational coefficients, so this implies that
H is defined over Q.

(=) See Exercise B3#8 for a proof when G is simple and G/Gz is not
compact. The general case utilizes a fact from the theory of algebraic
groups that will not be proved in this book (see Exercise B). O

(5.1.9) Warning. Proposition I8 requires the assumption that H is con-
nected; there are subgroups H of SL(¥#, R), such that H is defined over Q,
but Hg is not dense in H. For example, let

H={heS0®)|h®=1d}.

(5.1.10) Remark. The Jacobson-Morosov Lemma (A3-8) has a relative ver-
sion: if G is defined over Q, and u is a nontrivial, unipotent element of
Gq, then there is a (polynomial) homomorphism ¢: SL(2,R) — G, such
that ¢ ([ 1]) = uand ¢(SL(2,Q)) < Ga.

We now state a theorem of fundamental importance in the theory of
lattices and arithmetic groups. It is a nonabelian analogue of the obvious
fact that 7! is a lattice in R?, and of (@ = @) of Proposition 5I1.

(5.1.11) Major Theorem. If G is defined over Q, then Gz is a lattice in G.
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Proof. The statement of this theorem is more important than its proof,
so, for most purposes, the reader could accept this fact as an axiom,
without learning the proof. For those who do not want to take this on
faith, a discussion of two different proofs can be found in Chapter @ (with
some additional details in Chapter [9). O

(5.1.12) Example. Here are some standard cases of Theorem GI_TTl.
1) SL(2,7) is a lattice in SL(2, R). (We proved this in Example [32.)
2) SL(n,Z) is a lattice in SL(n, R). (We will prove this in Chapter [2.)
3) SO(m,n)z is a lattice in SO(m, n).
4) SL(n, Z[i]) is a lattice in SL(n, C) (cf. Example BE21-2).

(5.1.13) Example. As an additional example, let
G = SO(7x% — x5 — x5;R) = SO(1,2).
Then Theorem BT implies that Gz is a lattice in G. This illustrates

that the theorem is a highly nontrivial result. For example, in this case,
it may not even be obvious to the reader that Gz is infinite.

(5.1.14) Warning. Theorem T TT requires our standing assumption that
G is semisimple; there are subgroups H of SL(#, R), such that H is defined
over QQ, but Hz is not a lattice in H. For example, if H is the group of
diagonal matrices in SL(2, R), then Hy is finite, not a lattice in H.

(5.1.15) Remark. The converse of Theorem 6111 holds when G has no
compact factors (see Exercise H).

Combining Proposition B3 with Theorem 6111 yields the follow-
ing important conclusion:

(5.1.16) Corollary. G has a lattice.

In fact, amore careful look at the proof shows that if G is not compact,
then the lattice we constructed is not cocompact:

(5.1.17) Corollary. If G is not compact, then G has a noncocompact lattice.

Proof. Assume that G is classical, which means it is one of the groups
listed in Examples and BZ4. As was mentioned in the proof of
Proposition B35, each of these groups has an obvious Q-form Gq, ob-
tained by replacing R with Q (or replacing C with Q[1i]), in a natural way.
Whenever G is noncompact, it is not difficult to see that Gg has a non-
trivial unipotent element (see Exercise B), so Corollary 224 tells us that
G/ Gz is not compact. O
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(5.1.18) Remark. We will show in Theorem IZZ1 that G also has a co-
compact lattice, and a special case that illustrates the main idea of the
proof will be seen much earlier, in Example 554,

A lattice of the form Gy is said to be arithmetic. However, for the
following reasons, a somewhat more general class of lattices is also said
to be arithmetic. The idea is that there are some obvious modifications
of Gz that are also lattices, and any subgroup that is obviously a lattice
should be called arithmetic.

e If p: G; — G» is an isomorphism, and I is an arithmetic subgroup
of Gi, then we wish to be able to say that ¢ (I7) is an arithmetic
subgroup in Go.

e We wish to ignore compact groups; that is, modding out a compact
subgroup should not affect arithmeticity. So we wish to be able
to say that if K is a compact normal subgroup of G, and T is a
lattice in G, then I'is arithmetic if and only if 'K /K is an arithmetic
subgroup of G/K

e Arithmeticity should be independent of commensurability.

The following formal definition implements these considerations.

(5.1.19) Definition. I is an arithmetic subgroup of G if and only if there
exist

e a closed, connected, semisimple subgroup G’ of some SL(n,R),
such that G’ is defined over Q,

e compact normal subgroups K and K’ of G° and G’, respectively,
and

e an isomorphism ¢: G°/K - G'/K’,
such that ¢(T') is commensurable to G;, where T and G} are the images
of ' n G° and G% in G°/K and G'/K’, respectively.

(5.1.20) Remarks.

1) If G has no compact factors, then it is obvious that the subgroup K
in Definition B9 must be finite.

2) Corollary 532 will show that if G/T is not compact (and I is irre-
ducible), then the annoying compact subgroups are not needed in
Definition bIT-T9.

3) On the other hand, if T is cocompact, then a nontrivial (connected)
compact group K’ may be required (even if G has no compact fac-
tors). We will see many examples of this phenomenon, starting
with Example E54.

4) Up to conjugacy, there are only countably many arithmetic lattices
in G, because there are only countably many finite subsets of the
polynomial ring Q[x; 1,...,X¢¢]-
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(5.1.21) Other terminology. Our definition of arithmetic subgroup as-
sumes the perspective of Lie theory, where I' is assumed to be embedded
in some Lie group G. The theory of algebraic groups has a more strict
definition, which requires I' to be commensurable to Gz: arbitrary iso-
morphisms are not allowed, and compact subgroups cannot be ignored.
At the other extreme, abstract group theory has a much looser definition,
which completely ignores G: if an abstract group A is abstractly commen-
surable to a group that is arithmetic in our sense, then A is considered
to be arithmetic.

Exercises for §5.1.

#1.

#2.

#3.

#4.

#5.

#06.

Show that if G is connected, G = SL(¥, R), and —Id ¢ G, then there
exists h € SL(#, R), such that (h='Gh) n SL(¥,7) is trivial.
[Hint: For each nontrivial y € SL(¢,2), let X, = {h € SL(¢{,R) | hyh! € G}.
Then each Xy is nowhere dense in SL(¢, R) (see Exercise BZZ2(H)).]
Let W be a vector subspace of C", for some n. Show that W is
invariant under Gal(C/Q) if and only if W is spanned by a set of
vectors with rational coordinates.
[Hint: (=) Choose w € W ~ {0} with a minimal number of nonzero coordinates,
and multiply by a scalar to assume at least one coordinate is a nonzero rational.
Since o(w) —w € W for all o € Gal(C/Q), the minimality implies w € Q™. Mod
out w and induct on the dimension.]
It can be shown that G° is unirational. This means there exists an
open subset U of some R", and a function f: U — G°, such that

e f(U) contains an open subset of G, and

e each matrix entry of f(x) is a rational function of x (that is, a

quotient of two polynomials).
Furthermore, if G is defined over Q, then f can be chosen to be
defined over Q (that is, all of the coefficients of f are in Q).
Assuming the above, show that Gq is dense in G if G is con-

nected and G is defined over Q.
[Hint: Unirationality implies that G contains an open subset of G.]

For H as in Warning 619, show that Hg is not dense in H.
[Hint: H is finite, and Hg # H.]

Show that if G < SL(#, R), G has no compact factors, and Gz is a
lattice in G, then G is defined over Q.

[Hint: See the proof of Proposition BEI8(«). Since Gz is a lattice in G, the Borel
Density Theorem (E58) implies that Q% is invariant under the Galois group.]

Show that if
e G =SL(4,R), and
e Gy is Zariski dense in G,
then Gz is a lattice in G.
[Hint: It suffices to show that G is defined over Q.]
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#7. Show that if
¢ G has no compact factors,
e I and I are arithmetic subgroups of G, and
e I1 NI is Zariski dense in G,
then I3 is commensurable to I5.
[Hint: Suppose ¢;: G — Hj is an isomorphism, such that ¢;(I;) = (H;)z. Define

¢: G — Hy X Hp by ¢p(g) = (p1(g),$2(g9)). Then ¢(G)z = ¢p(I1 nI2) is Zariski
dense in ¢(G), so I'1 N 17 is a lattice in G (see Exercise B). A similar (but slightly
more complicated) argument applies if ¢;: G — H;/Kj, where K is compact.]

#8. For each classical simple group G in Examples and BZ3, let
Gq be the subgroup obtained by replacing R with Q, C with Q[1i],
or H with Hg = Q + Qi + Qj + Qk, as appropriate. Show that if G
is not compact, then Gq contains a nontrivial unipotent element.

[Hint: Show that Gq contains a copy of either SL(2,Q), SO(1, 2)q, or SU(1, 1)q (cf.
Remark BZH).|

§5.2. Margulis Arithmeticity Theorem

The following astonishing theorem shows that taking integer points is
usually the only way to make a lattice. (See Section for a sketch of
the proof.)

(5.2.1) Theorem (Margulis Arithmeticity Theorem). If
e G is not isogenous to SO(1,n) X K or SU(1,n) x K, for any compact
group K, and
o T is irreducible,
thenT is arithmetic.

(5.2.2) Warning. Unfortunately,

e SL(2,R) is isogenous to SO(1, 2), and

e SL(2,Q) is isogenous to SO(1, 3),
so the arithmeticity theorem says nothing about the lattices in these two
important groups.

(5.2.3) Remark. The conclusion of Theorem =21 can be strengthened:
the subgroup K of Definition B-T-19 can be taken to be finite. More pre-
cisely, if G and I are as in Theorem b=, and G is noncompact and has
trivial center, then there exist

e aclosed, connected, semisimple subgroup G’ of some SL(¥, R), such
that G’ is defined over Q, and

e a surjective (continuous) homomorphism ¢: G’ — G,
such that

1) ¢(G5) is commensurable to I; and

2) the kernel of ¢ is compact.
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(5.2.4) Remarks.

1)

2)

3)

For any G, it is possible to give a reasonably complete description
of the arithmetic subgroups of G (up to conjugacy and commensu-
rability). Some examples are worked out in fair detail in Chapter B.
More generally, Theorem (or the table on page BE0) essen-
tially provides a list of all the irreducible arithmetic subgroups of
almost all of the classical groups. Thus, for most groups, the Mar-
gulis Arithmeticity Theorem provides a list of all the lattices in G.

Furthermore, knowing that I is arithmetic provides a foothold to
use algebraic and number-theoretic techniques to explore the de-
tailed structure of I'. For example, we saw that it is easy to show I
is torsion free if I' is arithmetic (see Theorem BE=82). A more impor-
tant example is that (apparently) the only known proof that every
lattice is finitely presented (see Theorem BE—Z10) relies on the Mar-
gulis Arithmeticity Theorem.

It is known that there are nonarithmetic lattices in SO(1,n) for
every n (see Corollary E5518), but we do not yet have a theory that
describes them all when n > 3. Also, nonarithmetic lattices have
been constructed in SU(1, n) for n € {1, 2, 3}, but (apparently) it is
still not known whether they exist when n > 4.

(5.2.5) Remark. The subgroup

Commg(T) = {g € G| gI'g~"! is commensurable toT'}

is called the commensurator of T'in G. Itis easy to see that if G is defined
over Q, then Gg € Commyg (Gyz) (cf. Exercise BES#TT).

1)

2)

This implies that if I'is arithmetic (and G is connected, with no com-
pact factors), then Commg (Gz) is dense in G (see Proposition B-I-3).
Margulis proved a converse. Namely, if G is connected and has no
compact factors, then I is arithmetic iff Commg(I') is dense in G
(see Theorem I633). This is known as the Commensurability Cri-
terion for Arithmeticity.

In some cases, the commensurator of Gz is much larger than Gq
(see Exercise ). However, it was observed by Borel that this never
happens when the “complexification” of G° has trivial center (and
other minor conditions are satisfied) (see Exercise H). (See Sec-
tion X1 for an explanation of the complexification.)

Exercises for §5.2.

#1.

#2.

Let G = SL(2,R) and Gz = SL(2,7Z). Show Commg(Gyz) is not com-
mensurable to Gq.
[Hint: The diagonal matrix diag(./p, 1/./p) commensurates Gz, for all p € Z*.]

Show Commyg (3 r) (SL(3,7Z)) is not commensurable to SL(3, Q).
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#3. Show that if G is simple and I' is not arithmetic, then I, N (I'), and
Commyg (I') are commensurable to each other.

#4. (requires some knowledge of algebraic groups) Assume G is con-
nected and Gy is Zariski dense in G (cf. Corollary E5H). The com-
plexification G ® C is defined in Notation I8 T3.

Show that if Z(G ® C) = {e}, then Commg;(Gz) = Gq.
[Hint: For g € Commg(Gz), we know that Ad g is an automorphism of the Lie
algebra g that is defined over Q, so Adg € (Ad G)qg. However, the assumptions
imply that the adjoint representation is an isomorphism (and it is defined over Q).]

#5. Show that the assumption Z(G ® C) = {e} cannot be replaced with
the weaker assumption Z(G) = {e} in Exercise .

[Hint: Any matrix in GL(3, Q) has a scalar multiple that is in SL(3, R), but SL(3, Q)
has infinite index in GL(3, Q).]

§5.3. Unipotent elements of noncocompact lattices

The following result answers one of the most basic topological questions
about the manifold G/Gyz: is it compact?

(5.3.1) Proposition (Godement Compactness Criterion). Assume that G is
defined over Q. The homogeneous space G/Gz is compact if and only if
Gz has no nontrivial unipotent elements.

Proof. (=) This is the easy direction (see Corollary BE-24).

(<) We prove the contrapositive: suppose G/Gz is not compact. (We
wish to show that Gz has a nontrivial unipotent element.) From Proposi-
tion B4 (and the fact that Gz is a lattice in G (see Theorem BT-1T)), we
know that there exist nontrivial y € Gz and g € G, such that 9y =~ Id. Be-
cause the characteristic polynomial of a matrix is a continuous function
of the matrix entries of the matrix, we conclude that the characteristic
polynomial of 9y is approximately (x — 1)? (the characteristic polyno-
mial of Id). On the other hand, similar matrices have the same character-
istic polynomial, so this means that the characteristic polynomial of y
is approximately (x — 1)’. Now all the coefficients of the characteristic
polynomial of y are integers (because y is an integer matrix), so the only
way this polynomial can be close to (x — 1)’ is by being exactly equal to
(x — 1)’. Therefore, the characteristic polynomial of y is (x — 1), so y is
unipotent. O

The following important consequence of the Godement Criterion tells
us that there is often no need for compact subgroups in Definition BT-19,
the definition of an arithmetic group:

(5.3.2) Corollary. Assume
e I is an irreducible, arithmetic subgroup of G,
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e G/T is not compact, and
e G is connected and has no compact factors.

Then, perhaps after replacing G by an isogenous group, there is an em-
bedding of G in some SL(4, R), such that

1) G is defined over Q, and
2) T is commensurable to Gy.

Proof. From Definition E-T-T9 (and Remark 5E120(I)) we know that (up to
isogeny and commensurability) there is a compact group K’, such that we
may embed G’ = G X K’ in some SL(#, R), such that G’ is defined over Q,
and I'K' = G;K'.

Let N be the almost-Zariski closure of the subgroup of G’ generated
by all of the unipotent elements of G7. Since G/T is not compact, the
proposition implies N is infinite. However, K’ has no unipotent elements
(see Remark B22(2)), so N < G. Also, the definition of N implies that it
is normalized by the Zariski closure of G;. Therefore, the Borel Density
Theorem (E57) implies that N is a normal subgroup of G.

Assume, for simplicity, that G is simple (see Exercise ). Then the
conclusion of the preceding paragraph tells us that N = G. Therefore, G
is the almost-Zariski closure of a subset of G, which implies that G is
defined over Q (cf. Exercise B2I#F4). Hence, Gy is a lattice in G, and it is
easy to see that it is commensurable to I' (see Exercise Q). O

In the special case where T is arithmetic, the following result is an
easy consequence of Proposition 53], but we will not prove the general
case (which is more difficult). The assumption that G has no compact
factors cannot be eliminated (see Exercise B).

(5.3.3) Theorem. Assume G has no compact factors. The homogeneous
space G /T is compact if and only if T has no nontrivial unipotent elements.

The above proof of Proposition 631 relies on the fact that Gz is a
lattice in G, which will not be proved until Chapter [@. The following result
illustrates that the cocompactness of Gz can sometimes be proved quite
easily from the Mahler Compactness Criterion (E22-4), without assuming
that it is a lattice.

(5.3.4) Proposition. If
e B(x,y) is a symmetric, bilinear form on Q!, such that
e B(x,x) = 0 for all nonzero x € Qf,
then SO(B)z is cocompact in SO(B)R.
Proof. Let G = SO(B) and I' = SO(B)z = Gz. (Our proof will not use the

fact that I' is a lattice in G.) Replacing B by an integer multiple to clear
the denominators, we may assume B(Z¢,7) c 7.
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Step 1. The image of G in SL(¢,R)/SL(¥,Z) is precompact. Let
e {gn} be a sequence of elements of G and
e {vy,} be a sequence of elements of Z¢ ~ {0}.

Suppose that g, v, — 0. (This will lead to a contradiction, so the desired
conclusion follows from the Mahler Compactness Criterion (£-2-2).)

Since B(v,v) = 0 for all nonzero v € Z¢, and B(Z?,7%) < 7, we have
|B(Vn, Vn)| = 1 for all n. Therefore

1 < |B(vn, vn)| = |B(gnVn, gnvn)l — |B(0,0)] = 0.
This is a contradiction.

Step 2. The image of G in SL(¢,R)/SL(¥,Z) is closed. Suppose

We wish to show h € G SL(¢, 7).
Let {&1, - - -, &} be the standard basis of R (so each ¢; € Z¢). Then

B(ynej, ynex) € B(2',7") < 7.
We also have

B(yn&j, ynék) = B(gnyn€j, gnyYnék) — B(hej, hey).
Since 7 is discrete, we conclude that B(yn &, ynék) = B(hej, heg) for any

sufficiently large n. Therefore hy,,! € SO(B) (see Exercise H), so we have
he Gy, < GSLH,Z).

Step 3. Completion of the proof. Define ¢: G/T — SL(£,R)/SL(¢,Z) by
¢$(gl') = gSL(¢, 7). By combining Steps @ and B, we see that the image
of ¢ is compact. Therefore, it suffices to show that ¢ is a homeomor-
phism onto its image.

Given a sequence {g,} in G, such that {¢(g,I')} converges, we wish
to show that {g,I'} converges. There is a sequence {y,} in SL(¢, Z), and
some h € G, such that g,yn, — h. The proof of Step @ shows, for all
large n, that h € Gyy. Then y,, € Gh = G (and we know y, € SL(¢, Z)),
S0 yn € Gz =T. Therefore, {g,I'} converges (to hI), as desired. O

Exercises for §5.3.

#1. The proof of Corollary 632 assumes that G is simple. Eliminate
this hypothesis.

[Hint: The proof shows that N NTI'is a lattice in N. Since I is irreducible, this implies
N =Gl

#2. At the end of the proof of Corollary 5372, show that Gz is commen-
surable to I.

[Hint: We know G7K’ = TK’, and Gz has finite index in G} (see Exercise ETZI0).
Mod out K'.]



#3.

#4.

#5.

#6.

#7.

#8.

#9.

5.3. UNIPOTENT ELEMENTS OF NONCOCOMPACT LATTICES 95

Show there is a noncocompact lattice I' in SL(2,R) x SO(3), such
that no nontrivial element of I' is unipotent.

[Hint: SL(2,R) has a lattice I'" that is free. Let I be the graph of a homomorphism
from I to SO(3).]

Suppose G < SL(#, R) is defined over Q.

a) Show that if N is a closed, normal subgroup of G, and N is
defined over Q, then GzN is closed in G.

b) Show that Gy is irreducible if and only if no proper, closed,
connected, normal subgroup of G is defined over Q. (That is,
if and only if G is Q-simple.)

c) Let H be the Zariski closure of the subgroup generated by the
unipotent elements of Gz. Show that H is defined over Q.

Show that if every element of I is semisimple, then G/I' is compact.
[Hint: There is no harm in assuming that G has no compact factors (why?), so
Theorem B33 applies.]
(assumes some familiarity with reductive groups) Prove the con-
verse of Exercise Bl.
[Hint: Let kau be the real Jordan decomposition of an element g of I. Since Cg (ka)
is reductive (see Exercise BZZ#2), the Jacobson-Morosov Lemma provides a sub-
group L of Cg(ka) that contains u and is isogenous to SL(2,R). So ka is in the
closure of ¢g. However, Sg is closed, since I'is discrete and cocompact. Therefore
g = ka is semisimple.]
Assuming I' = Gz is arithmetic (and G is defined over Q), prove the
following are equivalent:
a) G/Gyzis compact.
b) Gq has no nontrivial unipotent elements.
c) Every element of Gq is semisimple.
d) Every element of I is semisimple.
e) Gq does not contain a subgroup isogenous to SL(2, Q). (More
precisely, there does not exist a continuous homomorphism
p: SL(2,R) — G, such that p(SL(2,Q)) < Gg.)

[Hint: (@ = o) Jordan decomposition. (g = B) Jacobson-Morosov Lemma (6-1-10).]

Show that Gq is dense in G if G is defined over Q, G is simple, and
G/ Gz is not compact.

[Hint: The Godement Criterion implies that Gg has a nontrivial unipotent ele-
ment u. Write u = expT = Y4_, T*/k! (where T € Maty,(Q) and T¢+! = 0).
Then exp(rT) € Gq for all ¥ € Q, so the identity component of Gq is nontriv-
ial. Combining Theorem BTTT with the Borel Density Theorem (8522) implies that
Gg = G|

Let B(x, ) be a symmetric, bilinear form on R?, let {vy, - - - ,v,} be
a basis of RY, and let y, h € SL(4,R). If B(yvj, yvk) = B(hv;, hvg)
for all j and k, show that hy~! € SO(B).

[Hint: {yv1,...,yvp} is a basis of [R‘Z.]
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§5.4. How to make an arithmetic subgroup

The definition that (modulo commensurability, isogenies, and compact
factors) an arithmetic subgroup must be the Z-points of G has the virtue
of being concrete. However, this concreteness imposes a certain lack of
flexibility. (Essentially, we have limited ourselves to the standard basis of
the vector space R", ignoring the possibility that some other basis might
be more convenient in some situations.) We now describe a more abstract
viewpoint that makes the construction of general arithmetic lattices more
transparent. (In particular, this approach will be used in §63.) The key
point is that there are analogues of 7’ and Q' in any real vector space,
not just RY (see Lemma 5Z3(I)).

(5.4.1) Definitions. Let V be a real vector space.

1) A Q-subspace Vg of V is a Q-form of V if the natural R-linear map
Vo ®g R — V is an isomorphism (see Exercise M). (The map is
definedbyv et — tv.)

2) A polynomial f on V is defined over Q (with respect to the Q-form
Vo) if f(Vq) < Q (see Exercise D).

3) A subgroup £ of the additive group of Vg is a Z-lattice in Vg if it is
finitely generated and the natural Q-linear map £ ®7 Q — Vg is an
isomorphism (see Exercise B). (The map is defined by v ® t — tv.)

4) Each Q-form Vg of V yields a corresponding Q-form of the real
vector space End(V) by End(V)q = { A € End(V) | A(Vg) < Vg }
(see Exercise B).

5) A function Q on a real vector space W is a polynomial if for some
(hence, every) R-linear isomorphism ¢: R’ = W, the composition
f o ¢ is a polynomial function on R.

6) A subgroup H of SL(V) is defined over Q (with respect to the Q-
form V) if there exists a set Q of polynomials on End(V), such
that

e every Q € @ is defined over Q (with respect to the Q-form V),

e Var(9) = {g € SL(V) | Q(g) =0forall Q € 9} is a subgroup
of SL(V), and

e Var(9Q)-° is a finite-index subgroup of H.

(5.4.2) Remarks.

1) Suppose G < SL(¥, R), as usual. For the standard Q-form Q? of R,
it is easy to see that G is defined over Q in terms of Definition 54-1
if and only if it is defined over Q in terms of Definition ET2.

2) Some authors simply call £ a lattice in Vg, but this could cause
confusion, because £ is not a lattice in Vg, in the sense of Defini-
tion B9 (although it is a lattice in V).
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A Q-form Vg and Z-lattice £ simply represent Q! and Z¢, under some
identification of V with R’

(5.4.3) Lemma. Let V be an ¢-dimensional real vector space.

1) If Vg is a Q-form of V, then there exists an R-linear isomorphism
¢:V — R such that ¢ (Vg) = Q. Furthermore, if L is any Z-lattice
in Vg, then ¢ may be chosen so that ¢(L) = 7°.

2) A polynomial f on R! is defined over Q (with respect to the standard
Q-form Q') if and only if every coefficient of f is in Q (see Exercise D).

Also note that any two Z-lattices in Vg are commensurable:

(5.4.4) Lemma (see Exercise B). If £, and L, are two Z-lattices in Vg, then
there is some nonzevo p € Z, such thatp L, < Lo andpL> < L.

It is now easy to prove the following more abstract characterization
of arithmetic subgroups (see Exercises [ and ).

(5.4.5) Proposition. Suppose G < GL(V), and G is defined over Q, with
respect to the Q-form V.
1) If L is any Z-lattice in Vg, then
Ge={geGlgL="L}
is an arithmetic subgroup of G.
2) If £, and L are Z-lattices in Vg, then G, is commensurable to Gy, .

From Proposition 6225(2), we see that the arithmetic subgroup G,
is almost entirely determined by the Q-form Vg; choosing a different
Z-lattice in Vg will yield a commensurable arithmetic subgroup.

Exercises for §5.4.

#1. Show that a Q-subspace Vg of V is a Q-form if an only if there is a
subset B of Vg, such that B is both a Q-basis of Vg and an R-basis
of V.

#2. For the standard Q-form Q’ of R, show that a polynomial is defined
over Q if and only if all of its coefficients are rational.

#3. Show that a subgroup £ of Vg is a Z-lattice in Vi if and only if there
is a Q-basis B of Vg, such that £ is the additive abelian subgroup
of Vg generated by B.

#4. Let V be a real vector space of dimension #, and let £ be a discrete
subgroup of the additive group of V. Recall that the rank of an
abelian group is the largest ¥, such that the group contains a copy
of 7".

a) Show that £ is a finitely generated, abelian group of rank < ¢,
with equality if and only if the R-span of Lis V.
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b) Show that if the rank of £ is ¥, then the Q-span of £ is a Q-form
of V, and £ is a Z-lattice in Vq.
[Hint: Induction on £. For A € £, show that the image of £in V/RA is discrete.]

#5. Verify: if Vg is a Q-form of V, then End (V) q is a Q-form of End (V).
#6. Prove Lemma 544. Conclude that A; and A; are commensurable.
#7. Prove Proposition BZ5([M). [Hint: Use Lemma 5Z3.]
#8. Prove Proposition E235(P). [Hint: Use Lemma 524 ]

§5.5. Restriction of scalars

We know that SL(2,Z) is an arithmetic subgroup of SL(2, R). In this sec-
tion, we explain that SL(2,Z[+/2]) is an arithmetic subgroup of the group
SL(2,R) x SL(2,R) (see Example 653). More generally, recall that any
finite extension of Q is called an algebraic number field. We will see
that if O is the ring of algebraic integers in any algebraic number field F,
and G is defined over F, then Gy is an arithmetic subgroup of a certain
group G’ that is related to G.

(5.5.1) Remark. In practice, we do not require O to be the entire ring of
algebraic integers in F: it suffices for the ring O to have finite index in
the ring of integers (as an additive group); equivalently, the Q-span of ©
should be all of F, or, in other words, the ring @ should be a Z-lattice in F.
(A Z-lattice in F that is also a subring is called an order in F.)

Any complex vector space can be thought of as a real vector space (of
twice the dimension). Similarly, any complex Lie group can be thought
of as a real group (of twice the dimension). Restriction of scalars is the
generalization of this idea to any field extension F/L, not just C/R. This
yields a general method to construct arithmetic subgroups.

(5.5.2) Example. Let
. F=Q[2],
e O =7[/2], and
¢ 0 be the nontrivial Galois automorphism of F,

and define a ring homomorphism A: F — R? by A(x) = (x,0(x)).

It is easy to show that A(O) is discrete in R?. Namely, for x € O, the
product of the coordinates of A(x) is the product x - o (x) of all the Galois
conjugates of x. This is the norm of the algebraic number x. Because x
is an algebraic integer, its norm is an ordinary integer; hence, its norm is
bounded away from 0. So it is impossible for both coordinates of A(x)
to be small simultaneously.
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More generally, if @ is the ring of integers of any algebraic number
field F, this same argument shows that if we let {07, ..., 0} } be the set of
all embeddings of O in C, and define A: ©® — C" by

A(x) = (01(x),...,00(x)),

then A(O) is a discrete subring of C".

Now A induces a homomorphism A, : SL(¥¢,©) — SL(¥,C") (because
SL(¥¢, -) is a functor from the category of commutative rings to the cate-
gory of groups). Furthermore, the group SL(#, C") is naturally isomorphic
to SL(#,C)". Therefore, we have a homomorphism (again called A) from
SL(¢, @) to SL(¢,C)". Namely, for y € SL(¥#, 9), we let g;(y) € SL(¥¢,C) be
obtained by applying o; to each entry of y, and then

Aly) = (a1(y), ..., 00 (y)).
Since A(©) is discrete in C7, itis obvious that the image of A, is discrete in
SL(#¢,C"), so A(T') is a discrete subgroup of SL(#, C)", for any subgroup I
of SL(¢, 0).

The main goal of this section is to show that if I' = Gy, and G is
defined over F, then the discrete group A(I') is an arithmetic subgroup
of a certain subgroup of SL(¢,C)".

To illustrate, let us show that SL(2, Z[/2]) is isomorphic to an arith-
metic subgroup of SL(2,R) x SL(2, R).

(5.5.3) Example. Let
o I =SL(2,2[\/2]),
e G =SL(2,R) x SL(2,R), and

e o be the conjugation on Q[/2] (so o(a + bv/2) = a — b+/2, for
a,b € Q),

and define A: T — Gby A(y) = (y,o(y)).
Then A(T) is an irreducible, arithmetic subgroup of G.

Proof. Let F = Q[v/2] and O = Z[/2]. Then F is a 2-dimensional vector
space over Q, and O is a Z-lattice in F.

Since {(1,1),(+/2,—+/2)} is both a Q-basis of A(F) and an R-basis
of R2, we see that A(F) is a Q-form of R2. Therefore,

A(F?) = {(u,0(u)) € F* |u e F?}

is a Q-form of R*, and A(®?) is a Z-lattice in A(F?).

Now G is defined over Q (see Exercise ), so Ga(e?) is an arithmetic
subgroup of G. Itis not difficult to see that G2y = A(T) (see Exercise B).

Furthermore, because A(I') N (SL(2, R) x ) is trivial, we see that the lattice
A(T') must be irreducible in G (see Proposition E33). O
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More generally, the proof of Example shows that if G is defined
over Q, then Gy 7 is isomorphic to an (irreducible) arithmetic subgroup
of G X G.

Here is another sample application of the method.

(5.5.4) Example. Let G = SO(x? + 2 — v/2z%R) = SO(1,2). Then Gz 3
is a cocompact, arithmetic subgroup of G.

Proof. As above, let o be the conjugation on Q[/2]. LetT = Gu1/2)-
Let K’ = SO(x? + y2 + /2z%) = SO(3), so o(I') < K'. (However,
o (T) ¢ G.) Then, we may

define A:T — G xK' by A(y) = (y,o(y)).

Arguing as in the proof of Example E53 establishes that A(T') is an arith-
metic subgroup of G x K'. (See Exercise @ for the technical point of ver-
ifying that G x K’ is defined over Q.) Since K’ is compact, we see, by
modding out K’, that I is an arithmetic subgroup of G. (This type of
example is the reason for including the compact normal subgroup K’ in
Definition BIT-19.)

Let y be any nontrivial element of I. Since o(y) € K’, and com-
pact groups have no nontrivial unipotent elements (see Remark B5=2(1)),
we know that o (y) is not unipotent. Therefore, o (y) has some eigen-
value A = 1. Hence, y has the eigenvalue o~1(A) # 1, so y is not unipo-
tent. Therefore, Godement’s Criterion (E=31) implies that I is cocompact.
Alternatively, this conclusion can easily be obtained directly from the
Mahler Compactness Criterion (E22_4) (see Exercise B). O

Let us consider one more example before stating the general result.

(5.5.5) Example. Let

. F=Q[2],
- 0=1[72],

e I' =SL(2,0), and

e G =SL(2,R) xSL(2,R) x SL(2,C).
Then I is isomorphic to an irreducible, arithmetic subgroup of G.
Proof. For convenience, let « = /2. There are exactly 4 distinct embed-

dings oy, 07, 02, 03 of F in C (corresponding to the 4 roots of x* -2 = 0);
they are determined by:

op(x) = (soogg =1d), o1(x) = -, o»(x) =i and o3(x) = —ic.

Define A:F — Rae® R ® C by A(x) = (x,01(x),02(x)). Then, arguing
much as before, we see that A(F?) is a Q-form of R2 @ RZ @ C?, G is
defined over Q, and Ga(g2) = A(I). O
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These examples illustrate all the ingredients of the general result that
will be stated in Proposition EE5-8 after the necessary definitions.

(5.5.6) Definition. Let F be an algebraic number field (or, in other words,
let F be a finite extension of Q).

1) Two distinct embeddings o, 02: F — C are said to be equivalent
if o1(x) = o2(x), for all x € F (where Z denotes the usual complex
conjugate of the complex number z).

2) A place of F is an equivalence class of embeddings in C. Therefore,
each place consists of either one or two embeddings of F:
e a real place consists of only one embedding (with o (F) C R),
but
e a complex place consists of two embeddings (with o (F) ¢ R).

3) We let S® = {places of F}, or, abusing notation, we assume that
S§® is a set of embeddings, consisting of exactly one embedding
from each place.

4) For o € §%, we let

Fo- {[R if o is real,
7 |C if o is complex.

Note that o (F) is dense in F, so F, is often called the completion
of F at the place o.

5) For @ C Fylx1,1,...,Xee], let
Varg, (Q) = {g € SL({,Fy) | Q(g) =0, VQ € Q }.

Thus, for F; = R, we have Varg (Q) = Var(9), and Varc(Q) is anal-
ogous, using the field C in place of R.

6) Suppose G < SL(¢,R), and G is defined over F, so there is some
subset Q of F[x11,...,Xx¢¢], such that G° = Var(Q)°. For each
place o of F, let

G% = Varg, (0(9))".
Then G, the Galois conjugate of G by o, is defined over o (F).

(5.5.7) Other terminology. Our definition requires places to be infinite
(or archimedean); that is the reason for the superscript « on S*. Other
authors also allow places that are finite (or nonarchimedean, or p-adic).
These additional places are of fundamental importance in number the-
ory, and, therefore, in deeper aspects of the theory of arithmetic groups.
For example, superrigidity at the finite places will play a crucial role in
the proof of the Margulis Arithmeticity Theorem in Section I63. Finite
places are also essential for the definition of the “S-arithmetic” groups
discussed in Appendix O.
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(5.5.8) Proposition. If G is defined over an algebraic number field F C R,
and O is the ring of integers of F, then there is a finite-index subgroup G
of G, such that

Go embeds as an arithmetic subgroup of l_[ GY,
oes>®
via the natural embedding A: y — (0(¥)) yege
Furthermore, if G is simple, then the lattice A(Gg) is irreducible.

(5.5.9) Warning. By our definition, G? is always connected, since it is the
identity component of Varg, (0 (2)). If G is assumed to be Zariski closed
(so it is equal to Var(Q), rather than merely being isogenous to it), then
it is sometimes more convenient to define G to be the entire variety
Varg, (0(Q)), rather than merely the identity component. In particular,
that would eliminate the need to pass to a finite-index subgroup Gg in
the statement of Proposition BE58. Taking the best of both worlds, we
will usually ignore the difference between Go and Ge, and pretend that
the map A of Proposition B538 is defined on all of Go. For example,
the statements of Corollary 55511 and Proposition 5512 below omit the
dots that should be in A(Gp) and ¢ (A(Hp)).

The argument in the last paragraph of the proof of Example 52
shows the following:

(5.5.10) Corollary. If G is compact, for some o € S, then A(Go) is
cocompact.

(5.5.11) Remark. Proposition 28 is stated only for real groups, but the
same conclusions hold if

e G cSL(,C),

e Fis an algebraic number field, such that F ¢ R, and

e G is defined over F, as an algebraic group over C; that is, there is
a subset Q of F[x1,1,...,Xye], such that G° = Varc(9Q)° (see Nota-
tion IR T3).

For example, we have the following irreducible arithmetic lattices:
1) SO(n,Z[i,+/2]) in SO(n,C) x SO(n,C), and
2) $0(n,z [V1=+72]) in SO(n,C) x SO(n, R) x SO(n, R).

The following converse shows that restriction of scalars is the only
way to make a group of Z-points that is irreducible.

(5.5.12) Proposition. If T = Gz is an irreducible lattice in G (and G is
connected), then there exist
1) an algebraic number field F, with completion F« (= R or ©),

2) a connected, simple subgroup H of SL(¢, F), for some ¥, such that
H is defined over F (as an algebraic group over F), and
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3) an isogeny

¢: [] H -G,

ges®

such that p(A(Hp)) is commensurable toT.

Proof. It is easier to work with the algebraically closed field C, instead
of R, so, to avoid minor complications, let us assume that G < SL(¥, C)
is defined over Q[i] (as an algebraic group over C), and that T = Gy
This assumption results in a loss of generality, but similar ideas apply in
general.

Write G = G; X - - - X G4, where each G; is simple. Let H = G;. We
remark that if » = 1, then the desired conclusion is obvious: let F = Q[i],
and let ¢ be the identity map.

Let X be the Galois group of C over Q[i]. Because G is defined
over Q[i], we have o (G) = G for every o € . Hence, 0 must permute
the simple factors {Gq,...,Gy}.

We claim that X acts transitively on {Gy, ..., G, }. To see this, suppose,
for example, that = 5, and that {G;, G»} is invariant under . Then
A = G X G» is invariant under 2, so A is defined over Q[i]. Similarly,
A" = G3 X G4 X G5 is also defined over Q[i]. Then Az and A’Z[i] are
lattices in A and A’, respectively, so T = Gzpij = Azij X A7y is reducible.
This is a contradiction.

Let

S1={oce|lo(G) =G}

be the stabilizer of G1, and let
F={zeClo(z)=z VoeX}

be the fixed field of ;. Because X is transitive on a set of v elements, we
know that X is a subgroup of index 7 in 3, so Galois Theory tells us that
F is an extension of Q[i] of degree 7.

Since X, is the Galois group of C over F, and o(G;) = G; for all
o € X1, we see that G, is defined over F.

Let 01,...,0, be coset representatives of X; in . Then o4 |f,..., 0y |F
are the » places of F and, after renumbering, we have G; = 0;(G1). So
(with H = G1), we have

[ H® = H"rx- - - xHPF = 01(G1) X+ - X0y (G1) = Gy X+ - - XGy = G.
ges®
Let ¢ be the identity map.

For h € Hp, let A’(h) = 1_[§:1 oj(h). Then o(A'(h)) = A'(h) for
all o € % so A'(h) € Gqrij- In fact, it is not difficult to see that
A" (Hr) = Gqri}, and then one can verify that A" (Hp) =~ Gz = T, so
¢ (A(Hp) is commensurable to I. O
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(5.5.13) Remark. Although it may not be clear from our proof, the group
G'in Corollary can be chosen to be “absolutely simple” This means
thatif F C R, then the following three equivalent conditions must be true:
G’ remains simple over C, g’ ®g C is simple, and G’ is not isogenous to
any “complexification” (G"")c.

Combining Proposition 55 T2 with Corollary BT yields the follow-
ing result.

(5.5.14) Corollary. If Gz is an irreducible lattice in G, and G /Gy is not
cocompact, then G has no compact factors.

By combining Proposition E55T2 with Definition BTT9, we see that
every irreducible arithmetic subgroup can be constructed by using re-
striction of scalars, and then modding out a compact subgroup:

(5.5.15) Corollary. If T is an irreducible, arithmetic lattice in G (and G is
connected), then there exist
1) an algebraic number field F, with completion F, (= R or ©),

2) a connected, simple subgroup G’ of SL({, F«), for some ¥, such that
G’ is defined over F (as an algebraic group over F.,), and

3) a continuous surjection

¢: [] (GH -G,

oges®
with compact kernel,

such that ¢ (A(Gy)) is commensurable toT.

When G is simple, the restriction of ¢ to some simple factor of
[ses~(G")? must be an isogeny, so the conclusion can be stated in the
following much simpler form:

(5.5.16) Corollary. If T is an arithmetic subgroup of G, and G is simple,
then there exist
1) an algebraic number field F, with completion F« (= R or ©),
2) a connected, simple subgroup G’ of SL(¥, F«), for some ¢, such that
G' is defined over F (as an algebraic group over Fy,), and
3) an isogeny ¢: G’ — G,
such that ¢ (G) is commensurable toT.

However, we should point out that this result is of interest only when
I' is cocompact (or is reducible with at least one cocompact factor). This
is because there is no need for restriction of scalars when the irreducible
lattice I' is not cocompact (see Corollary B32).
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Exercises for §5.5.

#1. In the notation of the proof of Example E53, show, for the Q-form
A(F?) of R*, that

A B

[Hint: Since the F-span of A(F?) is F4, we have End(R*)q < Matyx4 (F). Thus, for
any T € End(R%)g, we may write T = [é B with A, B,C, D & Matz,2 (F). Now use
the fact that, for all u € F2, we have T(u) = (v, o (v)), for some v € F2]

A, B € Matyyo (F) } .

#2. In the notation of the proof of Example E53, let

Q= {Xi,j+2 + Xiy2,j, Xi,j+2Xi42,j ‘ 1<i,j< 2}

U {i<(X1 1X22 — X1,2X2,1) — (X33X44 — X34X4 3))}-
\/? 5 y 3y ] 3 ] y 3

a) Use the conclusion of Exercise 0 to show that each Q € 9 is
defined over Q.
b) Show that Var(9Q)° = SL(2,R) x SL(2,R).

#3. In the notation of the proof of Example 553, use Exercise [ to show
that GA(OZ) = A(I).

#4. Let F, O, 0, A be as in the proof of Example BE23. If G < SL(¥, R),
and G is defined over F, show G X G is defined over Q (with respect
to the Q-form on End(R?’) induced by the Q-form A(F?) on R2Y).
[Hint: For each Q € Q[x11,...,Xxp¢], let us define a corresponding polynomial
Q" € Qlxpi1,+1,---»X2¢,2¢] by Teplacing every occurrence of each variable x; ;
with xy¢,; ¢, j. For example, if £ = 2, then

(Xfl +x1,2x2,1 — 3x1,1x2,2) " = X§‘3 +X3,4X4,3 — 3X3,3X4,4-
Choose 90 € Q[x1,1,...,x¢ ] that defines G as a subgroup of SL(¢, R), and let

21={Q+0(Q"), Qo(Q")1QeQo}.

A natural generalization of Exercise B shows that SL(#,R) x SL(¢,R) is defined
over Q: let 9> be the corresponding set of Q-polynomials. Now define Q = Q1 UQ>.]

#5. Suppose O is the ring of integers of an algebraic number field F.
a) Show A(0) is discrete in P, cg~ Fo-
b) Show A(F) is a Q-form of @, cg~ Fy-
c) Show A(0O) is a Z-lattice in A(F).

#6. Let
e B(v,w) = viw;y + vowy — 2v3ws, for v, w € R3,
e G =SO(B)°,
e G*=GXxGY,
o [ = Gl[ﬁ]! and
o T'* = A().

Show:
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a) The image of G* in SL(6,R)/SL(6,R)a(ps) iS precompact (by
using the Mahler Compactness Criterion).
b) The image of G* in SL(6,R)/ SL(6, R)(es3) is closed.
¢) G*/T* is compact.
d) G/T is compact (without using the fact that I' is a lattice in G).
[Hint: This is similar to Proposition 534.]

#7. For any algebraic number field F, the Q-form A(F!) on @, cg~ (F5)?!
induces a natural Q-form on Endg (D ,cs~ (Fs)?). Show the group
[lyes~ SL(4, Fy) is defined over Q, with respect to this Q-form.

[Hint: This is a generalization of Exercise B. That proof is based on the elementary
symmetric functions of two variables: Py (ai,a2) = a1 + a2 and P2(a1,a) = ayas.
For the general case, use symmetric functions of d variables, where d is the degree
of F over Q.]

#8. Suppose G < SL(¢,R), and G is defined over an algebraic number
field F ¢ R. Show [[,cs~ GY is defined over Q, with respect to
the Q-form on Endg (D cs~ (Fr)?) induced by the Q-form A(FY)
on P yeg- (Fg)l.

[Hint: This is a generalization of Exercise B. See the hint to Exercise @.]

#9. Show, for all m,n > 1, with m + n > 3, that there exist a lattice T’
in SO(m,n), and a homomorphism p: ' — SO(m + n), such that
p(T) is dense in SO(m + n).

§5.6. Only isotypic groups have irreducible lattices

Intuitively, the complexification G¢ of G is the complex Lie group that is
obtained from G by replacing real numbers with complex numbers. For
example, SL(n,R)c = SL(n,C), and SO(n)c = SO(n, C). (See Section IE1
for more discussion of this.)

(5.6.1) Definition. G is isotypic if all of the simple factors of G¢ are isoge-
nous to each other.

For example, SL(2,R) x SL(3,R) is not isotypic, because SL(2,C)
is not isogenous to SL(3,C). Similarly, SL(5,R) x SO(2,3) is not iso-
typic, because the complexification of SL(5,R) is SL(5, C), but the com-
plexification of SO(2,3) is (isomorphic to) SO(5, C). Therefore, the fol-
lowing consequence of the arithmeticity theorem implies that neither
SL(2,R) x SL(3,R) nor SL(5,R) x SO(2, 3) has an irreducible lattice.

(5.6.2) Theorem (Margulis). Assume that G has no compact factors. If G
has an irreducible lattice, then G is isotypic.

Proof. Suppose I is an irreducible lattice in G. We may assume that G
is not simple (otherwise, the desired conclusion is trivially true), so G is
neither SO(1,n)nor SU(1, n). Therefore, from the Margulis Arithmeticity
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Theorem (B=211), we know that I'is arithmetic. Then, since I'is irreducible,
Corollary 6514 implies there is a simple subgroup G’ of some SL(¢, R),
and a compact group K, such that

¢ (' is defined over a number field F, and
e G X Kisisogenous to [[,cg~(G')7.

So the simple factors of G XK are allin { (G')? | o0 € §* } (up to isogeny).
It then follows from Lemma B3 below that G is isotypic. O

(5.6.3) Remarks.

1) We will prove the converse of Theorem 662 in Proposition I87Z3
(without the assumption that G has no compact factors).

2) By arguing just a bit more carefully, it can be shown that Theo-
rem 6E62 remains valid when the assumption that G has no com-
pact factors is replaced with the weaker hypothesis that G is not
isogenous to SO(1,n) x K or SU(1,n) x K, for any nontrivial, con-
nected compact group K (see Exercise D).

The following example shows that a nonisotypic group can have irre-
ducible lattices, so some restriction on G is necessary in Theorem E62.

(5.6.4) Example. SL(2,R)xK has anirreducible lattice, for any connected,
compact Lie group K (cf. Exercise E-9#7).

We now complete the proof of Theorem 62

(5.6.5) Lemma. Assume G is defined over an algebraic number field F. If o
is a place of F, and G is simple, then the complexification of G is isogenous
to the complexification of G°.

Proof. Extend o to an automorphism ¢ of C. Then 6 (G¢) = (G%)¢, so it
is clear that G¢ is isomorphic to (G?)¢. Unfortunately, however, the au-
tomorphism & is not continuous (not even measurable) unless it happens
to be the usual complex conjugation, so we have only an isomorphism of
abstract groups, not an isomorphism of Lie groups. Hence, this observa-
tion is not a proof, although it is suggestive. To give a rigorous proof, it
is easier to work at the Lie algebra level.

First, let us make an observation that will also be pointed out in Re-
mark I8 Z2. If G = SL(n, C), or, more generally, if G is isogenous to a
complex group G¢, then G¢ = G X G (because C ®g C = C @ ). So G¢
is not simple. However, it can be shown that this is the only situation
in which the complexification of a simple group fails to be simple: if G
is simple, but G¢ is not simple, then G is isogenous to a complex simple
group G¢. Therefore, although the complexification of a simple group is
not always simple, it is always isotypic.
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Now assume, for definiteness, that F C R (see Exercise B). Since G
is defined over F, its Lie algebra g is also defined over F. This means
there is a basis {vy,...,vn} of g, such that the corresponding structure
constants {cf‘k}?‘k’gzl all belong to F; recall that the structure constants
are defined by the formula

[Uj,vk] = Z,?:l Cj,kv{z.
Because G is isogenous to a group that is defined over Q (see Propo-

sition BT3), there is also a basis {u1,...,Uu,} of g whose structure con-
stants are in Q. Write vy = >} xpuy with each o, € R, and define

ve =S, 0 () uy.
Then v{,...,vJ is a basis of g g C whose structure constants are
{(r(c]’f’k)};l’k’ o—1- These are obviously the structure constants of the Lie
algebra g¢ of G°.

If o(F) C R, then the R-span of {v{,...,vJ} is (isomorphic to) g,
so its C-span is g% ®g C. Since v{,...,vJ is also a basis of g ®g C, we
conclude that (GY)c is isogenous to G¢.

Finally, if o (F) ¢ R, then the C-span of {v{,...,vJ} is (isomorphic
t0) g7, so g ®gr C = g9. This implies that (G )c is isogenous to Gc. O

(5.6.6) Remark. The proof of Lemma 563 used our standing assumption
that G is semisimple only to show that G is isogenous to a group that is
defined over Q. See Exercise B for an example of a Lie group H, defined
over an algebraic number field F ¢ R, and an embedding o of F in R,
such that H x H? is not isotypic.

Exercises for §5.6.

#1. Show, for m,n > 2, that SL(m,R) x SL(n,R) has an irreducible
lattice if and only if m = n.

#2. Suppose G is not isogenous to SO(1,n) x K or SU(1,n) x K, for
any nontrivial, connected compact group K. Show that if G has an
irreducible lattice, then G is isotypic.

[Hint: Use Remark 5223 to modify the proof of Theorem 5E562.]

#3. (optional) For &« € C . {0, —1}, let h be the 7-dimensional, nilpotent
Lie algebra over C, generated by {x1, X2, x3}, such that
e [box1,x1] = [ba, X2, x2] = [ha, X3, x3] = 0, and
o [x2,x3,x1] = &[x1,x2,x3].
a) Show that [x3,x1,x2] = —(1 + &) [x71, X2, Xx3].
b) For h € b4, show that [hq, h, h] = 0 if and only if there exists
x € {x1,x2,x3}and t € C, such that h € tx + [, hal.

¢) Show he = hgiff B € fo, &, —(1 + ), —hs, — 1%, — 141,

ey T1ltx T 1+ o(
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d) Show that if the degree of Q(«) over Q is at least 7, then there
is a place o of Q(x), such that h is not isomorphic to (h)?.

#4. (optional) In the notation of Exercise B, show that if the degree of
Q(x) over Q is at least 7, then h, is not isomorphic to any Lie
algebra that is defined over Q.

#5. (optional) In the notation of Exercise B, show, for « = /2 — (1/2),
that b, is isomorphic to a Lie algebra that is defined over Q.
[Hint: Let y1 = x1 + x2 and y» = (x] — x2)/+/2. Show that the Q-subalgebra of b4
generated by {y1,y2,x3} is a Q-form of bhx.]

#6. Carry out the proof of Lemma for the case where F ¢ R.

[Hint: Write g = g’ g Cand let {u1,...,u,} be abasis of g’ with rational structure
constants. Show that G is isogenous to either G” or (G7)c.]

Notes

The fact that G is unirational (used in Exercise E-TZ3) is proved in [4,
Thm. 18.2, p. 218].

The Margulis Arithmeticity Theorem (5=21) was proved by Margulis
[9, 1] under the assumption that rankg G > 2. (Proofs also appear in
[T2, Thm. A, p. 298] and [I&].) Much later, the superrigidity theorems
of Corlette [6] and Gromov-Schoen [4] extended this to all groups except
SO(1,n) and SU(1,n).

Proposition BT 3 is a weak version of a theorem of Borel [2]. (A proof
also appears in [14, Chap. 14].)

The Commensurability Criterion (5223(W)) is due to Margulis [1T0]. We
will see it again in Theorem 06373, and it is proved in [1], [T2], and [I6&].

The fact that all noncocompact lattices have unipotent elements (that
is, the generalization of Theorem to the nonarithmetic case) is due
to D.Kazhdan and G. A. Margulis [8] (or see [B] or [I4, Cor. 11.13, p. 180]).

The standard reference on restriction of scalars is [13, §1.3, pp. 4-9].
(A discussion can also be found in [I3], §2.1.2, pp. 49-50].)

Proposition 6512 (and Remark 5513) is due to A.Borel and J. Tits
[5, 6.21(ii), p. 113].

See [I2, Cor. IX.4.5, p. 315] for a proof of Theorem EB2.
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Chapter 6

Examples of
Arithmetic Groups

§6.1. Arithmetic subgroups of SL(2, R) via orthogonal groups

SL(2,7) is the obvious example of an arithmetic subgroup of SL(2, R).
Later in this section, we will show that (up to commensurability and con-
jugates) it is the only one that is not cocompact (see Proposition 6E135).
In contrast, there are infinitely many cocompact, arithmetic subgroups.
They can be constructed by several different methods. Perhaps the eas-
iest way is to note that SL(2,R) is isogenous to the special orthogonal
group SO(2,1).

(6.1.1) Notation. In this chapter (and others), we will see many different
special orthogonal groups over a field F. They can be specified in (at
least) three different, but equivalent ways:
1) (Gram matrix) For a symmetric, invertible matrix A € Mat,«¢(F), we
define
SO(A;F) = {geSL(n,F) | gTAg = A}.

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: definition of arithmetic subgroup
(Section B1), Godement Criterion (Proposition B-3l), and restriction of
scalars (Section B3).


http://creativecommons.org/publicdomain/zero/1.0/
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This is the approach taken to the definition of SO(m,n) in Exam-
ple BZ3.

2) (Bilinear form) A symmetric, bilinear form B on F' is nondegen-
erate if, for all nonzero v € F?, there exists w € F¥, such that
B(v,w) + 0. We define

SO(B;F) = {g € SL({,F) | B(gv,gw) = B(v,w), Vv,w € F'}.

3) (Quadratic form) A quadratic form on F' is a homogeneous poly-
nomial Q (xy,...,x¢) of degree 2. It is nondegenerate if the corre-
sponding bilinear form B is nondegenerate, where

Bo(v,w) = H(Qw +w) - Qv - w)).
We define
SO(Q;F) = {g € SL(L,F) | Q(gv) =Q(v), Vv € F'}.
The three approaches give rise to exactly the same groups (see Exer-

cise M), and it is straightforward to translate between them, so we will
use whichever notation is most convenient in a particular context.

(6.1.2) Examples.
1) Fix positive integers a and b, and let
G = SO(ax? + by? — z%;R) = SO(2,1).
If (0,0,0) is the only integer solution of the Diophantine equation
ax? +by? = z%, then Gz is a cocompact, arithmetic subgroup of G
(see Proposition 534). See Exercise P for some examples of a and b
satisfying the hypotheses.

2) Restriction of scalars (see Section B3) allows us to use algebraic
number fields other than Q. Let
e F + Qbe a totally real algebraic number field (that is, an alge-
braic number field with no complex places),
e a,b € F*, such that o(a) and o (b) are negative, for every
place o + 1d,
¢ (O be the ring of integers of F, and
e G =S0(ax?+by? - 2z%R) =SO(2,1).
Then the group Gy is a cocompact, arithmetic subgroup of G (cf. Ex-
ample 6534, or see Proposition B58 and Corollary B5I1). See
Exercise B for an example of F, a, and b satisfying the hypotheses.
3) In both () and (B), the group G is conjugate to SO(2,1), via the
diagonal matrix
g = diag(v/a,Vb,1).
Therefore, g1 (Gz)g or g~1(Gp)g is a cocompact, arithmetic sub-
group of SO(2,1).

(6.1.3) Remark. For a and b as in Example BEET2(2), (0, 0,0) is the only
solution in @3 of the equation ax?+by? = z2 (see Exercise B). Therefore,
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Example EEI-2(00) and Example ET-2(2) could fairly easily be combined
into a single construction, but we separated them to keep them a bit less
complicated.

(6.1.4) Proposition. The only cocompact, arithmetic subgroups of SO(2,1)
are the arithmetic subgroups constructed in Example (up to commen-
surability and conjugates).

More precisely, any cocompact, arithmetic subgroup of SO(2,1) has a
conjugate that is commensurable to an arithmetic subgroup constructed
in Example 61 2.

Proof. Let I be a cocompact, arithmetic subgroup of SO(2,1). Ignor-
ing the minor technical issue that not all automorphisms are inner (cf.
Remark BE3), it suffices to show that there is an automorphism « of
SO(2,1), such that x(I') is commensurable to one of the arithmetic sub-
groups constructed in Example 62

Step 1. There are

e an algebraic number field F C R, with ring of integers O,

e a symmetric, bilinear form B(x,y) on F3, and

e an isomorphism ¢: SO(B;R) — SO(2,1),
such that ¢ (SO(B; @)) is commensurable to T. We give two proofs.

First, we note that this follows from the classification results that will
be proved in Chapter I8. Namely, a group of the form SO(m, n) does not
appear in Proposition [85H, and it arises as the right-hand side of two
different parts of Proposition I8 54. However, m + n = 1+ 2 = 3 is
odd in our situation, so only one of the listings is relevant: Gr must be
SO(A; F), for some algebraic number field F ¢ R. This means that I is
commensurable to SO(A; @), where O is the ring of integers of F.

Second, let us give a direct proof that does not rely on the results of
Chapter IR. Because all (irreducible) arithmetic subgroups are obtained
by restriction of scalars, and G is simple, Corollary E518 tells us there
are

e an algebraic number field F C R, with ring of integers O,

e a simple Lie group H < SL(¢, R) that is defined over F, and

e anisogeny ¢p: H — SO(2,1),
such that ¢ (Hp) is commensurable to I. All that remains is to show that
we may identify Hr with SO(B;F), for some symmetric bilinear form B
on F3.

The Killing form

K(u,v) = trace((adp u)(ady v))

is a symmetric, bilinear form on the Lie algebra §. It is invariant under
Ad H, so Adyg is an isogeny from H to SO(k;R). Pretending that Ady is
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an isomorphism, not just an isogeny, we may identify H with SO(k; R).
Note that k (b, hr) < F, so, by identifying hr with F3, we may think of k
as a bilinear form on F3.

Step 2. We may assume that B(x, x) = ax? + bx3 — x5 for some a,b € F*.
By choosing an orthogonal basis that diagonalizes the form, we may as-
sume B(x, x) = ax? +bx3 +cx3. Since SO(B;R) ~ SO(2, 1), we know that
+B(x, x) has signature (2,1). So we may assume a, b, —c € F*. Dividing
by ¢ (which does not change the orthogonal group) yields the desired
form.

Step 3. F is totally real, and both o (a) and o (b) are negative, for all places
o + Id. Since A(Gp) is an irreducible lattice in [[,;cg~ G (see Proposi-
tion BE5°8), but the projection to the first factor, namely G, is I, which
is discrete, we know that GY is compact, for all o = Id. This implies
G? = SO(3), so F; = R, and the three real numbers o(a), o(b), and
o (—1) all have the same sign.

Step 4. B is anisotropic over F. Since Gy is cocompact, it has no nontrivial
unipotent elements (see Corollary 24-4). Therefore B(x, x) + 0, for every
nonzero x € F3 (see Exercise H). O

(6.1.5) Proposition. SL(2,7) is the only noncocompact, arithmetic sub-
group T of SL(2,R) (up to commensurability and conjugates).

Proof. Let us consider the isogenous group SO(2, 1), instead of SL(2, R).

Step 1. There are
e a symmetric, bilinear form B(x,y) on Q3, and
e an isogeny ¢: SO(B;R) — SO(2,1),

such that ¢(SO(B;Z)) is commensurable to I. Since I is not cocompact,
there is an isogeny ¢p: G — SO(2, 1), such that G is defined over Q and
¢ (Gz) is commensurable to T' (see Corollary 632). The argument in
Steps M and B of the proof of Proposition B4 shows that we may assume
G = SO(B;R).

Step 2. We may assume B(x, x) = x?+x3—x3. Because I'is not cocompact,
we know that B is isotropic over F (see Proposition b34). So there is
some nonzero u € F3, such that B(u,u) = 0. Choose v € F3, such
that B(u,v) # 0. By adding a scalar multiple of u to v, we may assume
B(v,v) = 0. Now choose a nonzero w € F3 that is orthogonal to both u
and v. After multiplying B and u by appropriate scalars, we may assume
B(w,w) = 2B(u,v) = 1. Then B has the desired form with respect to
the basis w,u + v,u — v. O
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(6.1.6) Remark. As a source of counterexamples, it is useful to remember
that SL(2, Z) contains a free subgroup of finite index (see Exercise E-9#4
or E9#6). This implies that (finitely generated) nonabelian free groups
are lattices in SL(2, R).

Exercises for §6.1.

#1.

#2.

#3.

#4.

#5.

Show:

a) If Q is nondegenerate quadratic form on F?, and B, is defined
as in Notation BT, then By is a bilinear form, and we have
SO(Bg; F) = B(Q; F).

b) If B is a nondegenerate bilinear form on F!, and we define
Q(x) = B(x,x), then Q(x) is a quadratic form, and B = Bg.

c) If Ais a symmetric, invertible matrix in Mat,«¢(F), and we de-
fine B(v,w) = vT Aw, then Bis anondegenerate bilinear form,
and SO(B; F) = SO(A;F).

d) If B is a nondegenerate bilinear form on F!, and {¢1,..., &}
is the standard basis of F, then the matrix A = (B(sj, €;)) is
invertible and symmetric, and we have SO(A; F) = SO(B; F).

Suppose p is a prime, such that x2 + y? = 0 (mod p) has only the
trivial solution x = y = 0 (mod p). (For example, p could be 3.)
Show that (0, 0,0) is the only integer solution of the Diophantine
equation px? + py? = z2

Let F = Q[v2,V/3],and a = b = /2 + /3 — 3. Show
a) Fis a totally real extension of Q,
b) a is positive, and
¢) o (a) is negative, for every place o + Id.

If a and b are elements of an algebraic number field F, and there
is a real place o of F, such that o (a) and o (b) are negative, show
(0,0,0) is the only solution in F3 of the equation ax? + by? = z°.

In Step @ of the proof of Proposition B4, verify the assertion that
B(x,x) # 0, for every nonzero x € F3.
[Hint: If B(x,x) = 0 for some nonzero X, then, after a change of basis, B(x, x) is

a scalar multiple of the form xjx3 + x%, which is invariant under the unipotent
transformation x1 — X1 — 2X2 — X3, X2 — X2 + X3, X3 — X3.]

§6.2. Arithmetic subgroups of SL(2, R) via quaternion algebras

In the preceding section, we constructed the cocompact, arithmetic sub-
groups of SL(2, R) from orthogonal groups. As an alternative approach,
we will now explain what quaternion algebras are, and how they can be
used to construct those same arithmetic subgroups. In later sections
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(and later chapters), the use of quaternion algebras will sometimes be
necessary, not an alternative approach.
(6.2.1) Definitions.

1) For any field F, and any nonzero a,b € F, the corresponding
quaternion algebra over F is the ring

where

e addition is defined in the obvious way, and
e multiplication is determined by the relations

i’=a, j°=b, ij =k = —ji,
together with the requirement that every element of F is in the
center of D. (Note that k> = k - k = (—ji)(ij) = —aj® = —ab.)
2) The reduced normof x =p + qi +vj + sk € [H],‘_f'b is
Nred(X) = XX = p*> —aq® — br? + abs® € F,
where X = p — qi — vj — sk is the conjugate of x. (Note that
Xy =¥yX)
(6.2.2) Example.
1) We have I]-ﬂ@l’*1 =H.
2) We have I]-I]fwza’tzb = I]-I]I‘?’b for any nonzero a, b, t € F (see Exercise ).
3) We have l]-l]?z’b = Matyx2(F), for any nonzero a,b € F (see Exer-
cise ).
4) We have Nyeq(gh) = Nrea(g) - Nrea(h) for g, h € HEP.

(6.2.3) Lemma. We have l]-l]%’b = Matox2 (C), foralla,b € C, and

{Mathg([R) ifa >0,

HY ! =
R H ifa < 0.

Proof. This follows from the observations in Example B222. O

(6.2.4) Proposition. Fix positive integers a and b, and let
G =SL(1,H%Y) = {g € HY? | Nrea(g) = 1.
Then:
1) G = SL(2,R),
2) Gz = SL(1, [I-I]%’b) is an arithmetic subgroup of G, and
3) the following are equivalent:
(a) Gz is cocompact in G.
(b) (0,0,0,0) is the only integer solution (p,q,v, s) of the Diophan-
tine equation
w? —ax® —by* +abz®> =0.
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(c) Every nonzero element of l]-I]le;b has a multiplicative inverse (so
I]-H&’b is a “division algebra”).

Proof. () Define an R-linear bijection ¢: I]-I]%b — Matxx2 (R) by ¢p(1) = 1d,

qb(i):[“oa _‘H ¢<j)=[2 (ﬂ ¢(k):[—boﬁ {ﬂ

It is straightforward to check that ¢ preserves multiplication, so ¢ is a
ring isomorphism.

For g = p + qi +7j + sk € HE", we have

det(¢p(g)) = (p + qva)(p — qav/a) - (r + s3/a)(br — bs /a)
= p? —aq® - br® + abs?
= Nred (g)
Therefore, ¢ (G) = SL(2, R).

@) For g € G, define Ty: HEY” — HE’ by T,(v) = gv. Then Ty is
R-linear. For y € H&?, we have T, (H%") c H2” if and only if y € H2".
SoGz=Gn I]-I]%’b is an arithmetic subgroup of G.

(Bd = Ba) We prove the contrapositive. Suppose Gz is not cocom-

pact. Then the Godement Criterion (5371) tells us that it has a nontrivial
unipotent element y. So 1 is an eigenvalue of Ty; that is, there is some

Nnonzero v € [I-[I%’b, such that T, (v) = v. By definition of T,, this means
yv = v. Hence (y — 1)v = 0. Since y + 1 and v # 0, this implies v is a
zero divisor, so it certainly does not have a multiplicative inverse.

(Bd = Bd) We prove the contrapositive. Suppose I]-I]gb is not a di-

vision algebra. Then I]-I]fé;b =~ Maty«2(Q) (see Exercise B). This implies

SL(1, I]-I]%b ) = SL(2,7) is not cocompact. (It has nontrivial unipotent ele-
ments.)
(BH < Bd) See Exercise H. O

The following can be proved similarly (see Exercise Q).

(6.2.5) Proposition. Let
e F be a totally real algebraic number field (with F + Q),
e O be the ring of integers of F,

e a,b € O, such that a and b are positive, but o (a) and o (b) are
negative, for every place o + Id, and

e G =SL(1,H&Y).
Then:
1) G =SL(2,R), and
2) Go = SL(1, l]-ﬂg’b) is a cocompact, arithmetic subgroup of G.
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(6.2.6) Proposition. Every cocompact, arithmetic subgroup of SL(2,R)
appears in either Proposition or (up to commensurability and
conjugates).

Proof. This can be proved directly, but we will instead derive it as a corol-
lary of Proposition BEI4. For each arithmetic subgroup I' of SO(2,1),
constructed in Example B1-2, we find an isogeny ¢ : SL(2,R) — SO(2,1),
such that ¢(I'") is commensurable to an arithmetic subgroup constructed
in Proposition 6224 or 6Z3.

(D) First, let us show that every arithmetic subgroup of type EI_2()
appears in (B224)). Given positive integers a and b, such that (0,0, 0) is
the only rational solution of the equation ax? + by? = z2, let

G =SL(1,Hg") = SL(2,R).
One can show that (0,0, 0,0) is the only rational solution of the equa-
tion w? — ax? — by? + abz? = 0 (see Exercise B), so Gz is a cocompact,
arithmetic subgroup of G (see Proposition 6223).

As a subspace of [H]%’b , the Lie algebra g of G is

g={veHL |[Rev =0}
(see Exercise @). For g € G and v € g, we have (Adgg)(v) = gvg!,
SO Nred |g 18 @ quadratic form on g that is invariant under Ad Gf. For
v =xi+yj+zk € g, we have

Nred(V) = —ax? — by? + abz?.

After the change of variables x — by and y ~ ax, this becomes
—ab(ax?+by? — z?), which is a scalar multiple of the quadratic form in
BT 2(m). Therefore, after identifying g with R3 by an appropriate choice
of basis, the arithmetic subgroup constructed in Example B2T2(I) (for the
given values of a and b) is commensurable to Adg G7.

() Similarly, every arithmetic subgroup of type EEI_2(P) appears in
(62Z3) (see Exercise B). O

Exercises for §6.2.

2 2
#1. Show HY ®VY = H%? for any nonzero u,v € F.
[Hint: An isomorphism is givenby 1 — 1,1~ ui, j — vj, k — uvk.]

#2. Show I]-I]I‘?Z‘h = Matyw2 (F), for any field F, and any a, b € F.
[Hint: See the proof of Proposition BE2Z-2(0).]

#3. Show that if the ring I]-I]%;b is not a division algebra, then it is iso-
morphic to Matax2 (Q).

[Hint: This follows from Wedderburn’s Theorem (E283), but can also be proved
directly: if x is not invertible, then xy = 0 for some 7, so the left ideal generated

by x is a 2-dimensional subspace on which Hgb acts faithfully.]
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#4. Show that every nonzero element of I]-I]?’b has a multiplicative in-
verse if and only if the reduced norm of every nonzero element is
nonzero.

[Hint: If Nyeq (x) # 0, then multiply the conjugate of x by an element of F to obtain
a multiplicative inverse of x. If Nyeq(x) = 0, then x is a zero divisor.]
#5. For G, F, O, a, and b as in Proposition b2235, show:
a) G = SL(2,R),
b) Gy is an arithmetic subgroup of G,
0) if g € H¥? with Nrea(g) = 0, then g = 0, and
d) G is cocompact in G.

#6. Let a and b be nonzero elements of a field F. Show that if there is a
nonzero solution of the equation w? —ax? — by? + abz? = 0, then
there is a nonzero solution of the equation w? — ax? — by? = 0.

[Hint: By assumption, there is a nonzero element g of H?’b, such that Nyeq(g) = 0.
There is some nonzero « € F + Fi, such that the k-component of «g is zero.]

#7. For a,b € R, the set
G=1{geHE" | Niealg) =1}
is a submanifold of ﬂ-ﬂ%‘b. Show that the tangent space TG is
{ve I]-I]?R’b |[Rev =0}.
[Hint: TG is the kernel of the derivative d (Nyeq)1.]

#8. Carry out Part (2) of the proof of Proposition B228.

§6.3. Arithmetic subgroups of SL(2, R) via unitary groups

Unitary groups provide yet another construction of the cocompact, arith-
metic subgroups of SL(2,R). In later sections (and later chapters), they
will join quaternion algebras as another essential tool, not an alternative
approach.

In fact, unitary groups can be applied in two different ways. The sim-
pler of the two approaches is based on the fact that SL(2, R) is isomorphic
to SU(1,1) (see Exercise B). (This is very similar to the construction in
Section B that is based on the fact that SL(2, R) isisogenous to SO(2,1).)
However, the required isogeny has no higher-dimensional analogue, so
this method will not provide any lattices in SL(n, R) when n > 2.

The following method is much more important, because it will be
used in later sections to construct arithmetic subgroups of SL(n, R) for
all n, not just n = 2.

(6.3.1) Example. Let
e a,beQ,
e L= Q[\/a] CR,
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¢ O be the ring of integers of L (so O = Z[J/a]),

¢ T denote the nontrivial element of Gal(L/Q),

o A =diag(b,-1) = [8 f)l], and

e Go=SUA,T;0)={geSL(2,0) | T(gT)Ag = A} C SL(2,R).

If x = (0,0) is the only solution in L? of the equation T(xT) Ax = 0, then
Go is a cocompact, arithmetic subgroup of SL(2, R).

Proof. It is not at all difficult to verify that Go is commensurable to
an arithmetic group constructed from a quaternion algebra in Proposi-
tion 6224 (see Exercise ), but a direct proof is more instructive.

To see that Gy is an arithmetic subgroup, we apply restriction of
scalars. The Galois automorphism 7: L — L is Q-linear. Therefore, if we
think of L as a (2-dimensional) vector space over Q, then T is a polynomial
with Q-coefficients (with respect to any basis of L over Q). Since matrix
multiplication and transpose are also defined by polynomial functions,
this implies that if we write g = X + /aY, where X,Y € Matx«2(Q),
then the equation T(g’) Ag = A is a system of polynomial equations
with Q-coefficients, in terms of the matrix entries of X and Y. Therefore,
it determines a group that is defined over Q. More precisely, letting
G = SL(2, R), define:

e A:L — L2by A(s) = (5,AT(s)), so L = A(O) is a Z-lattice in R?

and

« ¢:G—GxGbydg =(g,(0")").

The import of the above argument is that ¢(G) is defined over Q, with
respect to the Q-form A(L) of R2. Since it is not difficult to verify that
Go = p 1 (p(G)a(o)), we see that G is an arithmetic subgroup of G.

If Gy is not cocompact, then it has a nontrivial unipotent element u,
so there exist nonzero x,y € L2, such that ux = x and uy = x + y.
Define B: L2 x L2 — L by B(x1,x2) = T(xT) Ax,. Since u € G, the
definition of G implies

B(x,y) = B(ux,uy) = B(x,x + y) = B(x,x) + B(x,y).
Therefore B(x,x) = 0. By assumption, this contradicts the fact that
x = 0. O

(6.3.2) Example. The preceding example can be modified, much as in
Proposition B223, to obtain all of the other cocompact lattices in SL(2, R).
Namely, replace Q with a totally real number field F + Q, and let:

e a,b € F*, such that o(a) < 0 and o(b) < 0, for all nonidentity
places of F,

e L =F[J/a] C R, and
e O, T, A and Go be defined as in Example 631
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Then Gy is a cocompact, arithmetic subgroup of SL(2, R).

Proof. Let O be the ring of integers of F. From the second paragraph of
the proof of Example B30 (with F in the place of Q) we see that G is the
Of-points of a certain F-form G of SL(2,R). Then restriction of scalars
(658) implies that A(Gp) is an arithmetic subgroup of [[,cs~ GY.

For any nonidentity place o of F, we have o (a) < 0, so

Ly =F4 [\/U(a)] =C.
Then, since o (b) and —1 are both negative, we have
G? =SU(0(A), Tc; C) = SU(diag(o (b), 1), Tc; C) = SU(2) is compact.
Therefore, all factors of [[,cs~ G? other than G are compact, so we can
mod them out, to conclude that Gy is an arithmetic subgroup of the
group G = SL(2,R) (cf. Definition B-T_T9). Furthermore, the existence

of compact factors implies that the arithmetic subgroup is cocompact
(see Corollary B5510). O

Exercises for §6.3.

#1. Leta,b € 77, let ¢: I]-I]?R’b — Matyx2 (R) be as in the proof of Propo-
sition 6224, let @ = Z[/a], and let G be as in Example E31. Show
¢ (SL(1,HZ")) = Go.

#2. Let

e a,beQf,

« L=Q[J/=al],

e O be the ring of integers of L (so O = Z[/—a)),

e T denote complex conjugation (the only nontrivial element of
Gal(C/R), and also of Gal(L/Q)),

o A=diag(b,-1) =} 9] and

e G=SUA,T;C)={geSL2,0) | T(gT)Ag=A} =SU(1,1).
Show that if x = (0,0) is the only solution in L? of the equation
T(xT)Ax = 0, then Gy is a cocompact, arithmetic subgroup of G.

§6.4. Arithmetic subgroups of SO(1, n)

(6.4.1) Proposition. Let

e ai,...,ay be positive integers, and

o G =S0(x§ —a1x{ —---—anx2;R) =SO(1,n).
If n = 4, then Gy is an arithmetic subgroup of G that is not cocompact.
Proof. Since ai,...,a, > 0 it is obvious that G = SO(1,n). Also, since

a,...,an € Q,itis clear that G is defined over Q, so Gz is an arithmetic
subgroup of G.
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Since we are assuming n > 4, a theorem of Number Theory (called
Meyer’s Theorem) tells us that the equation a;x? + - - - + ayx2 = x§ has
a nontrivial integral solution. (This is related to, but more difficult than,
the fact that every integer is a sum of four squares.) Therefore, Gz is

noncocompact. O

In most cases, the above construction is exhaustive:

(6.4.2) Proposition (see Corollary IZB3). If n ¢ {3,7}, then the arith-
metic subgroups constructed in Proposition are the only noncocom-
pact, arithmetic subgroups of SO(1,n) (up to commensurability and con-
Jugates).

(6.4.3) Remarks.

1) The case n = 7 is genuinely exceptional: there exist some exotic
arithmetic subgroups of SO(1, 7) (see Remark I8 510).

2) The groups SO(1,2) and SO(1,3) are isogenous to SL(2,R) and
SL(2, C), respectively. Therefore, Propositions EEI 3 and 6228 de-
scribe all of the arithmetic subgroups of SO(1, 2). Similar construc-
tions yield the arithmetic subgroups of SL(2,C) ~ SO(1, 3).

Cocompact arithmetic subgroups of SO(1, 1) can be constructed by
using an algebraic extension of Q, much as in Example BE12:
(6.4.4) Proposition. Let

e F be an algebraic number field that is totally real,

e (O be the ring of integers of F,

e ai,...,an € O, such that

o each a;j is positive, and

o each o (aj) is negative, for every place o + 1d, and
o G=S0(x%—a1x? —---—anx2;R) =SO(1,n).

Then Gp is a cocompact, arithmetic subgroup of G.
This construction is exhaustive when n is even:

(6.4.5) Proposition (see Corollary I HT). If n is even, then the arithmetic
subgroups constructed in Proposition are the only cocompact, arith-
metic subgroups of SO(1,n) (up to commensurability and conjugates).

(6.4.6) Remark. Theoretically, it is easy to tell whether two choices of
a,...,an give essentially the same arithmetic subgroup (see Exercise B).

When n is odd, we can construct additional arithmetic subgroups of
SO(1,n) by using quaternion algebras. This requires a definition:
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(6.4.7) Definition. Suppose I]-l]j'_f‘b is a quaternion algebra over a field F.
1) Define T,: H%? — H%? by
Tr(x0 + X114+ X2J + x3k) = X0 + X711 — X2 + X3k.
This is the reversion anti-involution of [H]I‘?‘b (cf. Exercise BZF#2).
2) For A € GL(m, H%?), with 7, (AT) = A, let
SU(A, Tr; HP?) = {g € SL(m, HE") | T, (g")Ag = A}
Now, here is the main idea of the construction:

(6.4.8) Proposition. Let
e a,b e Q- {0}, witha > 0,
e ai,...,am be invertible elements of H*?, such that t,(a,;) = ay, for
each ¢,
o A=diag(ai,...,am) € GL(m, HE"),
o G =SU(A,T,;HE), and
e O be a Z-lattice in I]-I]?’h , such that O is also a subring.
Then:
1) G =S0O(p,q), for some p and q with p + q = 2m, and
2) SU(A, Ty; O) is an arithmetic subgroup of G.

Proof. To make things a bit easier, let us assume b < 0 (see Exercise B).
Exercise B provides an isomorphism ¢: ﬂ-ﬂ%‘b — Maty 2 (R), such that:

o $(Tr(x)) = p(x)7, for all x € HE?, and

e ¢(x) is symmetric, for all x € I]-I]?R’b, such that 7, (x) = x.
Then ¢ (A) is symmetric, and G is isomorphic to SOz, (¢ (A)) (see Exer-
cise B). This establishes ().

As a vector space over R, (I]-I]%’b )™ is isomorphic to R*™. With this

identification, and considering (I]-I]?R'b)m as a vector space over I]-I]?R’b via
scalar multiplication on the right, we have
g(xt) = (gx)t for all
GL(m, Hg") = § g € GL(4m,R) | _
( &) {g ( )‘ X € (HA")™ and t € HEY
Since H&” is dense in Hj", we may restrict ¢ to belong to H&”. This im-

plies G is defined over Q, with respect to the Q-form (H&")™ of (HE")™.
For this Q-form, we have Gz = SU(A, T,; O). This establishes (2). O

(6.4.9) Remark. Since p+q = 2m must be even, the preceding proposition
cannot yield any arithmetic subgroups of SO(1,n) unless 1 + n is even,
which means that » is odd.
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Proposition 628 yields an arithmetic subgroup of some SO(p, g), but
not necessarily a subgroup of SO(1, 7). Obtaining a particular value of p
requires us to prescribe the number of positive eigenvalues of the sym-
metric matrix ¢p(A) that appears in the proof. Since ¢(A) is made from
¢(ai),...,p(am), this is achieved by calculating the number &, (a,)
of positive eigenvalues of each ¢(a,); the formula is in Notation 6210
below.

However, as in Proposition 62271, Meyer’s Theorem implies that arith-
metic subgroups obtained in this way are never cocompact (unless G
is compact or m < 2). To construct cocompact lattices, restriction of
scalars is applied, as usual: choose an extension field F of Q, and ar-
range for G? to be compact at all but one place. The outcome of these
considerations is stated in Proposition 62Z2_11 below.

(6.4.10) Notation (cf. Exercises 8 and ). Suppose
e a and b are nonzero elements of R, such that either a or b is posi-
tive, and
e x is an invertible element of H?, such that T, (x) = x.
Write x = p + qi + sk, for some p, q,s € R. For convenience, let
Nap(x) = xX = p*> — aq® + abs?,
and note that N, 5 (x) # 0 (since x is invertible). Define
1 if bNgp(x) >0,
2 if bNgp(x) <0, and
Eap(x) = , b<0Oandp >0, or
either
b>0and (a+1)g+ (a—1)svb >0,
0 otherwise.
(6.4.11) Proposition. Let
e F be a totally real algebraic number field (such that F + Q),
e a and b be nonzero elements of F, such that, for each place o of F,
either o (a) or o (b) is positive,
e dy,...,am € [H]?‘b, such that
o Ty(ag) = ay for each ¥,
o o(ay) is invertible, for each ¥, and each place o,
o Yt eaplay) =1, and
o Y o) o (T (ap)) € {0,2m} for each place o + 1d,

e O be a Z-lattice in I]-H?’h , such that O is also a subring, and
e G =SU(diag(ay,...,am), Tr; H-H?R’b)‘).
Then:
1) G =S0(1,2m —1)°, and
2) Go is a cocompact, arithmetic subgroup of G.
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(6.4.12) Proposition. If n ¢ {3,7}, then the arithmetic subgroups con-
structed in Propositions and are the only cocompact, arith-
metic subgroups of SO(n, 1) (up to commensurability and conjugates).

Remark IB5TW briefly explains the need to assume n + 7.

Exercises for §6.4.

#1.

#2.

#3.

#4.

#5.

Use restriction of scalars (see Section B3) to construct cocompact
arithmetic subgroups SO(m, n) for all m and n.

Suppose Gis anirreducible subgroup of GL(¥, C). (This means there
is no nonzero, proper, G-invariant subspace of C%.) Show that if B;
and B, are (nonzero) G-invariant quadratic forms on C/, then there
exists A € C, such that B; = ABy.

[Hint: Let A1 and A2 be the symmetric matrices that represent By and Bp, and write
Ay = A1L. For any g € G, we have A1L = gTA1Lg = A1(g~'Lg).]

Let

e F,0,a,,...,an, and G be as in Proposition 644,

o I = h"1Goh, where n = diag(1, /ax,...,/an), and

e F',O0',aj,...,a,, G',T’, and h’ be defined similarly.
Show g~'T'g is commensurable to I, for some g € O(1, n), if and
only if there exists A € F* and g’ € GL(n + 1, F), such that

(g"HT diag(-1,ay,...,an) g’ = Adiag(—1,a},...,a,).

[Hint: (=) For g’ = h’gh~!, we have (g’)"1SO(B;0)g’ < SO(B’;R), so the Borel
Density Theorem implies (g’)~!SO(B;R)g’ < SO(B’;R). Apply Exercise B with
G=(g")"1SOB;R)g"]

Let F, O, ay,...,an, a},...,ay, I, and I" be as in Exercise B.
Show that if »n is odd, and there exists g € O(1,n), such that
gTg~'is commensurable to I then
al P a
— 7 € (F)%.
al P an
[Hint: The discriminant of a quadratic form B(x) on F"*1 is defined to be the
determinant of the Gram matrix of B, with respect to any basis B of F"*1, This is
not uniquely determined by B, but show that it is well-defined up to multiplication
by a nonzero square in F*.]
Suppose a and b are real numbers, such thata > Oand b < 0. Show
that there is an isomorphism ¢: H%’h — Matyx2 (R), such that:
a) ¢(1,(x)) = p(x)T, forall x € ﬂ-ﬂ%‘b, and
b) ¢(x) is symmetric, for all x € H®?, such that T, (x) = x.

[Hint: Let ¢ (i) = [\6& —(\)/ﬁ] and ¢ (j) = [_ Olbl IObI]_]
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#6. Assume the notation of the proof of Proposition 628. Show G is
isomorphic to SOz, (¢p(A)).

[Hint: Apply the isomorphism ¢ to both sides of the equation 7, (g7)Ag = Al

#7. Suppose a and b are nonzero real numbers, such that b > 0, and let

w = [(1) (1)] Show there is an isomorphism ¢: ﬂ-l]%‘b — Matoxo (R),
such that:

a) P(Tr(x)) = wep(x)Tw, for all x € HE?, and
b) w¢(x) is symmetric, for all x € ﬂ-ﬂ%‘b, such that 7, (x) = x.
[Hint: Let (i) = [ ¢ | and #()) - [? 735].1
#8. Prove Proposition under the additional assumption that b > 0.
[Hint: Use Exercise @ and show G = SOy, (diag(w ¢ (ay),...,wd(am)).]

#9. In the situation of Exercise B, show that ¢ can be chosen so that if
X = p+qi+7j+skisaninvertible element of I]-[I?R’b, and 1, (x) = x
(so ¥ = 0), then the number of positive eigenvalues of ¢(x) is
1 if Ngp(x) <0,
2 if Ngp(x)>0andp >0,
0 otherwise.

[Hint: Since both eigenvalues of ¢ (x) are real (and nonzero), the number of positive
eigenvalues is determined by the determinant and trace.]
#10. In the situation of Exercise 4, show that ¢ can be chosen so that if

X = p+qi+rj+skisaninvertible element of I]-[I?R’b, and T, (x) = x
(so r = 0), then the number of positive eigenvalues of w¢(x) is

1 if Ngp(x) >0,

2 if Nyp(x) <Oand (a+1)g+ (a—1)svb >0,

0 otherwise.

[Hint: See the hint to Exercise H.]

§6.5. Some nonarithmetic lattices in SO(1, n)

Section 64 describes algebraic methods to construct all of the arithmetic
lattices in SO(1,n) (wWhen n + 7). We now present a geometric method
that is sometimes able to produce a new lattice by combining two known
lattices. The result is often nonarithmetic. We assume some familiarity
with hyperbolic geometry.
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§6.5(i). Hyperbolic manifolds. For geometric purposes, it is more
convenient to consider the locally symmetric space I'\ )", instead of the
lattice I.

(6.5.1) Definition. A connected, Riemannian »-manifold M is hyperbolic
if
1) M is locally isometric to " (that is, each point of M has a neigh-
borhood that is isometric to an open set in "),

2) M is complete, and
3) M is orientable.

(6.5.2) Other terminology. Many authors do not require M to be complete
or orientable. Our requirement (O) is equivalent to the assertion that
M has constant sectional curvature —1; some authors relax this to require
the sectional curvature to be a negative constant, but do not require it to
be normalized to —1.

(6.5.3) Notation. Let PO(1,n) = O(1,n)/{+1d}.
Note that:
e PO(1,n) is isogenous to SO(1,n),
e PO(1,n) = Isom($H™"), and
e PO(1,n) has two connected components (one component consists
of orientation-preserving isometries of ", and the other consists
of orientation-reversing isometries).

The following observation is easy to prove (see Exercise ).

(6.5.4) Proposition. A connected Riemannian manifold M of finite volume
is hyperbolic if and only if there is a torsion-free latticeT inPO(1,n)°, such
that M is isometric to T'\$H™".

§6.5(ii). Hybrid manifolds and totally geodesic hypersurfaces. We
wish to combine two (arithmetic) hyperbolic manifolds M; and M» into a
single hyperbolic manifold. The idea is that we will choose closed hyper-
surfaces C; and C> of M; and M, respectively, such that C; is isometric
to Cp. Let MJ’. be the manifold with boundary that results from cutting
M; open, by slicing along C; (see Figure E5A and Exercise B).

The boundary of M| (namely, two copies of C;) is isometric to the
boundary of M; (namely, two copies of C;) (see Exercise B). So we may
glue M| and M, together, by identifying 0M; with 0M, (see Figure E5EB),
as described in the following well-known proposition.

(6.5.5) Proposition. Suppose
e M| and M, are connected n-manifolds with boundary, and
e f':0M] — OM; is any homeomorphism.
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= 9

FIGURE 6.5A. Cutting open a manifold by slicing along a
closed hypersurface (dashed) results in a manifold with
boundary.

Scloces

Ml Uf’ M2

FIGURE 6.5B. Gluing M; to M, along their boundaries re-
sults in a manifold without boundary.

Define a topological space M U s M5, by gluing M| to M, along their bound-
aries:

e let M U M; be the disjoint union of M| and M,

e define an equivalence relation on M UM, by specifying that we have
m ~ f’(m), for every m € 0M;, and

e let Mj Uy My = (M7 U My)/~ be the quotient of M; LI My by this
equivalence relation.

Then M| Uy M, is an n-manifold (without boundary).

(6.5.6) Corollary. Suppose
e M; and M» are connected, orientable n-manifolds,
e Cjis a closed (n — 1)-submanifold of M;, and
o f:(Cy — Co is any homeomorphism.
Define M1#¢M> = M Uy M5, where
o M J’ is the manifold with boundary that is obtained by slicing M open
along Cj, and
e f':0M] — 0M, is defined by f'(c,k) = (f(c),k), under a natural
identification ofaMJ’. with Cj x {1, 2}.
Then M1# M, is a (connected) n-manifold (without boundary).
Furthermore,
1) M #¢M; is compact if and only if both M1 and M» are compact, and

2) My#yM> is connected if and only if either My ~. C1 or M ~ C2 is
connected.
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(6.5.7) Other terminology. Gromov and Piatetski-Shapiro [B] call the
manifold M;#yM> a hybrid of M, and M, and they call this construc-
tion interbreeding.

Unfortunately, gluing two Riemannian manifolds together does not
always result in a Riemannian manifold (in any natural way), even if the
gluing map f is an isometry from oM; to 0M,.

(6.5.8) Example. Let M; = M; be the closed unit disk in R?, and let
f:0M] — 0M, be the identity map. Then M; Us M, is homeomorphic
to the 2-sphere S2. The Riemannian metrics on M; and M; are flat, so the
resulting Riemannian metric on S? would also be flat. However, there is
no flat Riemannian metric on S2. (This follows, for example, from the
Gauss-Bonnet Theorem.)

We can eliminate this problem by putting a restriction on the hyper-
surface C;.

(6.5.9) Definition. Let M be a hyperbolic n-manifold. A totally geodesic
hypersurface in M is a (closed, nonempty) connected submanifold C
of M, such that, for each point c of C, there are

e a neighborhood U of cin M,

eapointxinH*"1={veH"|v, =0},

e aneighborhood V of x in $H", and

¢ a Riemannian isometry g: U — V, such that g(U N C) =V n H" L,
(6.5.10) Remark. If C is a totally geodesic hypersurface in a hyperbolic
n-manifold of finite volume, then there are

e alattice I'in PO(1,n), and

e anisometry f: M — I'\H",
such that f(C) is the image of $" ! in T'\H".

(6.5.11) Proposition. If
e M; and M, are hyperbolic n-manifolds,
e Cj is a totally geodesic hypersurface in M;,
e f:C1 — Cp is a Riemannian isometry, and
e M; and M have finite volume,
then M # M5 is a hyperbolic n-manifold of finite volume.

Proof. The main issue is to show that each point of 0M; has a neighbor-
hood U in M| Uy Mj, such that U is isometric to an open subset of ™.
This is not difficult (see Exercise B).

We have vol(M#¢M>) = vol(M;) + vol(M>) < co.

If M1#¢M> is compact, then it is obviously complete. More generally,
since M| and M, are complete, and their union is all of M} U M5, it seems
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rather obvious that every Cauchy sequence in M; U M, has a convergent
subsequence. Hence, it seems to be more-or-less obvious that M; Uy M,
is complete.

Unfortunately, if M;#¢M> is not compact, then there is a technical
difficulty arising from the possibility that, theoretically, the Riemannian
isometry f may not be an isometry with respect to the topological metrics
that C; and C; inherit as submanifolds of M; and M, respectively. We
will ignore this issue. O

The following lemma describes how we will construct the totally ge-
odesic hypersurface C;.
(6.5.12) Lemma. Suppose

o I' is a torsion-free lattice in PO(1,n)°,
C is the image of $H" 1 inT\H",
T: 9" — H" is the reflection across H"1, so

T(Vo, V1y.-+, Un) = (V0, V1yevvy Un1, —VUn),

I nPO(1,n — 1) is a lattice in PO(1,n — 1), and

I is contained in a torsion-free lattice T’ of PO(1,n)°, such that T" is
normalized by T.

Then C is a totally geodesic hypersurface inT\$", and C has finite volume
(as an (n — 1)-manifold).

Proof. It is clear, from the definition of C, that we need only show Cis a
(closed, embedded) submanifold of I'\$H™.

LetTp = {y €T | y(®" 1) = "1}, (ThenT nPO(1,n — 1) is a
subgroup of index at most two in I;.) The natural map

P:LH\H" ! - T\H"

is proper (cf. Exercise EZ#3), so C, being the image of ¢, is closed.

Because ¢ is obviously an immersion (and is a proper map), all that
remains is to show that ¢ is injective. This follows from the assumption
on I (see Exercise B). O

§6.5(iii). Construction of nonarithmetic lattices. The following the-
orem is the key to the construction of nonarithmetic lattices. We post-
pone the proof until later in the section (see Subsection and Exer-
cise [TI).

(6.5.13) Definition. A hyperbolic n-manifold of finite volume is arith-
metic if the corresponding lattice I' in PO(1,n) (see Proposition 6534) is
arithmetic. (Note that I' is well-defined, up to conjugacy (see Exercise D),
so this definition is independent of the choice of T.)
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(6.5.14) Theorem. Suppose
e M; and M, are hyperbolic n-manifolds,

C; is a totally geodesic hypersurface in M,

f:Cy — Co is a Riemannian isometry,

M, and M, have finite volume (as n-manifolds),

Cy and C» have finite volume (as (n — 1)-manifolds), and
e each of My ~. Cy and M, ~. C» is connected.

If the hyperbolic manifold M1# ¢ M> is arithmetic, then M1# M, is commen-
surable to My; that is, there are

1) a finite cover M of My Uy M», and
2) a finite coverMN1 of My,
such that M is isometric to ﬁf

(6.5.15) Corollary. In the situation of Theorem B3, if the hyperbolic
manifold M1# ¢ M5 is arithmetic, then M, is commensurable to M5.

Proof. From Theorem E5T4, we know that M1#¢M; is commensurable
to M;. By interchanging M; and M, we see that M,# M5 is also commen-
surable to M». By transitivity, M; is commensurable to M>. O

(6.5.16) Corollary. There exist nonarithmetic lattices Icper and Inon In
SO(1,n), such that Icper is cocompact, and Thon is not cocompact.

Proof. We construct only Ihon. (See Exercise B for the construction of Iepct,
which is similar.)
Define quadratic forms B; (x) and B> (x) on Q"**! by

2 2 2 2 2
Bi(x) =x§5 —Xx{—Xx5—"+-—Xp_1— X
and
2 2 2 2 2
Bo(x) = x5 — X7 —X5— "+ —Xp_1 —2Xp.
Let

I = SO(By;2),
I> ~ h~—1SO(By;Z)h, where
h = diag(1,1,...,1,v/2) € GL(n + 1,R),

Mj =T;\H",
 Cjbe the image of "1 in M;, and
e I} =T;nSO(1,n - 1).

Then Proposition 624 tells us that I} and I> are noncocompact (arith-
metic) lattices in SO(1,n). By passing to finite-index subgroups, we
may assume I; and I, are torsion free (see Theorem BE-82). Therefore,
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M; and M, are hyperbolic n-manifolds of finite volume (see Proposi-
tion 654).

Because fj ~ SO(1,n—1;7)is alattice in SO(1,n - 1), and SO(Bj;Z) is
normalized by the involution T of Lemma 6512, we know Cj is a totally
geodesic hypersurface in M; that has finite volume (see Lemma BE35T2).

Let us assume that M; \.C; and M» ~. C> are connected. (See Exercise B
for a way around this issue, or note that this hypothesis can be achieved
by passing to finite covers of M; and M>.)

We know that I} ~ I (since both groups are commensurable to
SO(1,n — 1;Z)). By taking a little bit of care in the choice of I'} and I, we
may arrange that I, = I> (see Exercise H). Then

Cr=T\H" ! =H\H" ! = G,
so there is an isometry f: C; — Co.

If nis odd, then M; is not commensurable to M (see Exercise bZ#4),
so Corollary E5°T3 implies that M;#¢M> is not arithmetic; therefore, the
corresponding lattice I}opn is not arithmetic (see Definition 6E513). When
n is even, an additional argument is needed; see Exercise IT. O

§6.5(iv). Proof of Theorem 6:514. Let usrecall the following lemma,
which was proved in Exercise bT#4.
(6.5.17) Lemma. If
e G has no compact factors,
e Iy and I, are arithmetic lattices in G, and
o I1 NI is Zariski dense in G,
then I is commensurable to I>.
(6.5.18) Definition. Let M’ be a Riemmanian n-manifold with boundary.
We say that M’ is a hyperbolic manifold with totally geodesic boundary
if
1) M’ is complete,
2) each point of M’ \. M’ has a neighborhood that is isometric to an
open set in ", and
3) for each point p of 0M’, there are
e a neighborhood U of p in M’,
e apointxinH* ' ={vehH"|v; =0},
e a neighborhood V of x in $H", and
e anisometry g: U — V*, where
Vi={veVv]|v;=0}.
(Note that g(U noM’) =V n H" L)

The following is a generalization of Theorem B3T3 (see Exercise [[T).
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(6.5.19) Theorem. Suppose
e M; and M, are hyperbolic n-manifolds,

o M J’ is a connected, n-dimensional submanifold of M; with totally ge-
odesic boundary,

f':0M| — OM, is an isometry,

M, and M, have finite volume (as n-manifolds),

BMJ'- has only finitely many components, and
e OM| and oM, have finite volume (as (n — 1)-manifolds).

If the hyperbolic manifold M| U ¢ M, is arithmetic, then M| U s M is com-
mensurable to M;.

Proof.
o Let M = Mj Uy M3,
e Write M =T'\$H", for some torsion-free lattice I in PO(1, n).
e Let ¢p: H"™ — M be the resulting covering map.

e Let B = ¢p~1(0M;). Because M; has totally geodesic boundary, we
know that B is a union of disjoint hyperplanes. (That is, each com-
ponent of B is of the form g($" 1), for some g € O(1,n).)

e Let V be the closure of some connected component of " ~ B that
contains a point of ¢p~1(Mj7).

o Let
I'={yel|lyVv=V}={yerl|interior(yVnV) =+ 0}
(see Exercise [2), so M| = p(V) =T"\V.

By definition, V is an intersection of half-spaces, so it is (hyperboli-
cally) convex; hence, it is simply connected. Therefore, V is the universal
cover of M, and I can be identified with the fundamental group of M;.

Since M| < M;, we may define Iy, ¢»1, B1, V1, 1] as above, but with M;
in the place of M. From the uniqueness of the universal cover of Mj,
we know that there is an isometry ¢: V — Vi, and an isomorphism
Y«: T’ = Tj, such that ¢ (yv) = ¢« (y)p(v), forally e I"and v € V.
Since  extends to an isometry of $)", we may assume (after replacing
I} with ¢~ 'T;y) that V. = V; and ¢, = Id. Hence I’ =T} c T n .
It suffices to show (after replacing I' by a conjugate subgroup) that the
Zariski closure of I contains PO(1, n)°, for then Lemma BT implies I’
is commensurable to I7.

Claim. We may assume that the Zariski closure of T’ contains PO(1,n)°.
We may assume $H"! is one of the connected components of dV. Since
O0M| has finite volume, this means that

I'nSO(1,n — 1) is a lattice in PO(1,n — 1). (6.5.20)
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Let I” be the Zariski closure of I”. From (65-21) and the Borel Density
Theorem (E54), we know that I’ contains PO(1,n — 1)°. Then, since
PO(1,n — 1)° is a maximal connected subgroup of PO(1,n) (see Exer-
cise I3), we may assume that I”° = PO(1,n — 1)°. (Otherwise, the claim
holds.) Because I”" has finite index in I” (see BZH), this implies that
PO(1,n — 1)° contains a finite-index subgroup of I''. In fact,

{y €I’ | yH = H} has finite index in I,

for every connected component H of oV.
This will lead to a contradiction.

(6.5.21)

Case 1. Assume 0V is connected. We may assume 0V = "1, Then, by
passing to a finite-index subgroup, we may assume thatI” ¢ PO(1,n—-1)
(see BZT). Define g € Isom($™) by

g, v2,...,0y) = (=V1,V2,...,Un).
Then
e g centralizes I'’, and
e A=V ug(V).
Since I'"\V = M has finite volume, we know that I"\g (V) also has finite
volume. Therefore

I\H"*=T"\V)u ([I"\gV))
has finite volume, so I" is a lattice in PO(1, n). But this contradicts the
Borel Density Theorem (BE58) (since I" ¢ PO(1,n — 1)).

Case 2. Assume 0V is not connected. Let Hy and H» be two distinct con-
nected components of 0V. Replacing I"” by a finite-index subgroup, let us
assume that each of H; and H» is invariant under I’ (see BE521).

To simplify the argument, let us assume that 0M; is compact, rather
than merely that it has finite volume. (See Exercise I4 for the general
case.) Therefore, I''\H; is compact, so there is a compact subset C of Hy,
such that I'C = H;. Let

6 = min{dist(c,H») |c € C} > 0.
Because I’ acts by isometries, we have 6 = dist(H;,H»). Now, since
H™" is negatively curved, there is a unique point p in H;, such that
dist(p,H2) = 6. The uniqueness implies that p is fixed by every ele-
ment of I'. Since I acts freely on $)" (recall that it is a group of deck
transformations), we conclude that I is trivial. This contradicts the fact
that I"\H; is compact. (Note that H; = $"~! is not compact.) O

Exercises for §6.5.

#1. Prove Proposition 654.

#2. Show that if I'1 and I» are torsion-free lattices in PO(1, n), such that
I1\$H" is isometric to I>\$H", then I is conjugate to I5.



#3.

#4.

#5.

#6.

#7.

#8.

#9.
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[Hint: Any isometry ¢: I[1\H™ — [>\H™" lifts to an isometry of $H".]

Let C be a closed, connected hypersurface in an orientable Rie-
mannian manifold M, and let M’ be the manifold with boundary
that results from cutting M open, by slicing along C. Show:
a) If C is orientable, then the boundary of M is two copies of C.
b) If Cis not orientable, then the boundary is the orientable dou-
ble cover of C.
¢) If C is isometric to a closed, connected hypersurface Cy in an
orientable Riemannian manifold My, and M is the manifold
with boundary that results from cutting My open, by slicing
along Cy, then the boundary of M’ is isometric to the boundary
of M.

For M, M», and f as in Exercise 8, show that if p € 0M], then p has
aneighborhood U in M; U¢ Mj, such that U is isometric to an open
subset of $H™.

[Hint: Find a ball V around a point x in $"~!, and isometries gi1:Up — V*and
g2: Uz — V~, where Uj is a neighborhood of p in MJ'-, with g1 laMI =(gz2°f) ‘BM{']

For ¢p: [)\H" 1 — I'\H™, as defined in the proof of Lemma 6512,
show that ¢ is injective.

[Hint: Suppose yx = vy, for some y € Tand x,y € " 1. Then y~ltyt is an
element of I’ that fixes x, so it is trivial. Hence, the fixed-point set of T is y-
invariant.]

Assume n is odd, and construct a cocompact, nonarithmetic lattice
I'in SO(1,n).

[Hint: Let F = Q[+/2], define B;(x) = \/?xg - x% - x% — = x%& - x2 and
By(x) = v2x§—x?—x5—---—x2%_, —3x2,,, and use the proof of Corollary E5T8.]

In the notation of the proof of Corollary 5518, assume that M}~ C;
and M> \.C; are not connected; let M J’ be the closure of a component
of Mj ~. Cj. Show thatif f': C; — Cjis any isometry (and n is odd),
then M| Uy M; is a nonarithmetic hyperbolic n-manifold of finite
volume.

Eliminate the assumption that M; . C; and M> ~. C» are connected
from the proof of Corollary B5T18.

[Hint: Define B3 (x) = x3 — x§ —x3 — -+~ —x2_| — 3x2. If M; ~\ Cj has the same

number of components as My \ Ci (and j # k), then either Exercise @ or the proof
of Corollary B34 applies.]

For By (x) and Bz (x) as in the proof of Corollary B5518, show that
there are finite-index subgroups Iy and I» of SO(B1;Z) and SO(By; Z2),
respectively, such that

a) It and I, are torsion free, and

b) 1 nSO(1,n—-1) =I> nSO(1,n — 1).
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#10.

#11.

#12.

#13.

#14.

6. EXAMPLES OF ARITHMETIC GROUPS

[Hint: Let T; = A n SO(Bj;Z), where A is a torsion-free subgroup of finite index in
SL(n + 1,7).]

In the notation of the proof of Corollary B5T18, show that if n is
even (and n > 4), then I,y is not arithmetic.

[Hint: If Thon is arithmetic, then its intersection with SO(1,n — 1) is arithmetic in
SO(1,n—1),and n — 1is odd.]

Derive Theorem 65514 as a corollary of Theorem 6E5T4.

[Hint: Apply Theorem BEX5T9 to ﬁ, = M.i#f,'ij where f;: Cj — C;j is the identity
map. Note that M; is a double cover of M}, so Mj is commensurable to M;.]

For I and V as in the proof of Theorem E5519, let V be the interior
of V, and show, for each y €T, thatif yV NV + &, then yV = V.

Show that if H is a connected subgroup of PO(1,n) that contains
PO(1,n —1)°, then H = PO(1,n — 1)°.

Eliminate the assumption that 0M] is compact from Case 2 of the
proof of Theorem BE5T4.

[Hint: The original proof applies unless dist(Hy, H2) = 0, which would mean that
Hj and H» intersect at infinity. This intersection is a single point, and it is invariant
under I'", which contradicts the Zariski density of I".]

§6.6. Noncocompact arithmetic subgroups of SL(3, R)

We saw in Proposition B3 that SL(2, Z) is essentially the only nonco-
compact, arithmetic subgroup of SL(2,R). So it may be surprising that
SL(3, Z) is not the only one in SL(3, R).

(6.6.1) Proposition. Let

Then:
1)
2)
3)

L be a real quadratic extension of Q, soL = Q[/¥], for some square-
free positive integer v = 2,

o be the nontrivial Galois automorphism of L,

0 be the automorphism of Matsx3 (L) induced by applying o to each
entry of a matrix,

001
J3 = [O 1 0}, and

100
['=SU(J3,0;2[y7r]) = {g € SL(3,Z[V7]) | G(g")J39 = J3}.
I' is an arithmetic subgroup of SL(3,R),

I' is not cocompact, and
no conjugate of T is commensurable to SL(3,7Z).



6.6. NONCOCOMPACT ARITHMETIC SUBGROUPS OF SL(3,R) 137

Proof. (I) This is a special case of Proposition I8 5 Z4(B), but we provide
a concrete, explicit proof (using the methods of Sections b4 and &3).
Define

e A:L3 - RSby A(v) = (v,J30(V)),
o Vo = A(L3),
o L =A(Z[7]?), and
e p: SL(3,R) — SL(6,R) by
p(A)(v,w) = (Av, (AT)"'w) forv,w e R3.
Then

Vg is a Q-form of RS (cf. Exercise E5#3(H)),

L is a Z-lattice in Vg (cf. Exercise B55#5(n)),

e pis a homomorphism,

p(SL(3,R)) is defined over Q (with respect to the Q-form Vg) (see
(6.62) below), and

e I'={geSL(3,R) | p(g)L = L} (cf. Exercise b2Z]).

Hence, Proposition 6EZ23(M) (together with Theorem ET1T) implies that
I'is an arithmetic subgroup of SL(3, R).
Now let us show that
p(SL(3,R)) is defined over Q. (6.6.2)
This can be verified directly, by finding appropriate Q-polynomials, but
let us, instead, show that p(SL(3,R)), is dense in p(SL(3,R)).

Define U, as in (E63) below, but allowing a, b, ¢ to range over all
of Q, instead of only 2Z. Then p(U;)Vq C Vg (see Exercise M), so we have
p(U1) € p(SL(3,R))q. Furthermore, U; is dense in

[1 * *]
U=101 %x|.
001
Similarly, there is a dense subgroup U of U, with p(Uz) < p(SL(3,R))q
(see Exercise P)). Since (U, UT) = SL(3, R), we know that (U, U») is dense
inSL(3,R),s0 p(SL(3,R))qis densein p(SL(3, R)). Therefore p(SL(3,R))
is defined over Q (see BE21-R).

(2) By calculation, one may verify, directly from the definition of T,

that the subgroup

1 a+byr —(a’>-rb?>/2+cyr
Ur = 0 1 —-a+b\r a,b,ce 27 (6.6.3)
0 0 1

is contained in I'. Then, since every element of Ur is unipotent, it is obvi-
ous that I' has nontrivial unipotent elements. So the Godement Criterion
(63) implies that G/T is not compact.

(B) We sketch a proof. Choose an element w € Z[./¥], such that
o(w) = 1/w. Then diag(w, 1, w™!) is a hyperbolic element of T that
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normalizes the maximal unipotent subgroup Ur. On the other hand, it
is easy to see that if U is any subgroup of SL(3,7) that is commensu-
rable to the maximal unipotent subgroup Uy, then U; has finite index in
Nsii,z) (Uy). Since all of the maximal unipotent subgroups of SL(3,7)
are conjugate (up to commensurability) under SL(3, Q), this implies that
no conjugate of I' is commensurable to SL(3, 7).

Here is a more complete argument that is based on the notion of
Q-rank, which will be explained in Chapter H. Define a nondegenerate o-
Hermitian form B(x, y) on L3by B(x,y) = o(xT) J3y. Thenv = (1,0,0)
is an isotropic vector for B (i.e., B(v,v) = 0). On the other hand, be-
cause B is nondegenerate, the dimension of the orthogonal complement
of any subspace is equal to the codimension of the subspace. Since
L3 is 3-dimensional, this implies there is no 2-dimensional subspace that
consists entirely of isotropic vectors. Therefore, rankg ' = 1 (cf. Exam-
ple ET5(2)). However, we have rankg SL(3,7Z) = 2 (cf. Example BT5(mW)).
Two lattices with different Q-ranks cannot be conjugate. (They cannot
even be abstractly commensurable.) O

(6.6.4) Remarks.

1) From Proposition EE61(B), we know that none of the arithmetic
subgroups in Proposition EG are conjugate to a subgroup that
is commensurable to SL(3, Z).

Indeed, let X = SL(3,R)/SO(3) be the symmetric space associ-
ated to SL(3, R). Theorem 228 implies that if I' is one of the arith-
metic subgroups constructed in Proposition BB, then the geome-
try of the locally symmetric space I'\ X is very different from that of
SL(3,7)\X. Namely, I'\ X is only mildly noncompact: it merely has
cusps, which means that its asymptotic cone is a union of finitely
many rays. In contrast, the asymptotic cone of SL(3,7)\X is a 2-
complex, not just a union of rays. Even from a distance, I'\ X and
SL(3,7)\X look completely different.

2) Different values of r always give essentially different arithmetic
subgroups (see Exercise H), but this is not so obvious.

The classification results in Chapter I8 imply that these are the only
arithmetic subgroups of SL(3, R) that are not cocompact:

(6.6.5) Proposition (see Proposition I864). SL(3,7Z) and the arithmetic
subgroups constructed in Proposition are the only noncocompact
arithmetic subgroups of SL(3,R) (up to commensurability and conju-
gates).
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Exercises for §6.6.

#1.

#2.

#3.

#4.

For U, p, and Vg as in the proof of Proposition EG6TI(), show that
p(Ul)VQ < VQ.

In the notation of the proof of Proposition E6.1], find a dense sub-

group U of
[1 00]
*x 10|,
x % 1

such that p(Uz) < p(SL(3,R))q-

Assume the notation of the proof of Proposition BE61, and let
G = p(SL(3,R)).
a) Show that G is quasisplit. That is, show that some Borel sub-
group of G is defined over Q.
b) Show that every proper parabolic Q-subgroup of G is a Borel
subgroup of G.
[Hint: Let B be the group of upper-triangular matrices in SL(3, R). Then B is a Borel
subgroup of SL(3,R), and p(B) is defined over Q.]
Let I} and I> be noncocompact arithmetic subgroups of SL(3,R)
that correspond to two different values of 7, say »; and 7». Show
that I is not commensurable to any conjugate of Ib.
[Hint: There is a diagonal matrix in I1 whose trace is not in Z[,/72].]

§6.7. Cocompact arithmetic subgroups of SL(3, R)

Example 632 used unitary groups over a totally real extension to con-
struct cocompact, arithmetic subgroups of SL(2, R). The same technique
can be applied to SL(3, R):

(6.7.1) Proposition. Let

F be a totally real algebraic number field, such that F + Q,
t,a,b € F, such that
o t,a,b > 0, but
o o(t),o(a),o(b) <0 for every place o + 1d,
L = F[VE],
T be the Galois automorphism of L over F,
O be the ring of integers of L, and
I = SU(diag(a,b,—1),T;0).

Then T is a cocompact, arithmetic subgroup of SL(3,R).

Here is a specific example:

(6.7.2) Corollary. Let

t=172,
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F=Qt] = Q[v2],
L =F[JVt] = Q[32],
T be the Galois automorphism of L over F,
O = Z[3/2] be the ring of integers of L, and
o I'= SU(Idgxg, T;O).
Then T is a cocompact, arithmetic subgroup of SL(3, R).

(6.7.3) Remark. It is necessary to assume F # Q in Proposition 6221 (in
other words, there is no analogue of Example 631 for SL(3, R)), because
unitary groups over Q yield only noncompact lattices in SL(3, R) (as in
Proposition B61), not cocompact ones (see Exercise ).

Here is a quite different construction (not using unitary groups) that
yields additional examples of cocompact, arithmetic subgroups. See Ex-
ample 628 for explicit examples of L and p that satisfy the hypotheses.
(6.7.4) Proposition. Let

e L be a cubic, Galois extension of Q (that is, a Galois extension of Q,
such that |L : Q| = 3),

o be a generator of Gal(L/Q) (note that Gal(L/Q), being of order 3,

is cyclic),
e (O be the ring of integers of L,
s pELY
e ¢: L3 — Matsy3(L) be given by

X % z
Px,y,z)=| po(z) ox) o) |, (6.7.5)
poi(y) poi(z) o%(x)

and

e I'={ye¢p(®)|dety =1}
Then:

1) T is an arithmetic subgroup of SL(3,R).
2) T is cocompact if and only if p # t o (t) o?(t), for all t € L.

Proof. (D) It is easy to see that:

e L C R (see Exercise B).
¢ (L3) and ¢p(O3) are subrings of Mats«3(L) (even though ¢ is not
a ring homomorphism).
¢ (L3) is a Q-form of Matzw3(R).
¢ (O3) is a Z-lattice in ¢p(L3).
If we define p: Matzx3(R) — Endg (Matsx3(R)) by p(g)(v) = gv,
then p(SL(3,R)) is defined over Q (with respect to the Q-form
¢ (L3) (see Exercise B)).
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e I'={geSL3,R) | gp(O3) = P(O3) L.

SoTI' is an arithmetic subgroup of SL(3, R) (see Proposition b-2-5()).

(B «)If SL(3, R)/I'is not compact, then the Godement Criterion (5=31)
tells us there is a nontrivial unipotent element u in I. This means 1 is
an eigenvalue of u (indeed, it is the only eigenvalue of u), so there is
some nonzero v € R3 with uv = v. Hence (u — 1)v = 0. Since u # Id
and v # 0, we conclude that ¢(L3) has a nonzero element that is not
invertible.

Hence, letting D = ¢(L3), it suffices to show that every nonzero el-
ement of D is invertible. (That is, D is a “division algebra’) For conve-
nience, define N: L — Q by N(t) = t o(t) o(t). (In Algebraic Number
Theory, N is called the “norm” from L to Q.) We know that p + N(t), for
all t € L. Itis easy to see that N(t;t2) = N(t1) N(t2).

Note that if xyz = 0, but (x,y,z) = (0,0,0), then ¢(x, y, z) is in-
vertible. For example, if z = 0, then det¢(x,y,z) = N(x) + pN(»).
Since p # N(—x/y) = —N(x)/N(y) (assuming y =+ 0), we see that
detp(x,y,z) + 0, as desired. The other cases are similar.

For any x, v,z € L, with z # 0, we have

X
¢ (1,—700(2),0) b(x,v,z) = (0, %, %)

is invertible, so ¢ (x, v, z) is invertible.

@=)If p = to(t)o?(t), for some t € L, then ¢p(L3) = Matzx3(Q)
(see Exercise H). From this, it is easy clear that ¢»(©3) contains nonidentity
unipotent matrices. Since the determinant of any unipotent matrix is 1,
these unipotents belong to I'. Therefore I' is not cocompact. O

(6.7.6) Example. Let

e C =2cos(2m/7),

e L =Q[C], and

e p be any prime that is congruent to either 3 or 5, modulo 7.
Then

1) Lis a cubic, Galois extension of Q, and

2) p=to(t)o?(t), forallt € L, and any generator o of Gal(L/Q).

To see this, let w = e2™/7 be a primitive 7™ root of unity, so £ = w + w5.
Now it is well known that the Galois group of Q[w] is cyclic of order 6,
generated by T(w) = w? (see Proposition B34). So the fixed field L of T3
is a cyclic extension of degree 6/2 = 3.

Now suppose t o (t) o2(t) = p, for some t € L*. Clearing denomina-
tors, we have s o (s) 02(s) = pm, where

e meZt,

e s=a+b(w+wb) +c(w+wb)? witha,b,c € Zand p t gcd(a, b, ¢).
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Replacing w with the variable x, we obtain integral polynomials s; (x),
$2(x), and s3(x), such that

. Zp[x]
$1(x)s2(x)s3(x) =pm =0in XXt
This implies that x% + x> + - - - + 1 is not irreducible in Z,[x]. This

contradicts the choice of p (see Exercise B).

(6.7.7) Remark. The famous Kronecker-Weber Theorem tells us that if Lis
a Galois extension of QQ, with abelian Galois group, then L is contained in
an extension obtained by adjoining an nth root of unity to Q (for some n).
(Warning: this does not hold for abelian extensions of algebraic number
fields other than Q.) As a very special case, this implies that all of the
cubic, Galois extension fields L of Q can be constructed quite explicitly,
in the manner of Example 6Z%:

e Choose n € Z*, such that @ (n) is divisible by 3 (where
pn)=#{k|l<k=<mn, gcdlk,n)=1}
is the Euler @-function).
e Let w = e2™/" be a primitive n'™ root of unity.

e Let H be any subgroup of index 3 in the multiplicative group (Z,)*
of units modulo n.

o Let C = Dyey wk = Syepy cos(2mk/n).
e Let L = Q[ZT].

We have now seen that cocompact arithmetic subgroups of SL(3, R)
can be constructed by two different methods: some are constructed by
using unitary groups (as in Proposition B=Z1) and others are constructed
by using “division algebras” D = ¢(L3) (as in Proposition E&H). We
will see in the following section that these two methods can be com-
bined: some cocompact arithmetic subgroups are constructed by using
both unitary groups and division algebras. The classification results in
Section &4 show that all cocompact arithmetic subgroups of SL(3, R)
can be obtained from these methods, using either unitary groups, divi-
sion algebras, or a combination of the two (perhaps also combined with
restriction of scalars). The same is true for the cocompact arithmetic
subgroups of any SL(n, R), with n > 3.

Exercises for §6.7.

#1. Assume the situation of Proposition B2, except that F = Q. More
precisely, let
e a,b,c € Q (all nonzero),
e [ be areal quadratic extension of Q,
e T be the Galois automorphism of L over Q,



#2.
#3.

#4.

#5.

#0.
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e (D be the ring of integers of L,

e A =diag(a,b,c), and

e I =SU(A, T;0), soT is an arithmetic subgroup of SL(3, R).
Show that I' is not cocompact.

[Hint: The equation T(xT)Ax = 0 for x € L3 can be considered as an equation in
6 variables over Q, so the Number Theory fact mentioned in the proof of Proposi-
tion BZZ70 implies it has a nontrivial solution.]

Let L be a Galois extension of Q, with |L : Q| odd. Show L c R.

Assume the notation of the proof of Proposition 6Z4. For h € L3,
define Tj, € Endg (Mat3y3(R)) by Ty (v) = ¢p(h) v.
a) Show that ¢p(h) € Endg (Mat3x3(R))g, where the Q-form is in-
duced by the Q-form ¢ (L3) of Matzx3(R).
[Hint: Show ¢ (h) p(L3) < $(L3).]
b) Show that p(Matzx3(R)) is the centralizer of { T, | h € L3 }.
¢) Show that p(SL(3,R)) is defined over Q.

In the notation of Proposition 24, show that if p = t o (t) o2 (t),
then the element qb(l, 1/t,1/(t O'(t))) of ¢ (L3) is not invertible.

In the notation of Proposition 624, show that if p = t o (t) o2(t),
for some t € L, then ¢p(L3) = Matzy3(Q).

[Hint: {(a,to(a),to(t)o?(a))} is a 3-dimensional, ¢ (L)-invariant Q-subspace
of L3]
Let p and g be distinct primes, and

flx)=xT1t+ . 4 x+1.
Show that f(x) is reducible over Z, if and only if there exists
r € {1,2,...,q — 2}, such that p” =1 (mod q).

[Hint: Let g(x) be an irreducible factor of f(x), and let » = degg(x) < q—1. Then
f(x) has a root « in a finite field F of order p”. Since « is an element of order g
in FX, we must have q | #F*.]

§6.8. Arithmetic subgroups of SL(n, R)

We will briefly explain how the previous results on SL(3,R) can be gen-
eralized to higher dimensions. (The group SL(2, R) is a special case that
does not fit into this pattern.) The proofs are similar to those for SL(3, R).

In Section B2, and in the proof of Proposition 624, we have seen
that cocompact arithmetic subgroups of SL(#n, R) can sometimes be con-
structed by using rings in which every nonzero element has a multiplica-
tive inverse. More such “division algebras” will be needed in order to
construct all the arithmetic subgroups of SL(n, R) with n > 3.
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§6.8(i). Division algebras.

(6.8.1) Definition. An associative ring D is a division algebra over a
field F if

1) D contains F in its center (thatis, xf = fxforallx € D and f € F),

2) the element 1 € F is the identity element of D,

3) D is finite-dimensional as a vector space over F, and

4) every nonzero element of D has a multiplicative inverse.
Furthermore, it is central over F if the entire center of D is precisely F.

(6.8.2) Remarks.
1) Dis an algebra over F if (M) and (2) hold.

2) The word division requires (#). We also assume (B)), although not all
authors require this.

(6.8.3) Other terminology. Division algebras are also called skew fields.

(6.8.4) Examples.

1) Any extension field of F is a division algebra over F (but is not
usually central).

2) H= [H]@l‘_1 is a central division algebra over R.

3) More generally, a quaternion algebra [H]?’b is a central division alge-

bra over F if and only if Nyeq(x) # 0, for every nonzero x € I]-I]j?’b
(see Exercise B22#4). Note that this is consistent with (2).

The following famous theorem shows that division algebras are the
building blocks of simple algebras:

(6.8.5) Theorem (Wedderburn’'s Theorem). Let A be a finite-dimensional
algebra over a field F. If A is simple (that is, if A has no nonzero, proper,
two-sided ideals), then A = Mat,x, (D), for some n and some division
algebra D over F.

Proof. Since A is finite-dimensional, we may let I be a minimal left ideal.
Then I is a left A-module that is simple (that is, has no nonzero, proper
submodules). So End 4 (I) is a division algebra (see Exercise B); call it D.

We have IA = A, since IA is a 2-sided ideal and A is simple. Hence,
the minimality of I implies A =Ia; @ - - - @ Ia,, for some a4,...,a, € A
(see Exercise B).

For A considered as aleft A-module, it is easy to see that each element
of End4 (A) is multiplication on the right by an element of A (see Exer-
cise @); therefore Ends(A) = A. On the other hand, it is easy to see that
Ia; is isomorphic to I as a left A-module (see Exercise H), so we have

Ends(A) = Enda(Ia; @ - - - @ Iay) = Enda(I™)
= Matyxy (Ends (I)) = Matyxn (D).
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Therefore A = Maty,,«n (D). O

(6.8.6) Corollary. If D is a central division algebra over F, then we have
dimr D = d?, for some d € 7. (This integer d is called the degree of D
over F.)

Proof. Let F be the algebraic closure of F. Then (from Wedderburn’s
Theorem), we see that D ® F = Matg4(D’), for some d and some central
division algebra D’ over F. Since F is algebraically closed, we must have
D’ = F (see Exercise B), so

dimp D = dimz(D ®f F) = dimgMatgxq (F) = d°. O

In order to produce arithmetic groups from division algebras, the fol-
lowing lemma provides an analogue of the ring of integers in an algebraic
number field F.

(6.8.7) Lemma. If D is a division algebra over an algebraic number field F,
then there is a subring Op of D, such that Op is a Z-lattice in D. Any such
subring is called an order in D.

Proof. Let {vg,v1,...,V,} be a basis of D over Q, with vy = 1. Let
{cf:k}guzo be the structure constants of D with respect to this basis.

That is, for j, k € {0,...,r}, we have v;v, = ZLO cf,kw. There is some
nonzero m € 7, such that mcf’k € 7, for all j, k,¢. Let Op be the Z-span
of {1,mvq,...,mv,}. O

In the proof of Proposition 624, we showed that ¢ (L3) is a division
algebraif p = t o (t) o (t). Conversely, it is known that every division al-
gebra of degree 3 arises from the above construction. (In the terminology
of ring theory, this means that every central division algebra of degree 3
is “cyclic’) Therefore, we can restate the proposition in the following
more abstract form.

(6.8.8) Proposition. Let

e L be a cubic, Galois extension of Q,

e D be a central division algebra of degree 3 over Q, such that D con-
tains L as a subfield, and

e Op be an order in D (see Lemma G81).
Then there is an embedding ¢: D — Mats«3(R), such that
1) ¢(SL(1,D)) is a Q-form of Matsx3(R), and
2) ¢(SL(1,0p)) is a cocompact, arithmetic subgroup of SL(3,R).

Furthermore, ¢(SL(1,0p)) is essentially independent of the choice
of Op or of the embedding ¢. Namely, if O, and ¢" are some other choices,
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then there is an automorphism « of SL(3, R), such that x¢’ (SL(1,O0p)) is
commensurable to ¢ (SL(1,Op)).

This generalizes in an obvious way to provide cocompact, arithmetic
subgroups of SL(n,R). By replacing SL(1,©®p) with the more general
SL(m, Op), we can also obtain arithmetic subgroups that are not cocom-
pact (if n is not prime).

(6.8.9) Proposition. Let
e D be a central division algebra of degree d over Q, such that D splits
over R,
e meZ%, and
e Op be Z-lattice in D that is also a subring of D.
Then ¢ (SL(m, @p)) is an arithmetic subgroup of SL(dm, R), for any em-
bedding ¢p: D — Mat,x4(R), such that ¢p(D) is a Q-form of Matgxq(R).
It is cocompact if and only if m = 1.

§6.8(ii). Unitary groups over division algebras. The definition of a
unitary group is based on the Galois automorphism of a quadratic exten-
sion. This is a field automorphism of order 2. The following analogue
makes it possible to define unitary groups over division algebras that are
not required to be fields.

(6.8.10) Definition. Let D be a central division algebra. Amap 7: D — D
is an anti-involution if T2 = Id and T is an anti-automorphism; that is,
T(x+y)=1(x)+7(y)and T(xy) = T(¥) T(x). (Note that T reverses
the order of the factors in a product.)
(6.8.11) Other terminology. Some authors call T an involution, rather
than an anti-involution, but, to avoid confusion, our terminology empha-
sizes the fact that T is not an automorphism (unless D is commutative).
(6.8.12) Examples. Let D be a quaternion division algebra. Then:
1) The map T.: D — D defined by
Tc(a+bi+cj+dk)=a—-bi—-cj—-dk
is an anti-involution. It is called the standard anti-involution of D,
or the conjugation on D, so T.(x) can also be denoted X.
2) The map T,: D — D defined by
T,(a+bi+cj+dk)=a+bi—-cj+dk
is an anti-involution. It is called the reversion on D.

(6.8.13) Definitions. Let T be an anti-involution of a division algebra D
over F.
1) A matrix A € Mat,«, (D) is said to be Hermitian (or, more pre-
cisely, T-Hermitian) if (AT)T = A.
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2) Given a Hermitian matrix A, we let
SU(A,T;D) = {g € SL(n,D) | (AT)TAg = A}.

This notation makes it possible to state a version of Proposition 6211
that replaces the quadratic extension L with a larger division algebra.

(6.8.14) Proposition. Let
e L be a real quadratic extension of Q,

D be a central simple division algebra of degree d over L,

T be an anti-involution of D, such that T|; is the Galois automor-
phism of L over Q,

biy,...,bywm € D%, such that T(b;) = bj for each j,
Op be an order in D, and
I = SU(diag(b1,b2,...,bm), T;Op).

Then:
1) T is an arithmetic subgroup of SL(md, R).
2) T' is cocompact if and only if, for all nonzero x € D™, we have
T(xT) diag(by, bo,...,by) x = 0.

Additional examples of cocompact arithmetic subgroups can be ob-
tained by generalizing Proposition G814 to allow L to be a totally real
quadratic extension of a totally real algebraic number field F (as in Propo-
sition 6E2Z1]). However, in this situation, one must require by,..., by, to
be chosen in such a way that SU(diag(b1, b2,...,bw), T;Op)? is compact,
for every place o of F, such that o # Id. For n > 3, every arithmetic sub-
group of SL(n,R) is obtained either from this unitary construction or
from Proposition 6289 (see Theorem [8ZT).

Exercises for §6.8.

#1. Show Npeq(xy) = Npeq(x) Npeg(y) for all elements x and y of a
quaternion algebra H%”.
#2. (Schur’s Lemma) Suppose A is a (finite-dimensional) F-algebra, and

M is a simple A-module (that is finite-dimensional as a vector space
over F). Show End4 (M) is a division algebra, where

Endy(M) ={@: M - M | plam)=ap(m), Vac A, meM}.

[Hint: If @ is not invertible, then it has a nontrivial kernel, which is a nontrivial
A-submodule of M.]

#3. Show that if I is any minimal left-ideal of a finite-dimensional alge-

bra A, then there exist a;,...,a, € A, suchthat A = Ia1o- - -olay.
[Hint: By finite-dimensionality, A = Ia; + - - - + Iay for some ai,...,an € A.
If n is minimal, then Ia, ¢ ai + --- + Iay—1, so the minimality of I implies

Iapn(ay +---+Ian-1) = {0}]



148 6. EXAMPLES OF ARITHMETIC GROUPS

#4. Show that if A is a ring with identity, and we consider A to be a left
A-module, then, for every @ € End4(A), there exists a € A, such
that @ (x) = xa for all x € A.

[Hint: Let a = @ (1).]

#5. For any minimal left ideal I of a ring A, and any a € A, such that
Ia + {0}, show I = Ia as left A-modules.
[Hint: i — ia is a homomorphism of modules that is obviously surjective. The
minimality of I implies it is also injective.]

#6. Show that if D is a division algebra over an algebraically closed
field F, then D = F.
[Hint: Multiplication on the left by any x € D is a linear transformation, which
must have an eigenvalue A € F. Then x — A is not invertible.]

#7. Suppose [I-H?’b is a quaternion algebra over some field F, and let
L=F+FicH.
a) Show that if a is not a square in F, then L is a subfield of I]-I]?‘b.
b) Show that [H]?’b is a two-dimensional (left) vector space over L.
¢) For each x € H*?, define Ry: H*? — H*’ by Ry (v) = vx, and
show that Ry is an L-linear transformation.
d) For each x € H%”, show det(Ry) = Nyeq(X).

#8. Let T be an anti-involution on a division algebra D.
a) For any J € Mat,«, (D), define B;: D™ x D™ — D by

By(x,y) =1(x")Jy
for all x,y € D™ = Matyx1(D). Show that B; is a Hermitian
form if and only if T(JT) = J.
b) Conversely, show that if B is a Hermitian form on D", then
B = By, for some J € Maty,xn (D).

#9. Let D be a finite-dimensional algebra over a field F. Show that D
is a division algebra if and only if D has no proper, nonzero left
ideals. (We remark that, by definition, D is simple if and only if it
has no proper, nonzero two-sided ideals.)

Notes

Generalizing the examples considered here, see Chapter for the
construction of all arithmetic subgroups of classical groups (except some
strange arithmetic subgroups of groups, such as SO(1, 7), whose com-
plexification has SO(8, C) as a simple factor).

The construction of all arithmetic subgroups of SL(2, R) is discussed
(from the point of view of quaternion algebras) in [[4, Chap. 5].

See [I4, Cor. 2 of §4.3.2, p. 43] for a proof of the fact (used in Propo-
sition B2 and Exercise b=Z#]) that if a4, ...,an+1 € Q are not all of the
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same sign, and n > 4, then the equation a|x®+--- an+1x,%+1 =0has a
nontrivial integer solution. It is called Meyer’s Theorem, and will be used
again in Corollary I8G2.

The original paper of Gromov and Piatetski-Shapiro [S] on the con-
struction of nonarithmetic lattices in SO(1,n) (§635) is highly recom-
mended. The exposition there is very understandable, especially for a
reader with some knowledge of arithmetic groups and hyperbolic mani-
folds. A brief treatment also appears in [9, App. C.2, pp. 362-364].

It was known quite classically that there are nonarithmetic lattices in
SO(1,2) (or, in other words, in SL(2, R)). This was extended to SO(1, n),
for n < 5, by Makarov [8] and Vinberg [I5]. The nonarithmetic lattices
of Gromov and Piatetski-Shapiro [5] came later. Nonarithmetic lattices
in SU(1, n) were constructed by Mostow [I0] for n = 2, and by Deligne
and Mostow [B] for n = 3. These results on SO(1,n) and SU(1,n) are
presented briefly in [9, App. C, pp. 353-368].

The Kronecker-Weber Theorem can be found in books on Class Field
Theory, such as [II, Thm. 5.1.10, p. 324] (or see [4]).

Wedderburn’s Theorem (E83) is proved in [I2, Thm. 3.5, p. 49], and
other introductory texts on noncommutative rings (often in the more
general setting of semisimple Artinian rings).

The fact that division algebras of degree 3 are cyclic (mentioned on
page [43) is due to Wedderburn [16], and a proof can be found in [6,
Thm. 2.9.17, p. 69]. Much more generally, the famous (and much more
difficult) Albert-Brauer-Hasse-Noether Theorem states that any division
algebra (of any degree) over a finite extension of Q is cyclic. It was first
proved in [I, 2]. See [I3, proof of Thm. 32.20, p. 280] for references to
more modern expositions of Class Field Theory that provide proofs.
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Chapter 7

SL(n, Z) is a lattice
in SL(n, R)

In this chapter, we describe two different proofs of the following crucial
fact, which is the basic case of the fundamental fact that if G is defined
over QQ, then Gy is a lattice in G (see Theorem BI_I). This special case
was specifically mentioned (without proof) in Example 5T—T2(2).

(7.0.1) Theorem. SL(n, Z) is a lattice in SL(n, R).

The case n = 2 of Theorem [ZTT was established in Example 34,
by constructing a subset F of SL(2, R), such that
1) SL(2,Z) - F = SL(2,R), and
2) F has finite measure.
Our first proof of Theorem [ZTIT shows how to generalize this approach

to other values of n, by choosing F to be an appropriate “Siegel set”
(see Sections [Z2 and [Z3).

(7.0.2) Remarks.

1) Aswas mentioned on page 87, the statement that Gz is alatticein G
is more important than the proof. The same is true of the special
case in Theorem [ZUOT], but it is advisable to understand at least the
statements of the three main ingredients of our first proof:

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: definition of Z-lattices

(Definition 5-2-1) and Moore Ergodicity Theorem (Section E_I0).
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(a) the definition of a Siegel set (see Section [Z2),

(b) the fact that every Siegel set has finite measure (see Proposi-
tion [ZZ3), and

(c) the fact that some Siegel set is a coarse fundamental domain
for SL(n, Z) in SL(n, R) (cf. Theorem [ZZ1).

2) This subject is often called Reduction Theory. The idea is that,
given an element g of G, we would like to multiply g by an element y
of I to make the matrix yg as simple as possible. That is, we would
like to “reduce” g to a simpler form by multiplying it by an element
of I. This is a generalization of the classical reduction theory of
quadratic forms, which goes back to Gauss and others.

Unfortunately, serious complications arise when using Siegel sets to
establish in general that Gz is a lattice in G Theorem BT (see the proof
in Section TI4). Therefore, we will give a second proof with the virtue
that it can easily be extended to establish that all arithmetic subgroups
are lattices (see Section [Z4 for this proof of Theorem [ZT1, and see Ex-
ercise [ZZ#20 for the generalization to a proof of Theorem EZI—11). How-
ever, this argument relies on a fact about SL(n,R)/SL(n,Z) that we will
not prove in general (see Theorem [ZZ7).

(7.0.3) Warning. The Standing Assumptions (01 on page &T) are not
in effect in this chapter, because we are proving thatI' = SL(n,Z) is a
lattice, instead of assuming that it is a lattice.

§7.1. Iwasawa decomposition: SL(n, R) = KAN

The definition of a “Siegel set” is based on the following fundamental
structure theorem:

(7.1.1) Theorem (Iwasawa Decomposition of SL(n,R)). In G = SL(n, R),

let
1
1 * o a O °

K =S0(n), N = . , A = .
O .'1 O T an

Then G = KAN. In fact, every g € G has a unique representation of the
formg = kau withk € K, a € A, and u € N.

Proof. It is important to note that, because of the superscript “o” in its
definition, A is only the identity component of the group of diagonal ma-
trices; the entire group of diagonal matrices has a nontrivial intersection
with K. With this in mind, the uniqueness of the decomposition is easy
(see Exercise ).
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We now prove the existence of k, a, and u. To get started, let €1, ..., &,
be the standard basis of R™. Then, for any g € G, the set {g&1,...,g&n}
is a basis of R™.

The Gram-Schmidt Orthogonalization process constructs a corre-
sponding orthonormal basis wi,...,wy,. We briefly recall how this is
done: for 1 < i < n, inductively define

i-1
wf=v;—- > (vilwj)w,; and w;=
j=1
It is easy to verify that wy, ..., w, is an orthonormal basis of R" (see Ex-
ercise B).

Since {ws,...,wy,} and {¢1,..., &4} are orthonormal, there is an or-

thogonal matrix k € O(n), such that kw; = &; for all i. Then

kw! =k - lwfllwi = llwl(kwi) = |w]] &,
so there is a diagonal matrix a (with positive entries on the diagonal),
such that

1 *
lwil "

where v; = gs¢;.

kw’ = ag; for alli.
Also, it is easy to see (by induction) that w; € (vi,...,v;) for every i.
With this in mind, we have
glwrf=glvi-g! Z;ll(vi | wj)wj

cgtvi+tgt{vy,...,vi1)

=&+ (€1,...,&-1),
so there exists u € N, such that

g 'w¥ = ue foralli
Therefore
ulglwF =g =atlkw},

soulg=! =a 'k Hence, g = k" 'au~! € KAN (see Exercise ). O

Exercises for §7.1.

#1. Show that if kyaiu1 = keau,, with k; € K, a; € A, and u; € N,
then k1 = ko, a1 = ap, and u; = up.
[Hint: Show ki'ks = ajuiustas;! € K n AN = {e}, so ki = kp. This implies

atla =uwjus' € AnNN = {e},s0 a1 = a2 and u; = uz.|

#2. In the notation of the proof of Theorem [ZI1, show {wy,...,wy}
is an orthonormal basis of R™.
[Hint: Calculating an inner product shows that w;* 1 wy whenever i > k.]

#3. Show that the components k, a, and u in the Iwasawa decomposi-
tion g = kau are real analytic functions of g.
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[Hint: The matrix entries of a and k! can be written explicitly in terms of the
vectors w;* and w;, which are real-analytic functions of g. Then u = atk1lgis
also real analytic.]

#4. In the proof of Theorem [ZI1, note that:
e a is a diagonal matrix, but we do not know the determinant
of a, so it is not obvious that a € SL(n, R), and
e k € O(n),but K = SO(n), so it is not obvious that k € K.
From the fact that g = k"'au~!, showa € A and k € K.
[Hint: We know detk € {1}, deta > 0, detu = 1, and the determinant of a product
is the product of determinants.]
#5. Let G = SL(n, R).
a) Show G = KNA = ANK = NAK.
[Hint: We have AN = NAand G = G~1]
b) (optional) (harder) Show G + NKA (if n = 2).
[Hint: For n = 2, the action of G by isometries on $)? yields a simply transitive
action on the set of unit tangent vectors. Let v be a vertical tangent vector
at the point i, and let w be a horizontal tangent vector at the point 2i. The
N-orbit of w consists of horizontal vectors at points on the line R + 2i, but
vectors in the K A-orbit of v are horizontal only on the line R + i.]
#6. Show that every compact subgroup of SL(n,R) is conjugate to a
subgroup of SO(n).
[Hint: For every compact subgroup C of SL(n, R), there is a C-invariant inner prod-
uct on R™, defined by (v | w) = [-(cv - cw) dc. Since (v | w) = gv - gw for some
g € SL(n, R), the usual dot product is invariant under some conjugate of C. This
conjugate is contained in SO (n).]

§7.2. Siegel sets for SL(n, Z)

(7.2.1) Example. Let I' = SL(2,Z) and G = SL(2,R). Figure (on
page I53) depicts a well-known fundamental domain for the action of T
on the upper half plane §3. (We have already seen this in Figure [3A.)
For convenience, let us give it a name, say Fo. There is a corresponding
fundamental domain 7y for I in G, namely

Fo=19€Glgi)eFol}
(cf. Exercise ).

Unfortunately, the shape of Fj is not entirely trivial, because the bot-
tom edge is curved. Furthermore, the shape of a fundamental domain
gets much more complicated when G is larger than just SL(2, R). There-
fore, we will content ourselves with finding a set that is easier to describe,
and is close to being a fundamental domain.

(7.2.2) Example. To construct a region that is simpler than F,, we can
replace the curved edge with an edge that is straight. Also, because we
do not need to find precisely a fundamental domain, we can be a bit
sloppy about exactly where to place the edges, so we can enlarge the
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1 1 1 1
FIGURE 7.2A7(a). A fundamen- FIGURE 7.2A(b). A \ coarse fun-
tal domain Fo. damental domain 7.

region slightly by moving the edges out a bit. The result is depicted in
Figure [/.ZATb). This new region F is slightly larger than a fundamental
domain, but it is within bounded distance of a fundamental domain, and
it suffices for many purposes. In particular, it is a coarse fundamental
domain, in the sense of Definition BE=Z2 (see Exercise B).

An important virtue of this particular coarse fundamental domain is
that it can be specified quite easily:

f={x+yi

for appropriate c1,c2,c3 € R.

c1 £Xx <0y,
Yy =zc3

By using the Iwasawa decomposition G = NAK (see Exercise [ZT#3),
we can give a fairly simple description of the corresponding coarse fun-
damental domain 7 in SL(2, R):

(7.2.3) Example. Let
s F=1{geGlgli)eF}

1t
L4 NCI:CZ = { |:O 1:| Cq <t=< C» },
et
) AC3 B { |: et:|

e K =S50(2).

el > c3 }, and
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Then (see Exercise I0)
f = NCl,CZAC3K'

Any set of the form N, ., Ac; K is called a “Siegel set; so we can sum-
marize this discussion by saying that Siegel sets provide good examples
of coarse fundamental domains for SL(2,7) in SL(2, R).

To construct a coarse fundamental domain for SL(n, Z) (with n > 2),
we generalize the notion of Siegel set to SL(n, R).

(7.2.4) Definition (Siegel sets for SL(n, Z)). Let G = SL(n, R), and consider
the Iwasawa decomposition G = NAK (see Exercise [ZT#5). To generalize
Example [ZZ3, we construct a “Siegel set” © by choosing appropriate
subsets N of N and A of A, and letting © = N AK.

e The set N can be any (nonempty) compact subset of N. For example,
we could let

N=NC1,CZ = {ueN|01 = Ujj SCQfOI‘i<j}.
¢ Note that the set A, of Example has the following alternate
description:
Ac; ={acAlajgzczazpl.
Therefore, we can generalize to SL(n, R) by defining
Ac={aecAlaii=cairiinfori=1,...,n—-1}.
Thus, for c1,c» € R and c3 € R, we have a Siegel set
gcl,cz,q = NC1,CZAC3K-
By calculating an appropriate multiple integral, it is not difficult to
see that Siegel sets have finite measure:

(7.2.5) Proposition (see Exercise ). S, ¢, has finite measure (with
respect to the Haar measure on SL(n, R)).

Exercises for §7.2.

#1. Suppose H is a closed subgroup of G, and ¥ is a strict fundamental
domain for the action of I on G/H. For every x € G/H, show that

F=1{geCGlgxeF}
is a strict fundamental domain for I' in G.

#2. Suppose F; and F» are coarse fundamental domains for I' in G.
Show that if F; € F < >, then T is also a coarse fundamental
domain for I'in G.

#3. Suppose
e Fisacoarse fundamental domain for the action of I' on X, and
e Fis a nonempty, finite subset of T.
Show that FF = Ugcp fF is also a coarse fundamental domain.



#4.

#5.

#06.

#7.

#8.

#9.

#10.

#11.

#12.
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Suppose H is a closed subgroup of G, and F is a coarse fundamental
domain for the action of I on G/H. For every x € G/H, show that

F={geGlgxeF}
is a coarse fundamental domain for I in G.

In the notation of Figure [ZZZA, show that the coarse fundamental
domain F is contained in the union of finitely many I-translates of
the fundamental domain F.

Show that the set F depicted in Figure [7.2ZA(D] is indeed a coarse
fundamental domain for the action of I on ).

[Hint: Exercises B and B. You may assume (without proof) that Fo is a fundamental
domain.]

Suppose
e Fis a coarse fundamental domain for I' in G, and
e F; is a nonempty, finite subset of I', and
e I is a finite-index subgroup of I.
Show:
a) that F, F is also a coarse fundamental domain for I' in G.
b) If [F,F = G, then F; T is a coarse fundamental domain for
bothT and I in G.

Assume I is infinite (or, equivalently, that G is not compact), and I}
is a finite-index, proper subgroup of I'. Show there exists a (strict)
fundamental domain for I in G that is not contained in any coarse
fundamental domain for I' in G.

[Hint: Construct a strict fundamental domain for Iy that contains a strict funda-
mental domain Fq for I, but is not covered by finitely many I-translates of Fo.]

Suppose
e Fis a coarse fundamental domain for I' in G, and
o ge Ng().
Show that F9 = g~! Fg is also a coarse fundamental domain.

Let ‘F be the coarse fundamental domain for SL(2,7Z) in SL(2,R)
that is defined in Example [ZZ3. Verify that F = N¢, ¢, Ac, K.

Let G = SL(n, R). Given ¢ > 0, show there exists a € A, such that
Ac = aA+.

This exercise provides a description of the Haar measure on G.

Let dg, dk, da, and du be the Haar measures on the unimod-
ular groups G, K, A, and N, respectively, where G = KAN is an
Iwasawa decomposition. Also, for a € A, let p(a) be the modulus
(or Jacobian) of the action of a on N by conjugation, so

J fla'ua)du = J fu) p(a)du for f € C.(N).
N N
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Show, for f € C.(G), that
JGfdg = JK JN L f(kua) dadu dk

= JK JA JN f(kau) p(a) duda dk.

[Hint: Since G is unimodular, dg is invariant under left translation by elements
of K and right translation by elements of AN.]

#13. Let G = SL(n,R), choose N, A, and K as in Definition [ZZ4, and
define p as in Exercise 2. Show

ain
azp O
p O .
Ann

#14. Let c1,c2,c3 € R, with ¢; < ¢p and ¢3 > 0. Show that the Siegel set
¢, .,00.c; IN SL(n, R) has finite measure.
[Hint: See Exercises 2 and I3 for a description of the Haar measure on SL(n, R).]

“T1 Ajj
i<j '

ai i

§7.3. Constructive proof using Siegel sets
In this section, we prove the following result:

(7.3.1) Theorem. Let

e G =SL(n,R),

e I' =SL(n,Z), and

o ‘60’1’% = No,1A1,2K be the Siegel set defined in Definition [ZZ4.
ThenG =T3 1.

This establishes Theorem [ZT.T:

Proof of Theorem ZU1. Combine the conclusion of Theorem Z31 with
Propositions BT 11 and [Z23. O

(7.3.2) Remarks.

1) T'is written on the left in the conclusion of Theorem [Z31, because
our definition of Siegel sets is motivated by a fundamental domain
for the action of SL(2,7) on $)?2, and T acts on the left there. How-
ever, taking the transpose of both sides of the conclusion of The-

orem Z3yields G = & | T, where & | = KA12N{, ,. Thus, T
b3 b2
can be written on the right, if the definition of Siegel set is modified

appropriately.

2) Our definition of Siegel sets uses the upper-triangular group N, and
Theorem [Z3 puts I on the left. Then (I) uses the lower-triangular
group N7 (also called N™), and puts I on the right. Some authors
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reverse this, using N~ when I is on the left and using N when the
action on the right. However, to accomplish this, the inequality in
the definition of A, needs to be reversed. (See Exercise M and the
proof of Theorem [Z31.)

The following elementary observation is the crux of the proof of The-
orem [Z3T:

(7.3.3) Lemma. If L is any Z-lattice in R™, then there is an ordered basis
V1,...,Vyn of R™, such that
1) {v1,...,vn} generates L as an abelian group, and

2) [Iproji visill = %II proj;_, vill for 1 < i < n, where proj; : R" — V-
is the orthogonal projection onto the orthogonal complement of the

subspace V; spanned by {vi,v2,...,V;}.
Proof. Choose v; to be a nonzero vector of minimal length in £. Then
define the remaining vectors v», vs,..., v, by induction, as follows:
Given vy, vy,..., v, choose vi1 € L to make proj; vi;; as short as
possible, subject to the constraint that v;;; is linearly independent
from {vi,vy,...,v;i} (so projiL Vis1 1S nonzero).
We now verify (I) and (2).
() For each i, let £; be the abelian group generated by vy, vo,..., V;.

If £, + £, we may let i be minimal with £;,; # £ n V1. Then we
must have proj; Li+1 C proj; (£ nViip) (see Exercise D), so there is some
v € LN Vi, with proji vi+1 = k - proj; v for some k > 2 (see Exercise B).
This contradicts the minimality of || proj;- vii|.

(2) For simplicity, assume i = 1 (see Exercise @), and let v = proj; va,
S0 V2 = V5 + avy, with & € R. Obviously, there exists k € Z, such that
| — k| < 1/2. 1f || proji vall < 3llv1ll, then

v = kvill = llvy + (@ = k)vill < lvFll + [ = k| - [lvrl
1 1
< =lvill + =llvill = llv1dl.
2|| 1l 2|| 1l = llval
This contradicts the minimality of ||vq]|. O

Proof of Theorem [Z31. We wish to show G =T 60,1‘% =I'No,1 A12 K.
However, since the proof uses an action of G, and most readers prefer
to have this action on the left, we will instead prove an analogous result
with I on the right: G = @61 , I. Namely, given g € G,
b2
we will show g € KAy, Noq1 T,
where A; = {a'lacA}={a€Alai; <air1i1/cforallil.

For convenience, let £ = gZ", and let {&y,...,&,} be the standard
basis of R™. Lemma provides us with a sequence vq,..., v, of ele-

ments of L. From [Z333(), we see that, after multiplying g on the right
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by an element of I, we may assume
gei=vifori=1,...,n
(see Exercise B).
From the Iwasawa decomposition G = KAN (see Theorem [Z11), we
may write g = kau with k € K, a € A, and u € N. For simplicity, let us
assume k is trivial (see Exercise @), so

g =auwitha € Aand u € N.

Since g € AN, we know g is upper triangular (and its diagonal entries
are exactly the same as the diagonal entries of a), so

(€1,82,...,&) = (g&1,9€2,...,9¢&) = (V1,V2,...,v;) for all i.
This implies that the diagonal entry a;; of a is given by
aii = gii = [ proji_, gé&il = Il proj;_; vill

< 2| proji vit1ll = 2l proji g&is1ll = 2gis1,i41 = 2@is1,it1-
Therefore a € A7 ;.
Also, there exists y € I' 1 N, such that u € Ny, y (see Exercise B).
Therefore g = au € Ay, No1y € K Aj); Noa1T, as desired. O

(7.3.4) Remark. It can be shown that that the Siegel set &, 1 is a coarse
fundamental domain for SL(n, Z) in SL(n, R) (cf. Subsection [9.4{1)), but
this fact is not needed in the proof that SL(n,Z) is a lattice in SL(n, R).

Exercises for §7.3.

#1. Let

e K =S0(2), and

e ' =Ng ALK
Show that ‘F’is a coarse fundamental domain for SL(2,7) in SL(2, R)
if and only if the set F = N¢, ¢, A K of Example is a coarse
fundamental domain.
[Hint: Conjugate by [(1) (1)]]

#2. In the notation of Lemma [Z33, show that if X and Y are two sub-
groups of V;,1, such that
XcY, XnV;=YnV; and proj; X = proj; Y,

then X =Y.
#3. In the notation of Lemma 733, show that the group proj; (£LNVj41)
is cyclic.

[Hint: Since dimprojil Vis1 = 1, it suffices to show projl-L (LN Vjyq)is discrete.]
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#4. Prove Lemma [Z33(P) without assuming i = 1.
[Hint: Mod out V;_j, which is in the kernel of both proj;-; and proj;.]

#5. For g € GL(n,R), show g € GL(n, Z) if and only if gZ"™ < 7" and
g lzn c 7.

#6. For every n-element generating set {vi,...,v,} of the group 72",
show there exists y € SL(n, Z), such that ge; = +v; for every i.
[Hint: Show there exists y € GL(n,Z), such that g¢; = v; for every i.]

#7. Complete the proof of Theorem [Z31 (without assuming the ele-
ment k is trivial).

[Hint: The group K acts by isometries on R", so replacing {vi,...,v,} with its
image under an element of K does not affect the validity of Z33(R).]

#8. For all ¢ € R, show N = N ¢+1Nz.

§7.4. Elegant proof using nondivergence of unipotent orbits

We now present a very nice proof of Theorem [ZTT that relies on two key
facts: the Moore Ergodicity Theorem (E10103), and an important observa-
tion about orbits of unipotent elements (Theorem [Z2—7). The statement
of this observation will be more enlightening after some introductory
remarks.

(7.4.1) Example. Leta = [(2) 1(/)2], or, more generally, let a be any element
of SL(2, R) that is diagonalizable over R (and is not = Id). Then a has one
eigenvalue that is greater than 1, and one eigenvalue that is less than 1
(in absolute value), so it is obvious that there exist linearly independent

vectors v, and v_ in R2, such that

akv, - 0 and a *v_ - 0 ask — +c.

By the Mahler Compactness Criterion (E2-4), this implies that some of
the orbits of a on SL(2,R)/SL(2, Z) are “divergent” or “go off to infinity”
or “leave compact all sets” That is, there exists x € SL(2,R)/SL(2,Z),
such that, for every compact subset C of SL(2,R)/SL(2,7Z),

{keZ|a*x e C} is finite
(see Exercise M).

In contrast, if u = [(1) H, then it is clear that there does not exist a

nonzero vector v € R2, such that ukv — 0as k — . In fact, if v is not
fixed by u (i.e., if uv # v), then

|lukv] — o as k — +oo (7.4.2)

(see Exercise P). Therefore, it is not very difficult to show that none of
the orbits of u on SL(2,R)/SL(2,7) go off to infinity:
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(7.4.3) Proposition. Ifu is any unipotent element of SL(2, R), then, for all
x € SL(2,R)/SL(2,7), there is a compact subset C of SL(2,R)/SL(2,Z),
such that

{k ezt | ukx e C} is infinite.

Proof. We may assume u is nontrivial. Then, by passing to a conjugate
(and perhaps taking the inverse), we may assume u = [ (1) 1.

Choose a small neighborhood @ of 0in R? so that, for all g € SL(2,R),
there do not exist two linearly independent vectors in @ n gZ? (see Exer-
cise B). Since xZ? is discrete, we may assume (?is small enough that

Onx7? = {0}. (7.4.4)
Since (@ is open and 0 is a fixed point of u (and the action of u=! is
continuous), there exists » > 0, such that
B,(0) uu~1B,(0) c 0, (7.4.5)
where B, (0) is the open ball of radius » around 0. Let
C={ceSL2,R)/SL2,2) | cZ2n By (0) = {0} }.

The Mahler Compactness Criterion (B22-2) tells us that C is compact.
Given N e Z%, it suffices to show there exists k > 0, such that
uN+kx e C. That is,

we wish to show there exists k > 0, such that uN**x7% n B, (0) = {0}.

Let v be a nonzero vector of smallest length in uNx72. We may assume
lv|l < v (for otherwise we may let k = 0). Hence, (ZZ34) implies that v
is not fixed by u. Then, from (ZZ-2), we know there is some k > 0, such
that |[u*v|| = 7, and we may assume k is minimal with this property.
Therefore ||[uk-1v| <7, so u*¥'v € B, (0) < O by (ZZ3).

From the choice of @, we know that @ n uN*¥~1xZ does not contain
any vector that is linearly independent from uk~1v. Therefore uN+kxz?2
does not contain any nonzero vectors of length less than r (see Exer-
cise B), as desired. O

This result has a natural generalization to SL(n, R) (but the proof is
more difficult; see Section [Z3):
(7.4.6) Theorem (Margulis). Suppose

e U is a unipotent element of SL(n, R), and

e x € SL(n,R)/SL(n, 7).
Then there exists a compact subset C of SL(n,R)/SL(n,Z), such that

{k e 7" | ukx e C} is infinite.
In other words, every unipotent orbit visits some compact set infin-

itely many times. In fact, it can be shown that the orbit visits the compact
set quite often — it spends a nonzero fraction of its life in the set:
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(7.4.7) Theorem (Dani-Margulis). Suppose
e u is a unipotent element of SL(n, R), and
e x € SL(n,R)/SL(n,Z).
Then there exists a compact subset C of SL(n,R)/SL(n,Z), such that
o o#fkef2,...m) | ukxec]
liminf

m—o m

> 0.

Before saying anything about the proof of this important fact, let us
see how it implies the main result of this chapter:
Proof of Theorem [ZU1. Let

e X =SL(n,R)/SL(n,Z), and

e i be an SL(n, R)-invariant measure on X (see Proposition E13)).

We wish to show p(X) < oo.
Fix a nontrivial unipotent element u of SL(n, R). For each x € X and
compact C < X, let

#{ke{l,Z, ,m} uxeC}

m
Since X can be covered by countably many compact sets, Theorem 224
implies there is a compact set C, such that

pc(x) = liminf
M— o0

pc > 0 on a set of positive measure (7.4.8)
(see Exercise B). Letting Xc be the characteristic function of C, we have

ke{12 m}‘ukxec}
J pcdu = J lim inf du(x)

m-— oo m
{ke{l,Z,...,m})ukxeC} Fatou’s
< 1imﬁ1013f du(x) | Lemma
" 1X m (B6.4)
= hyly’{lﬁlol;lf % X(Xu—lc + Xy—2c+ -+ Xufmc) du
= liminfi (J Xy-1cdu + J Xy-—2cdu+ -+ -+ J Xuy-mc du)
m—-oco M X X
= hmlgfi HuICO) + p(u2C) + -+ p(uTmC0))

m
—hmlnfi(u(C) +U(C) + - +u(C))
=u(C)

< 00,

so pc € LUX, p).
It is easy to see that p¢ is u-invariant (see Exercise @), so the Moore
Ergodicity Theorem (BE-IT03) implies that pc¢ is constant (a.e.). Also, from
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(ZZR), we know that the constant is not 0. Therefore, we have a nonzero
constant function that is in $1(X, u), which tells us that p(X) is finite. O

Now, to begin our discussion of the proof of Theorem [ZZ—2, we intro-
duce a bit of terminology and notation, and make some simple observa-
tions. First of all, let us restate the result by using the Mahler Compact-
ness Criterion (E2-7), and also replace the discrete times {1,2,3,...,m}
with a continuous interval [0, T']. Exercise [0 shows that this new version
implies the original.

(7.4.9) Definition. For any Z-lattice £ in R", there is some g € GL(n, R),
such that £ = gZ™. We say £ is unimodular if detg = +1.
(7.4.10) Theorem (restatement of Theorem [ZZ4). Suppose
e {ul} is a one-parameter unipotent subgroup of SL(n,R),
e [ is a unimodular Z-lattice in R", and
e lis the usual Lebesgue measure (i.e., length) on R.
Then there exists a neighborhood O of 0 in R", such that

I({tel0,T]| u'Lno=1{0}})
lim inf . >0

(7.4.11) Notation. Suppose W is a discrete subgroup of R™.
e Avector w € W is primitive in W if Aw ¢ W, for 0 < A < 1.
o Let W be the set of primitive vectors in W.
o Let W* < W be a set of representatives that contains either w

or —w, but not both, for every w € Ww. (Note that W = —W; see
Exercise [1.)

For simplicity, let us assume now that n = 2 (see Section for a
discussion of the general case).

(7.4.12) Lemma.
1) There is a neighborhood 1 of 0 in R?, such that if W is any uni-
modular Z-lattice in R?, then #(W+ N (91) <1

2) Given any neighborhood O of 0 in R?, and any € > 0, there exists
a neighborhood @, of 0 in R?, such that if x € R?, and [a,b] is an
interval in R, such that there exists t € [a,b] with utx ¢ O, then

I({telabl | uxem!)<el({telabl | uxeanl).

Proof. () A unimodular Z-lattice in R? cannot contain two linearly inde-
pendent vectors of norm less than 1 (see Exercise I2).

(2) Note that u‘x moves at constant velocity along a straight line
(see Exercise 3). So we simply wish to choose % small enough that
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FIGURE 7.4A. Part (@) of Lemma [ZZT2: Any line segment
that reaches the boundary of the large disk has only a
small fraction of its length inside the tiny disk.

every line segment that reaches the boundary of ¢; has only a small
fraction of its length inside @, (cf. Figure [ZZA).

By making ¢?; smaller, there is no harm in assuming it is a disk cen-
tered at 0. Let R be the radius of %, and let @ be a disk of radius r
centered at 0, with » small enough that

2r
R—-7r
Then, for any line segment L that reaches both (?; and the boundary of @,
we have:

< E.

e the length of L n (% is < the diameter 27 of (%, and
e the length of L n @; is > the distance R — ¥ from 0 to 0.

Therefore, the segment of L that is in %, has length less than € times the
length of the segment that is ¢ (cf. Figure [ZZA). O

Proof of Theorem [ZZ10 when n = 2. Let () and @ be as described in
Lemma [ZZ2T2, with € = 1/2. We may assume ?; and % are convex, that
they are small enough that they contain no nonzero elements of £, and
that % < &.

Fix T € R*. For each x € f*, and k =1, 2, let

IX={te0,T]|xu' e}

Since @ is convex, and u'x traces out a line (see Exercise [3), we know
that IX is an interval (possibly empty). Note that:

1) from Lemma ZZTA) (and the fact that € = 1/2), we see that
l(I2) < 31(I}), and

2) from Lemma ZZT2(W), we see that I} is disjoint from I, whenever
X1 #+ X2.
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Therefore
> Ll(Iy)
L{tel0, T u' LN #1{0}) = > 1UI2) < > -
xel+ xel+
T
1 L
( U ) 5 1([0,T]) = 5
xel+

So, passing to the complement, we have

I({te[0,T]|utLn @ =1{0}) = ~. O

ST

Unfortunately, Theorem [ZZ11 is not nearly as easy to prove when
n > 2, because two basic complications arise.

1)

2)

The first difficulty is that the u!-orbit of a vector is usually not a
straight line (contrary to Exercise I3 for n = 2). However, the coor-
dinates of u'x are always polynomials of bounded degree (see Ex-
ercise [[4), so, for any fixed vector x,

the function ||ufx||? is a polynomial in ¢

and the degree of this polynomial is bounded (independent of x).
Therefore, it is easy to prove that the appropriate analogue of
Lemma [ZZT2(2) holds even if n > 2 (see Exercise [3J), so the non-
linearity is not a major problem.

A much more serious difficulty is the failure of ZZT2(M): if n > 2,
then a unimodular lattice in R™ may have two linearly independent
primitive vectors that are very small (see Exercise [H). This means
that the sets I2 in the above proof may not be disjoint, which is
a major problem. It is solved by looking at not only single vec-
tors, but at larger sets of linearly independent vectors. More pre-
cisely, we look at the subgroups generated by sets of small vectors
in ut £. These subgroups can intersect in rather complicated ways,
and sorting this out requires a study of chains of these subgroups
(ordered by inclusion) and a rather delicate proof by induction. Al-
though the proof is completely elementary, using only some obser-
vations about polynomial functions, it is very clever and intricate.
The main idea is presented in Section [Z3.

Exercises for §7.4.

#1.

Suppose a € SL(2, R), and there exist linearly independent vectors
v, and v_ in R?, such that

a™, - 0asn — +o and av_ -~ 0asn — —oo.
Show 3 x € SL(2,R)/SL(2,7Z), such that {n € Z | a"x € C}is
finite, for every compact subset C of SL(2,R)/SL(2,Z).



#2.

#3.

#4.

#5.

#06.

#7.

#8.

#9.
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[Hint: There exists g € SL(2, R) that takes the two standard basis vectors of R? to
vectors that are scalar multiples of vy and v_.]

Letu = [} | ]. For every v € R?, show that either

e v =vforalln ez or
e [u™v| - 0asn — o,

Generalize the preceding exercise to SL(n, R):
Let u be any unipotent element of SL(n, R). For every v € R",

show that either

e y'v =vforalln ez or

o |[UW]| - 0 asn — .
[Hint: Each coordinate of u"™v is a polynomial function of »n, and non-constant
polynomials cannot be bounded.]
Suppose v and v; are linearly independent vectors in 72, and we
have g € SL(2,R). Show that if ||gv;|| < 1, then ||gv2| > 1.
[Hint: Since g € SL(2, R), the area of the parallelogram spanned by the vectors gv;
and gv» is the same as the area of the parallelogram spanned by vy and v, which
is an integer.]
Near the end of the proof of Proposition [ZZ3, verify the assertion
that u™*Nx72 does not contain any nonzero vectors of length less
than r.

[Hint: If |lwl| < 7, then u" 'v and u~lw are linearly independent vectors in
OnuttN-1x7]

Prove (ZZ3R).

[Hint: X cannot be the union of countably many sets of measure 0.]

In the proof of Theorem [Z{T], verify (directly from the definition)
that p¢ is u-invariant.

Show Definition 724 is well-defined. More precisely, given any
g1,92 € GL(n,R), such that g;Z" = g>7™", show
detg; € {1} < detg, € {£1}.

Assume

e u! is a one-parameter unipotent subgroup of G,

e x € G/T,and

e C*is a compact subset of G/T.
Show that if

l({te[0,T Ix e C*
(fter ]7|ﬁux€ })>0,

then there is a compact subset C of G/I, such that
#{ke(1,2,....,m} | ukx e C}
lim inf

Moo m
[Hint: Let C = Upepo1; utC*.]

liminf
T—o00

> 0.
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#10.

#11.

#12.

#13.

#14.

#15.

#16.

#17.

#18.
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Show Theorem [ZZ_11 implies Theorem [ZZ 4.
[Hint: Mahler Compactness Criterion (B22—2) and Exercise @.]

Suppose w is a nonzero element of a discrete subgroup W of R™.
Show the following are equivalent:

a) w is primitive in W.

b) RwnW = {Zw}.

c) If kw' = w, for some k € Zand w’ € W, then k € {+1}.

d) —w is primitive in W.

Suppose v and w are linearly independent vectors in a unimodular
Z-lattice in R2. Show |lv|| - |lw] = 1.

Show that if x € R? and {u'} is any nontrivial one-parameter
unipotent subgroup of SL(2,R), then u!x moves at constant ve-
locity along a straight line.

[Hint: Calculate the coordinates of u!x after choosing a basis so that u! = [ (1) { ].]

Given n € 7Z*, show there is a constant D, such that if x € R", and
{u'}is any one-parameter unipotent subgroup of SL(7, R), then the
coordinates of u!x are polynomial functions of t, and the degrees
of these polynomials are < D.

[Hint: We have u! = exp(tv) for some v € Matyx, (R). Furthermore, v is nilpotent,
because u! is unipotent, so the power series exp(tv) is just a polynomial.]

Given R, D, € > 0, show there exists > 0, such that if

e f(x) is a (real) polynomial of degree < D, and

e [a,b]is an interval in R, with | f(t)| = R for some t € [a, b],
then

L({tela,b]l | If(OI<7r}) <el({t€la,b]l| [f(D)]<R}).

[Hint: If not, then taking a limit yields a polynomial of degree D that vanishes on
a set of positive measure, but is > R at some point.]

For every € > 0, find a unimodular Z-lattice £ in R" with n — 1
linearly independent primitive vectors of norm < e.

Assume G is defined over Q (and connected). Show there exist
e a finite-dimensional real vector space V,
e avector v in V, and
e a homomorphism p: SL(£,R) — SL(V),
such that
a) G = Stabsp,r)(v)°, and
b) p(SL(4,Z))v is discrete.
[Hint: See the hint to Exercise BZZES, and choose v to be the exterior product of
polynomials with integer coefficients.]
Show that if G is defined over Q, then the natural embedding
G/Gz = SL(¢,R)/SL(¥,7) is a proper map.
[Hint: Use Exercise [4.]
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#19. Prove Theorem BEIT1 under the additional assumption that G is
simple.
[Hint: The natural embedding G/Gz — SL(¢,R)/SL(¥,Z) is a proper map (see Ex-
ercise [d), so the G-invariant measure on G/Gz provides a G-invariant measure u
on SL(#,R)/SL(#,Z), such that all compact sets have finite measure. The proof of
Theorem [ZTD (with u € G) implies that p is finite.]

#20. Prove Theorem EIT1 (without assuming that G is simple).

[Hint: You may assume Exercise TIT2#I0 (without proof). This provides a version
of the Moore Ergodicity Theorem for groups that are not simple.]

§7.5. Proof that unipotent orbits return to a compact set

The proof of Theorem [ZZ11 is rather complicated. To provide the gist
of the argument, while eliminating some of the estimates that obscure
the main ideas, we prove only Theorem [ZZ8, which is a qualitative
version of the result. (The quantitative conclusion in Theorem [ZZ10
makes additional use of observations similar to Lemma [ZZT2(?) and Ex-
ercise [Z4#I3.) This section is optional, because none of the material is
needed elsewhere in the book.

By the Mahler Compactness Criterion (and an appropriate modifica-
tion of Exercise [ZZ789), it suffices to prove the following statement:

(7.5.1) Theorem (restatement of Theorem [Z48). Suppose
e {u'} is a one-parameter unipotent subgroup of SL(n,R), and
e [ is a unimodular Z-lattice in R™.
Then there exists a neighborhood @ of 0 in R™, such that
{t eR" ’ ulLno@=1{0} } is unbounded.

(7.5.2) Definition. Suppose

e W is a discrete subgroup of R", and

e kis the dimension of the linear span (W) of W.
We make the following definitions:

1) We define an inner product on the exterior power /\¥ R" by declaring
{&i, A&y A+ - A€} to be an orthonormal basis, where {¢1,...,&,}
is the standard basis of R™.

2) Since Ak W is cyclic (see Exercise B), it has a generator wy A - - - AWk
that is unique up to sign, and we define

dW) = llwi A -+ - Awgll.
(However, by convention, we let d({0}) = 1.)
(7.5.3) Remark. If W is the cyclic group generated by a nonzero vec-

tor w € R", then it is obvious that d(W) = |fw|. Therefore, Defini-
tion Z52(P) presents a notion that generalizes the norm of a vector.
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The following generalization of Exercise [ZZ#I4 is straightforward to
prove (see Exercise H).

(7.5.4) Lemma. Suppose
e {u'} is a one-parameter unipotent subgroup of SL(n,R), and
e W is a discrete subgroup of R™.

Then d(utw)? is a polynomial function of t, and the degree of this poly-
nomial is bounded by a constant D that depends only on n.

Lemma [Z54 allows us to make good use of the following two ba-
sic properties of polynomials of bounded degree. (See Exercises B and [@
for the proofs.) The first follows from the observation that polynomi-
als of bounded degree form a finite-dimensional real vector space, so
any closed, bounded subset is compact. The second uses the fact that
nonzero polynomials of degree D cannot have more than D zeroes.

(7.5.5) Lemma. Suppose D € 7%, € > 0, and f is any real polynomial of
degree < D. Then there exists C > 1, depending only on D and €, such
that, forall T,T > O:

1) If f(s) =T for some s € [0,T], and |f(T)| < T/C, then there exists
t € [0,€T), such that | f(T +t)] =71/C.
2) If |f(s)] < T forall s € [0,T], and f(T) = T, then there exists
T, € [T,4PT], such that
T/C<|f(t)| =7C forallt € [T1,2T1].

(7.5.6) Notation. Suppose £ is a Z-lattice in R".

e A subgroup W of Lis full if it is the intersection of £ with a vector
subspace of R™. (This is equivalent to requiring £/W to be torsion-
free.)

e Let 8(L) be the collection of all full, nontrivial subgroups of L,
partially ordered by inclusion.

e For W c £, we let (W), be the (unique) smallest full subgroup of £
that contains W. In other words, (W), = (W) N L.

The following simple observation uses full subgroups of £ to provide
a crucial lower bound on the norms of vectors (see Exercise B):
d((W,v)r)
a((wye) -

We can now prove Theorem [Z51. However, to avoid the need for a
proof by induction, we assume n = 3.

(7.5.7) Lemma. If W € (L) andv € L~ W, then |v]| =

Proof of Theorem [Z5.1 when n = 3. It is easy to see that
{Wes8(L)|dW) <1} is finite
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(see Exercise ). Hence, there exists T > 0, such that
d(Ww) > 1,forall W € 8§(L).
Let:
e D be the constant provided by Lemma 224,
e ¢ =40+ and
e C be the constant provided by Lemma [Z53.
Given T > 0, it suffices to find R > 0, such that ||[u?*Rv| = 1T/C? for all

nonzero v € L.
Let

D={WesL)|du'w)<t/C}.
We assume D + ¢ (otherwise, we could let R = 0). For each W € D,
Lemma [Z53(I) implies

there exists ty € [0,€T], such that d(u’ """ W) = t/C.

By choosing ty minimal, we may assume

AduT™tw) < 1/C forallt e [0, ty).
Since D is finite (see Exercise ), we may

fix some W* € D that maximizes ty.
From Lemma [Z535(1), we see that there exists

Ty € [tw+, 4Pty ] [twng],

such that
T/C? <du™W*) <7C? forallt € [Ty,2T].

Since dim(L) = n = 3, we know dim(W™) is either 1 or 2. To be
concrete, let us assume it is 2. (See Exercise [l for the other case.) Then,
forany v € £~ W', we have (W*,v), = L, so Lemma [Z54 implies
luT+ty| = 1/t for all t € [Ty,2T;]. Hence, it is only the vectors in W+
that can be small anywhere in this interval.

Therefore, we may assume there is some nonzero vo € W, such
that |u”+Tivg|| < T/C?% There is no harm in assuming that Zv is a
full subgroup of £. Then, since T = ty+, the maximality of ty+ im-
plies |[uT*Svg|| = T/C for some s € [0, T1]. Therefore, Lemma Z55(1)
provides some t € [Ty,2T1], such that |[u”*tvg| = T/C2. Now, for any
nonzerov € L,

either (v)r = (Vo)r, Or (Vo,V)r =W, or (V,W") = L.

In each case, we see (by using Lemma [Z54 in the latter two cases) that
lulttv|| > t/C2Gf T < 1). O

Exercises for §7.5.

#1. Show that Theorem [Z5 is a corollary of Theorem [ZZ-10.
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#2.

#3.

#4.

#5.
#6.

#7.

#8.

#9.

#10.

#11.

7. SL(n,Z) IS A LATTICE IN SL(n, R)

Use Theorem [Z51 (and not Theorem [Z4—4 or Theorem [ZZ-10) to
show that if {u!}, X, and x are as in Theorem 724, then there
exists a compact subset K of X, such that

{t eR* ‘ ulx e K} is unbounded.

In the notation of Definition 7752, show AW is cyclic.

[Hint: If {w1, ..., wy} generates W, then \¥W is generated by w1 A wp A - - - A Wi.]

Suppose
e W is (nontrivial) discrete subgroup of R", and
e M €SO(n).

Show d(MW) = d(W).

Prove Lemma [Z274.

Prove Lemma [Z55(M).

[Hint: Since rescaling does not change the degree of a polynomial, we may assume
T = 1 = 1. If C does not exist, then taking a limit results in a polynomial of
degree < D that is 1 at some point of [0, 1], but vanishes on all of [1,1 + €].]

Prove Lemma [Z55(2).

[Hint: Assume, without loss of generality, that T = T = 1. The polynomials of
degree < D thatare < 1on [0, 1] form a compact set, so they are uniformly bounded
by some constant on [1,4P+1]. For Ty € {1,4,...,4P}, the intervals [T7,2T>] are
pairwise disjoint. If f is not bounded away from 0 on any of these intervals, then
taking a limit results in a nonzero polynomial of degree < D that vanishes at D + 1
distinct points.]

Prove Lemma [Z54.

[Hint: This is easyif W is generated by scalar multiples of the standard basis vectors
of R¥, and v € R¥*+1]

Show that if £ is a discrete subgroup of R, and 1 < k < n, then
N¢L is a discrete subset of AKR™.
[Hint: By choosing an appropriate basis, you can assume £ < 7Z".]

Assume

e [is a Z-lattice in R", and

e 6>0.
Show there are only finitely many full subgroups of £, such that
aw) < 6.
[Hint: Exercise 8. (If W1 and W> are two different k-dimensional subspaces of R",
then NKW; = NWo.)]

Complete the proof of Theorem [Z5 in the special case where
dim(W*) =1 (and n = 3).

[Hint: If there exist v € L~ W' and t € [T1,2T1], such that |ul*tv| < 1/C, then
A(uT+Rw+* v)y) = T/C for some R € [T1,2T11]
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Notes

See [, §1] or [[4, §4.2] for more information on Siegel sets in SL(n, R),
and the proof of Theorem [ZT that appears in Sections [Z2 and [Z3.

A brief discussion of the connection with the reduction theory of
positive-definite quadratic forms can be found in [I, §2, pp. 20-24].

See [Z, Prop. 3.12, p. 129] for a proof of Theorem [ZI1. A generaliza-
tion to other semisimple groups will be stated in Theorem BZ1.

The clever proof in Section [Z4 is by G. A. Margulis [6, Rem. 3.12(1I)].

Theorem [ZZ® is due to G.A.Margulis [5]. (Section [Z3 is adapted
from the nice exposition in [B, Appendix, pp. 162-173], where all de-
tails can be found.) The result had been announced previously (without
proof), and J. Tits [8, p. 59] commented that:

“For a couple of years, Margulis’ proof remained unpub-
lished and every attempt by other specialists to supply it
failed. When it finally appeared ..., the proof came as a
great surprise, both for being rather short and using no
sophisticated technique: it can be read without any spe-
cial knowledge and gives a good idea of the extraordinary
inventiveness shown by Margulis throughout his work”

The quantitative version stated in Theorem [ZZ—4 is due to S.G.Dani
[2]. See [4] for arecent generalization, and applications to number theory.
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Chapter 8

Real Rank

§8.1. R-split tori and R-rank

(8.1.1) Definition. A closed, connected subgroup T of G is a torus if it
is diagonalizable over C; that is, if there exists g € GL(n, C), such that
gTg~! consists entirely of diagonal matrices. A torus is R-split if it is
diagonalizable over R; that is, if g may be chosen to be in GL(n, R).

(8.1.2) Examples.
1) Let A be the identity component of the group of diagonal matrices
in SL(m, R). Then A is obviously an R-split torus.
2) SO(1,1)° is an R-split torus in SL(2, R) (see Exercise M).
3) SO(2) is a torus in SL(2, R) that is not R-split. It is diagonalizable
over C (see Exercise B), but not over R (see Exercise B).
(8.1.3) Warning. An R-split torus is never homeomorphic to the topolo-
gist’s torus T" (except in the trivial case n = 0).

(8.1.4) Remarks.

1) If T is an R-split torus, then every element of T is hyperbolic
(see Definition B5). In particular, no nonidentity element of T
is elliptic or unipotent.

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).
You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none.


http://creativecommons.org/publicdomain/zero/1.0/
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2) When G is compact, every torus in G is isomorphic to SO(2)", for
some n. This is homeomorphic to T", which is the reason for the
terminology “torus’

It is a key fact in the theory of semisimple Lie groups that maximal
R-split tori are conjugate:

(8.1.5) Theorem. If A; and A, are maximal R-split tori in G, then there
exists g € G, such that A1 = gA»g~.

This implies that all maximal R-split tori have the same dimension,
which is called the “real rank” (or “R-rank”) of G, and is denoted rankg G:

(8.1.6) Definition. rankpy G is the dimension of a maximal R-split torus A
in G. This is independent of both the choice of A and the choice of the
embedding of G in SL(¥, R).

(8.1.7) Examples.

1) rankg (SL(n,R)) = n — 1. (Let A be the identity component of the
group of all diagonal matrices in SL(7n, R).)

2) We have rankg(SL(n,C)) = rankg(SL(n,H)) = n — 1. This is
because only the real diagonal matrices remain diagonal when
SL(n,C) or SL(n, H) is embedded in SL(2n, R) or SL(4n, R), respec-
tively.

3) rankg G = 0 if and only if G is compact (see Exercise H).

(8.1.8) Proposition. rankg SO(m,n) = min{m, n}.

Proof. Since SO(m, n) contains a copy of SO(1, 1)minim.n} (see Exercise @),
and the identity component of this subgroup is an R-split torus (cf. Ex-
ercise M), we have

rankg SO(m, n) = dim(SO(1, 1)™{™")° — min{m, n}.

We now establish the reverse inequality. Let A be a maximal R-split
torus. We may assume A is nontrivial. (Otherwise rankg SO(m,n) = 0,
so the desired inequality is obvious.) Therefore, there is some nontrivial
a € A. Since a is diagonalizable over R, and nontrivial, there is an eigen-
vector v of a, such that av # v; hence, av = Av for some A # 1. Now, if
we let (- | -);un be an SO(m, n)-invariant bilinear form on R™", we have

V| V)mn =@V | aV)mn = AV | AV) i = A5V [ V)n.
By choosing a to be near e, we may assume A ~ 1, so A # —1. Since,
by assumption, we know A = 1, this implies A2 # 1. So we must have
(V| vV)mn = 0; that is, v is an isotropic vector. Hence, we have shown
that if the real rank is > 1, then there is an isotropic vector in R™*",

By arguing more carefully, it is not difficult to see that if the real
rank is at least k, then there is a k-dimensional subspace of R™*" that
consists entirely of isotropic vectors (see Exercise Id). Such a subspace
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is said to be totally isotropic. The maximum dimension of a totally
isotropic subspace is min{m, n} (see Exercise [Il), so we conclude that
min{m,n} > rankg SO(m, n), as desired. O

(8.1.9) Remarks.

1)

2)

3)

Other classical groups, not just SO(m,n), have the property that
their real rank is the maximal dimension of a totally isotropic sub-
space. More concretely, we have
rankg SU(m, n) = rankg Sp(m,n) = min{m, n}.

The Mostow Rigidity Theorem (1) will tell us that if T is (iso-
morphic to) a lattice in both G and Gy, then G° is isomorphic to G},
modulo compact groups. Modding out a compact subgroup does
not affect the real rank (cf. Exercise M), so this implies that the real
rank of G is uniquely determined by the algebraic structure of T.

Although it is not usually very useful in practice, we now state an
explicit relationship between I' and rankg G. Let S, be the set of all
elements y of I, such that the centralizer Cr(y) is commensurable
to a subgroup of the free abelian group Z" of rank v. Then it can
be shown that

rankRG:mjn{rzO

I' is covered by finitely
many translates of S, |-

We omit the proof, which is based on the very useful (and nontriv-
ial) fact that if T is any maximal torus of G, then there exists g € G,
such that gTg~'/(I ngTg~!) is compact.

Exercises for §8.1.

#1.

#2.
#3.

#4.
#5.

Show that the identity component of SO(1, 1) is an R-split torus.

[Hint: Let g = H _11] Alternatively, note that each element of SO(1,1) is a sym-

metric matrix (hence, diagonalizable via an orthogonal matrix), and use the fact
that any set of commuting diagonalizable matrices is simultaneously diagonaliz-
able.]

For g = H _ii]’ show every element of g SO(2)g~"! is diagonal.

Show that SO(2) is not diagonalizable over R.
[Hint: If T is diagonalizable over R, then eigenvalues of the elements of T are real.]

Show that every R-split torus is abelian.

Suppose
e T is an R-split torus in G, and
e Ais a maximal R-split torus in G.
Show that T is conjugate to a subgroup of A.

[Hint: By considering dimension, it is obvious that T is contained in some maximal
R-split torus of G.]
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#6.
#7.

#8.

#9.

#10.

#11.

#12.
#13.

#14.
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Show that every maximal R-split torus in G is almost Zariski closed.

Assume m > n. Then m + n > 2n, so there is a natural embed-
ding of SO(1,1)" in SL(m + n, R). Show that SO(m, n) contains a
conjugate of this copy of SO(1,1)™

[Hint: Permute the basis vectors.]

Prove, directly from Definition BT, that if G; is conjugate to G»
in GL(¢, R), then rankg (G1) = rankg (G2).

Show rankg G = 0 if and only if G is compact.
[Hint: Remarks B52 and BEZH(P).]

Show that if rankg SO(m,n) = 7, then there is an r-dimensional
subspace V of R™*" such that (v | w)mn =0foral v,w € V.

[Hint: Because A is diagonalizable over R, there is a basis {v1,..., Um+n} of R"*"
whose elements are eigenvectors for every element of A. Since dim A = 7, we may
assume, after renumbering, that for all A1,...,A, € R*, there exists a € A, such
that av; = A;v;, for 1 < i < 7. This implies (v1,..., vy ) is totally isotropic.]

Show that if V is a subspace of R™*" that is totally isotropic for
(- | -)mn, then dimV < min{m, n}.
[Hint: If v # 0 and the last n coordinates of v are 0, then (v | v)m,n > 0]

Show rankg (G1 X G») = rankg G; + rankg Go.

Show rankg G > 1 if and only if G contains a subgroup that is
isogenous to SL(2, R).
[Hint: Remark BEZ8.]

Show that I contains a subgroup that is isomorphic to Z", where
v = rankg G.
[Hint: You may assume the fact stated in the last sentence of Remark BET9(B).]

§8.2. Groups of higher real rank

In some situations, there is a certain subset S of G, such that the central-
izer of each element of S is well-behaved, and it would be helpful to know
that these centralizers generate G. The results in this section illustrate
that an assumption on the real rank of G may be exactly what is needed.
(However, we will often only prove the special case where G = SL(3, R).
A reader familiar with the theory of “real roots” should have no difficulty
generalizing the arguments.)

(8.2.1) Proposition. Let A be a maximal R-split torus in G. Then we have
rankg G > 2 if and only if there exist nontrivial elements a; and a; of A,
such that G = (Cg(a1),Cc(az)).
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Proof. (=) Assume, for simplicity, that G = SL(3, R). (See Exercise D(@) for
another special case.) Then we may assume A is the group of diagonal
matrices (after replacing it by a conjugate). Let

2 0 0| 1/4 0 O
ay = 0 2 0 and ay = 0 2 0
0 0 1/4 0 0 2
Then
* % O] *x 0 0
Colap)=|* *x O and Cgla) =10 % %
0 0 =% 0 *x

These generate G.
(<) Suppose rankg G = 1, so dimA = 1. Then, since A is almost
Zariski closed (and contains (a;)), we have Cg(a1) = Cg(A) = Cg(az), so

(Cg(ar),Cglaz)) = Cg(A).

It is obvious that C;(A) # G (because the center of G is finite, and there-
fore cannot contain the infinite group A). O

The following explicit description of Cg(A) will be used in some of
the proofs.

(8.2.2) Lemma. If A is any maximal R-split torus in G, then Cg(A) = AXC,
where C is compact.

Proof. (optional) A subgroup of SL(#, R) is said to be reductive if it is isoge-
nous to M x T, where M is semisimple and T is a torus. It is known that
the centralizer of any torus is reductive (see Exercise @), so, if we assume,
for simplicity, that Cg (A) is connected, then we may write Cg(A) = M XA,
where M is reductive (see Exercise B). The maximality of A implies that M
does not contain any R-split tori, so M is compact (see Exercise B1Fd). [

(8.2.3) Proposition (see Exercise B). rankg G > 2 if and only if there exist
a nontrivial hyperbolic element a and a nontrivial unipotent element u,
such that au = ua.

For use in the proof of the proposition that follows it, we mention a
very useful characterization of a somewhat different flavor:

(8.2.4) Lemma (see Exercise H). rankg G < 1 if and only if every nontriv-
ial unipotent subgroup of G is contained in a unique maximal unipotent
subgroup.

(8.2.5) Proposition. rankg G > 2 if and only if there exist nontrivial unipo-
tent subgroups Uy, ..., Uy, such that

e (Uy,...,Ux) =G, and

e U; centralizes Ui, for each i.
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Proof. (=) Assume, for simplicity, that G = SL(3,R). Then we take the
sequence

1 %0 10 * 100 100 100 100
0101,1010], 01|, [x10(, 010, [01O0].
001 001 001 001 * 01 0*1

(«) Since U; commutes with Uj;q, we know that (U;, U;+1) is unipo-
tent, so, if rankg G = 1, then it is contained in a unique maximal unipo-
tent subgroup U; of G. Since U; and U;, 1 both contain U;, 1, we conclude
that U; = Ui, for all i. Hence, (Uq, ..., Ug) is contained in the unipotent
group Ui, and is therefore not all of G. O

(8.2.6) Remark. See Lemma 654 for yet another result of the same type,
which will be used in the proof of the Margulis Superrigidity Theorem in
Section I64. A quite different characterization, based on the existence
of subgroups of the form SL(2, R) x R", appears in Exercise I3Z#2, and
is used in proving Kazhdan’s Property (T') in Chapter I3.

We know that SL(2, R) is the smallest group of real rank one (see Exer-
cise BIF#I3). However, the smallest group of real rank two is not unique:

(8.2.7) Proposition. Assume G is simple. Then rankg G > 2 if and only if
G contains a subgroup that is isogenous to either SL(3,R) or SO(2, 3).

Exercises for §8.2.

#1. Prove the following results in the special case where G = G; X G,
and rankg G; = 1 for each i.
a) Proposition BZ1(=)
b) Proposition BZ3(=)
¢) Lemma BZ4(<)
d) Proposition BZ35(=)

#2. (optional) It is known that if M is a subgroup that is almost Zariski
closed, and MT = M, then M is reductive (cf. Corollary BZH). As-
suming this, show that if T is a subgroup of the group of diagonal
matrices, and GT = G, then C;(T) is reductive.

#3. (optional) Suppose M is reductive, and A is an R-split torus in the
center of M. Show there exists a reductive subgroup L of M°, such
that M° = L X A.

[Hint: Up to isogeny, write M = Mgy x T, with A  T. Then it suffices to show
T = E x A for some E. You may assume, without proof, that, since T is a connected,
abelian Lie group, it is isomorphic to R x T" for some m and n.]

#4. a) Prove Proposition BZ3(=) under the additional assumption
that G = SL(3, R).
b) Prove Proposition BZZ3(<).
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#5. Find a nontrivial unipotent subgroup of SL(3, R) that is contained
in two different maximal unipotent subgroups.

#6. (Assumes the theory of real roots) Prove the general case of the
following results.
a) Lemma
b) Proposition BZ1I(=)
¢) Proposition B2Z3(=)
d) Lemma BZ24
e) Proposition BZ3(=)

#7. Show (without assuming G is simple): rankg G > 2 if and only
if G contains a subgroup that is isogenous to either SL(3,R) or
SL(2,R) x SL(2, R).

[Hint: Proposition BZ. You may assume, without proof, that SO(2, 2) is isogenous
to SL(2,R) x SL(2,R).]

§8.3. Groups of real rank one

As a complement to Section B2, here is an explicit list of the simple
groups of real rank one.

(8.3.1) Theorem. If G is simple, and rankg G = 1, then G is isogenous to
either

e SO(1,n) for somen = 2,

e SU(1,n) for somen = 2,

e Sp(1,n) for somen = 2, or

. F4‘20 (also known as F4 1), a certain exceptional group.
(8.3.2) Remark. The special linear groups SL(2,R), SL(2,C) and SL(2, H)

have real rank one, but they are already on the list under different names,
because

1) SL(2,R) is isogenous to SO(1,2) and SU(1,1),
2) SL(2,C) is isogenous to SO(1,3) and Sp(1,1), and
3) SL(2,H) is isogenous to SO(1,4).
(8.3.3) Remark. Each of the simple groups of real rank one has a very

important geometric realization. Namely, SO(1,n), SU(1,n), Sp(1,n),
and F4; (respectively) are isogenous to the isometry groups of?:

1) (real) hyperbolic n-space $H",
2) complex hyperbolic n-space C$H",
3) quaternionic hyperbolic n-space H$H", and

4) the Cayley plane, which can be thought of as the hyperbolic plane
over the (nonassociative) ring O of Cayley octonions.
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§8.4. Minimal parabolic subgroups

The group of upper-triangular matrices plays a very important role in the
study of SL(n,R). In this section, we introduce subgroups that play the
same role in other semisimple Lie groups:

(8.4.1) Definition. Let A be a maximal R-split torus of G, and let a be a
generic element of A, by which we mean that Cs(a) = C¢(A). Then the
corresponding minimal parabolic subgroup of G is

PzigeG

This is a Zariski closed subgroup of G.

limsup |[a "ga™| < o } . (8.4.2)
Nn— o0

(8.4.3) Theorem. All minimal parabolic subgroups of G are conjugate.

(8.4.4) Examples.

1) The group of upper triangular matrices is a minimal parabolic sub-
group of SL(n, R). To see this, let A be the group of diagonal ma-
trices, and choose a € Awitha;; > ax2 > -+ > ann > 0(see Ex-
ercise ).

2) It is easier to describe a minimal parabolic subgroup of SO(1,n)
if we replace Id,, ,, with a different symmetric matrix of the same
signature: let G = SO(A; R), for

0 0 1
A=|0 Idm-1n)xm-1y O
1 0 0

Then G is conjugate to SO(1, n) (see Exercise H), the (1-dimensional)
group of diagonal matrices in G form a maximal R-split torus, and
a minimal parabolic subgroup in G is

t * *
0 SO(n-1) =
0 0 1/t

(see Exercise D).

The following result explains that a minimal parabolic subgroup of
a classical group is simply the stabilizer of a (certain kind of) flag. Re-
call that a subspace W of a vector space V, equipped with a bilinear (or
Hermitian) form (- | -), is said to be totally isotropic if (W | W) = Q.

(8.4.5) Theorem (see Exercise B).

1) A subgroup P of SL(n,R) is a minimal parabolic if and only if there
isachain Vo C V1 C - - - C Vy, of subspaces of R" (with dimV; = 1),
such that

P={geSL(n,R)| Vi, gV;i=V;}.
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Similarly for SL(n,C) and SL(n,H), taking chains of subspaces in
C™ or H", respectively.

2) A subgroup P of SO(m,n) is a minimal parabolic if and only if there
isachainVy C Vi C - - - C V, of totally isotropic subspaces of R"™*"
(with dimV; = i and v = min{m, n}), such that

P={geSO(m,n)| Vi, gVi=V;}.
Similarly for SO(n,C), SO(n,H), Sp(2m, R), Sp(2m,C), SU(m,n)
and Sp(m,n).

Note that any upper triangular matrix in SL(72, R) can be written
uniquely in the form mau, where
¢ abelongs to the R-split torus A of diagonal matrices whose nonzero
entries are positive,
e m is in the finite group M consisting of diagonal matrices whose
nonzero entries are +1, and
e u belongs to the unipotent group N of upper triangular matrices
with 1’s on the diagonal.
The elements of every minimal parabolic subgroup have a decomposition
of this form, except that the subgroup M may need to be compact, instead
of only finite:

(8.4.6) Theorem (Langlands decomposition). If P is a minimal parabolic
subgroup of G, then we may write it in the form P = Cc(A) N = MAN,
where

e A is a maximal R-split torus,

e M is a compact subgroup of Cg(A), and

e N is the unique maximal unipotent subgroup of P.

Furthermore, N is a maximal unipotent subgroup of G, and, for some
generic a € A, we have

N = {u eG %151010 a "ua =e } (8.4.7)

Before discussing the proof (which is not so important for our pur-
poses), let us consider a few examples:

(8.4.8) Example.

1) If G = SL(n,C), then, for the Langlands decomposition of the
group P of upper-triangular matrices, we may let:

¢ Abe the group of diagonal matrices in G whose nonzero entries
are positive real numbers (just as for SL(n, R)),

e M be the group of diagonal matrices in G whose nonzero en-
tries have absolute value 1, and

e N be the group of upper triangular matrices with 1’s on the
diagonal.
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The same description applies to G = SL(n, H) (and, actually, also

to SL(n, R)).
2) Assume m < m, and let G = SO(A; R), where
0 0 Jm 0 .1 1
A= 0 Idn-mxmn-my 0| and Jpy =
Jm 0 0 10

(and the size of the matrix J,, is m X m). Then G is conjugate to
SO(m, n) (see Exercise ), and a minimal parabolic P of G is:

b # x b € GL(m, R) is upper triangular,
0 k k € SO(n —m)
0 0 bt

where xT = J,,(x~1)T J,,,, so, for example,
diag(b1,...,bm)t = diag(1/bym,...,1/b1).

Hence, we may let
e A= {diag(a,...,am,0,...,0,1/am,...,1/a1) | a;i > 0},
e M=SO(n—-—m)x{x1}™ and
e N be the group of upper triangular matrices with 1’s on the
diagonal that are in G.

Proof of Theorem B4 (optional). Choose a generic element a of A sat-
isfying (8272), and define N as in (82=7). Then, since a is diagonalizable
over R, it is not difficult to see that P = Cg(a) N (see Exercise H). Since
a is a generic element of A, this means P = Cs(A) N.

It is easy to verify that N is normal in P (see Exercise B); then, since
P/N = Cg(A) = A x (compact) (see Lemma BZ2), and therefore has no
nontrivial unipotent elements, it is clear that N contains every unipotent
element of P. Conversely, the definition of N implies that it is unipotent
(see Exercise @). Therefore, N is the unique maximal unipotent subgroup
of P.

Suppose U is a unipotent subgroup of G that properly contains N.
Since unipotent subgroups are nilpotent (see Exercise M), then Ny (N)
properly contains N (see Exercise [). However, it can be shown that
NG(N) = P (see Exercise B), so this implies /Ny (N) is a unipotent sub-
group of P that properly contains N, which contradicts the conclusion of
the preceding paragraph. d

The subgroups A and N that appear in the Langlands decomposition
of P are two components of the Iwasawa decomposition of G:
(8.4.9) Theorem (Iwasawa decomposition). Let

e K be a maximal compact subgroup of G,

e A be a maximal R-split torus, and
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e N be a maximal unipotent subgroup that is normalized by A.

Then G = KAN.
In fact, every g € G has a unique representation of the form g = kau
withk € K,a € A, andu € N.

(8.4.10) Remark. A stronger statement is true: if we define a function
@P:KxXAXN - Gby @(k,a,u) = kau, then @ is a (real analytic) dif-
feomorphism. Indeed, Theorem tells us that @ is a bijection, and
it is obviously real analytic. It is not so obvious that the inverse of @ is
also real analytic, but this is proved in Exercise when G = SL(n, R),
and the general case can be obtained by choosing an embedding of G
in SL(n, R) for which the subgroups K, A, and N of G are equal to the
intersection of G with the corresponding subgroups of SL(n, R).

The Iwasawa decomposition implies KP = G (since AN < P), so it has
the following important consequence:

(8.4.11) Corollary. If P is any minimal parabolic subgroup of G, then G /P
is compact.

(8.4.12) Remark. A subgroup of G is called parabolic if it contains a
minimal parabolic subgroup.

1) Corollary implies that if Q is any parabolic subgroup, then
G/Q is compact. The converse does not hold. (For example, if
P = MAN is a minimal parabolic, then G/(AN) is compact, but
AN is not parabolic unless M is trivial.) However, passing to the
“complexification” does yield the converse: Q is parabolic if and
only if G¢/Qc is compact. Furthermore, Q is parabolic if and only
if Q¢ contains a maximal solvable subgroup (“Borel subgroup”)
of Gc.

2) All parabolic subgroups can be described fairly completely (there
are only finitely many that contain any given minimal parabolic),
but we do not need the more general theory.

Exercises for §8.4.

#1. Let a be a diagonal matrix as described in Example B2 (), and
show that the corresponding minimal parabolic subgroup is pre-
cisely the group of upper triangular matrices.

#2. Show that the subgroup at the end of Example BZ-4() is indeed a
minimal parabolic subgroup of SO(A; R).

#3. Show the minimal parabolic subgroups of each of the following
groups are as described in Theorem B23:
a) SL(n, R).
b) SO(m,n).



188 8. REAL RANK

[Hint: It suffices to find one minimal parabolic subgroup in order to understand
all of them (see Theorem BZ3).]

#4. For A as in Example BZ8(2), show that SO(A;R) is conjugate to
SO(m, n).
[Hint: Let o = 1/+/2, and define v; to be: &(e; +ep41-i) fori <m,e;form <i<mn,
and x(e; —en+1-i) for i > n. Then viTAvi is 1 for i <m, and is —1 for i > n.]

#5. (optional) For P, a, and N as in the proof of Theorem BZH, show

P = Cg(a)N.

[Hint: Given g € P, show that a "ga™ converges to some element ¢ of Cg(a).
Also show c~1g € N. You may assume a is diagonal, with a1 = ax» = - - - > app
(why?).]

#6. For P, a, and N as in the proof of Theorem 841, show N is a normal
subgroup of P.

#7. Show that a subgroup N satisfying (84-2) must be unipotent.

[Hint: u has the same characteristic polynomial as a " "ua".]

#8. For P and N as in Theorem BZ3(P), show P = Ng(N).

[Hint: P is the stabilizer of a certain flag, and the subgroup N also uniquely deter-
mines this same flag.]

#9. Show that every unipotent subgroup of SL(#, R) is nilpotent. (Recall
that a group N is nilpotent if there is a series

{e} =No<:--<aN,=N

of subgroups of N, such that [N, Ny] € Ni_; for each k.)
[Hint: Engel’s Theorem (B523).]

#10. Show that if N is a proper subgroup of a nilpotent group U, then
Ny(N) & N.
[Hint: If [N, U] < N, then Uy normalizes N.]

#11. Assume K is a maximal compact subgroup of G. Show:
a) Gis diffeomorphic to the cartesian product K x R™, for some n,
b) G/K is diffeomorphic to R", for some n,
¢) G is connected if and only if K is connected, and
d) G is simply connected if and only if K is simply connected.
[Hint: Remark BZT11.]

Notes

The comprehensive treatise of Borel and Tits [0 is the standard ref-
erence on rank, parabolic subgroups, and other fundamental properties
of reductive groups over any field. See [5, §7.7, pp. 474-487] for a dis-
cussion of parabolic subgroups of Lie groups (which is the special case
in which the field is R).

Remark BTU(B) is due to Prasad-Raghunathan [[4, Thms. 2.8 and 3.9].



REFERENCES 189

Proof’s of the Iwasawa decomposition for both SL(», R) (ZI1) and the
general case (829) can be found in [B, Prop. 3.12, p. 129, and Thm. 3.9,
p. 131]. (Iwasawa’s original proof is in [4, §3].) The decomposition also
appears in many textbooks on Lie groups. In particular, Remark 8210
is proved in [B, Thm. 6.5.1, pp. 270-271].

Regarding Remark BZ-T2(m), the obvious cocompact subgroups of G
are parabolic subgroups and (cocompact) lattices. See [8] for a short
proof that every cocompact subgroup is a combination of these two
types. (A similar result had been proved previously in [?, (5.1a)].)
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Chapter 9

Q-Rank

Algebraically, the definition of real rank extends in a straightforward way
to a notion of rank over any field: if G is defined over F, then we can talk
about rankr G. In the study of arithmetic groups, we assume G is defined
over Q, and the corresponding Q-rank is an important invariant of the
associated arithmetic group I' = Gz.

Disclaimer. The reading of this chapter may be postponed without severe consequences
(and can even be skipped entirely), because the material here will not arise elsewhere in this
book (except marginally) other than in Chapter [, where a coarse fundamental domain
for I will be constructed. Furthermore, unlike the other chapters in this part of the book,

the topic is of importance only for arithmetic groups and closely related subjects, not a
broad range of areas of mathematics.

§9.1. Qrank

(9.1.1) Definition. Assume G is defined over Q. A closed, connected sub-
group T of G is a Q-split torus if
e T is defined over Q, and

e Tis diagonalizable over Q. (That is, there exists g € GL(¥, Q), such
that gTg~! consists entirely of diagonal matrices.)

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: Real rank and minimal parabolic
subgroups (Chapter B), and groups defined over Q (Definition E12).


http://creativecommons.org/publicdomain/zero/1.0/
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(9.1.2) Example.
1) SO(1,1)° is a Q-split torus, because g SO(1,1)g~! consists of diag-

onal matrices if g = H _11]

2) Although it is obvious that every Q-split torus is an R-split torus,
the converse is not true (even if the torus is defined over Q). For
example, let T = SO(x? — 2y?;R)°. Then T is defined over Q, and
it is R-split (because it is conjugate to SO(1, 1)°). However, it is not
Q-split. To see this, note that [% ‘31] € Tq, but the eigenvalues of
this matrix are irrational (namely, 3 + 2+/2), so this rational matrix
is not diagonalizable over Q.

The following key fact implies that the maximal Q-split tori of G all
have the same dimension (which is called the “Q-rank”):

(9.1.3) Theorem. Assume G is defined over Q. If S1 and S»> are maximal
Q-split tori in G, then S; = gS>g~" for some g € Gq.
(9.1.4) Definition (for arithmetic lattices). Assume

¢ G is defined over Q, and

e I'is commensurable to Gy.
Then rankgq I' is the dimension of any maximal Q-split torus in G.

(More generally, if ¢: G/K = G'/K’, where K and K’ are compact,
and ¢ (T) is commensurable to G (see Definition 52I-19), then rankq I is
the dimension of any maximal Q-split torus in G'.)

(9.1.5) Examples.

1) rankq(SL(n,Z)) = n — 1. (Let S be the identity component of the
group of all diagonal matrices in SL(7n, R).)

2) Let G = SO(Q;R), where Q(x1,...,xy) is some quadratic form
on R, such that Q is defined over Q. (That is, all of the coefficients
of Q are rational.) Then G is defined over Q, and the discussion
of Example BT4, with Q in place of R, shows that rankq Gz is the
maximum dimension of a totally isotropic Q-subspace of QY.

(a) For example, rankq SO(m,n)z = min{m,n}. Similarly,

rankq SU(m,n)z = rankq Sp(m,n)z = min{m, n}.
So rankq Gz = rankg G for these groups.

(b) Let G = SO(x? + x5 + x3 — 7x3;R). Then, because the con-
gruence a® + b? + ¢ + d2 = 0 (mod 8) implies that all the
variables are even, it is not difficult to see that this quadratic
form has no nonzero isotropic vectors in Q* (see Exercise H).
This means rankg Gz = 0.

Note, however, that G is isomorphic to SO(3, 1), so its real
rank is 1. Therefore, rankq Gz # rankg G.
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3) rankq ' = 0 if and only if G/T is compact (see Exercise H).

4) rankq SU(B, T; Op) is the dimension (over D) of a maximal totally
isotropic subspace of D", if Bis a T-Hermitian form on D", and D is
a division algebra over F.

(9.1.6) Warning. In analogy with Exercise BT#I3 and Exercise b3#4(\),
one might suppose that rankgI' # 0 if and only if T contains a subgroup
that is isomorphic to SL(2,Z) (modulo finite groups). However, this is
false: every lattice in G contains a subgroup that is abstractly commen-
surable to SL(2,7) (unless G is compact). Namely, the Tits Alternative
tells us that I contains a nonabelian free subgroup (see Corollary E292),
and it is well known that SL(2, Z) has a finite-index subgroup that is free
(see Exercise E9#ET).

(9.1.7) Remarks.

1) The definition of rankgq I' is somewhat indirect, because the Q-split
tori of G are not subgroups of I. Therefore, it would be more correct
to say that we have defined rankq Gq.

2) Although different embeddings of G in SL(¢, R) can yield maximal
Q-split tori of different dimensions, the theory of algebraic groups
shows that the Q-rank is the same for all of the embeddings in
which T’ is commensurable to Gz (see Corollary &Z_7); therefore,
rankg I' is well defined as a function of T.

3) We have 0 < rankq I < rankg G, since every Q-split torus is R-split.
It can be shown that:
(a) The extreme values are always realized: there exist lattices I}
and I[;- in G, such that rankgIp = 0 and rankq I, = rankg G
(see Theorem IR—Z1 and Exercise [@).
(b) In some cases, there are intermediate values that are not re-
alized. For example, the Q-rank of every lattice in SO(2,5) is
either O or 2 (see Corollary I862).

4) Suppose I' is defined by restriction of scalars (55-8), so I' is com-
mensurable to Gy, where G’ is defined over a finite extension F
of Q, and O is the ring of integers of F. Then rankq I is equal to the
“F-rank” of G’, or, in other words, the maximal dimension (over F,)
of a subgroup of G’ that is diagonalizable over F. For example, the
Q-rank of SO(B; ©) is the dimension of a maximal totally isotropic
F-subspace of F".

Definition €14 applies only to arithmetic lattices, but the Margulis
Arithmeticity Theorem (5=21) allows the definition to be extended to all
lattices:

(9.1.8) Definition (see Exercise B). Up to isogeny, and modulo the maxi-
mal compact factor of G, we may write G = G1 X+ - - XGg, so thatI; =T'nG;
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is an irreducible lattice in G; for i = 1,...,7 (see Proposition E33). We
let
rankg(I') = rankqg(I7) + - - - + rankq(I}),
where:
1) If G/T; is compact, then rankqI; = 0.
2) If G/T; is not compact, and rankg G = 1, then rankqgI; = 1.
3) If G/I; is not compact, and rankg G > 2, then the Margulis Arith-
meticity Theorem (E2Z1) implies that I; is arithmetic, so Defini-
tion T4 applies.

Exercises for §9.1.

#1. Show that if T is a Q-split torus, then 77 is finite.

#2. Give an example of a torus T (that is defined over Q), such that Ty
is infinite.

#3. Verify the claim in Example BT3(2) that rankqg SO(Q;Z) is the di-
mension of a maximal totally isotropic subspace of QY.

#4. Verify the claim in Example EET5(PH) that (0,0, 0, 0) is the only so-
lution in Q* of the equation x? + x3 + x% — 7x% = 0.

#5. Prove Example BT 3(B).
[Hint: (=) See Exercise B3#A. («) If a is diagonalizable over Q, then there exists
v € 7!, such thata™v — Oasn — + 00, so the Mahler Compactness Criterion (E=2=2)
implies G/Gz is not compact.]
#6. Show that Definition B-I-8 is consistent with Definition &ELI-4. More
precisely, assume I is arithmetic, and prove:
a) G/T is compact if and only if rankqg ' = 0.
b) If G/T is not compact, and rankg G = 1, then rankq I’ = 1.
¢) f T =T; x I is reducible, then rankq I' = rankq I7 + rankgq I>.

#7. Suppose G is classical. Show that, for the natural embeddings de-
scribed in Examples and BZ4, we have rankq Gz = rankg G.
[Hint: Example E13(m,2)).]

§9.2. Lattices of higher Qrank

This section closely parallels Section B2, because the results there on
semisimple groups of higher real rank can be extended in a natural way
to lattices of higher Q-rank.

(9.2.1) Assumption. Throughout this section, if the statement of a result
mentions Gq, Gz, or a Q-split torus in G, then G is assumed to be defined
over Q.
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(9.2.2) Proposition (see Exercise D). Let S be any maximal Q-split torus
in G. Then we have rankqg Gz > 2 if and only if there exist nontrivial
elements sy and s, of Sq, such that G = (C¢(s1), Cs(52)).

(9.2.3) Lemma. If S is any maximal Q-split torus in G, then we have
Cg(S)=SXxXM =S8 xCL, where

e M, C, and L are defined over Q,

e rankg M =0,

e L is semisimple, and

e C is a torus that is the identity component of the center of M.

(9.2.4) Proposition (see Exercise B). rankg Gz > 2 if and only if there exist
nontrivial elements a and u of Gq, such that a belongs to a Q-split torus
of G, u is unipotent, and au = ua.

(9.2.5) Lemma (see Exercise B). Assume I' is commensurable to Gz. The
following are equivalent:

1) rankqgI < 1.
2) Every nontrivial unipotent subgroup of T is contained in a unique
maximal unipotent subgroup of T.

3) Every nontrivial unipotent Q-subgroup of G is contained in a unique
maximal unipotent Q-subgroup of G.

(9.2.6) Proposition. rankq I' > 2 if and only if T contains nontrivial unipo-
tent subgroups Uy, ..., Uy, such that

e (Uy,...,Uy) is a finite-index subgroup of T, and
e U; centralizes Ui, for each i.

(9.2.7) Proposition. Assume T is irreducible. Then rankqI > 2 if and
only if T contains a subgroup that is commensurable to either SL(3,Z) or
SO(2,3)z.

(9.2.8) Remarks.

1) Unfortunately, the list of lattices of Q-rank one is longer and much
more complicated than the list of simple groups of real rank one
in Theorem B3. The classical arithmetic groups (of any Q-rank)
are described in Chapter I8 (see the table on BEd), but there are
also infinitely many different lattices of Q-rank one in exceptional
groups of type Eg and Fy4, and the nonarithmetic lattices of Q-rank
one in SO(1,n) and SU(1,n) have not yet been classified.

2) Suppose rankgI' < 1. Proposition B228 shows that it is impossi-
ble to find a generating set {y1,..., Y, } for I', such that each y; is
nontrivial and unipotent, and y; commutes with y;,i, for each i.
However, it is possible, in some cases, to find a generating set
{y1,...,y,} that has all of these properties except the requirement
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that y; is unipotent. For example, this is easy (up to finite index) if
I' is reducible (see Exercise [@).

Exercises for §9.2.

#1.

#2

#3.

#4

#5
#6

#7

#8

a) Prove Proposition EZ2(=) for the special case where we have
Gq = SL(3,Q).
b) Prove Proposition BCZ2(<).

Prove the following results in the special case where I' = I X Iy,
and rankg [; > 1 for each i.

a) Proposition Z2(=)

b) Proposition 224(=)

¢) Lemma BZ3(<«)

d) Proposition BZZ8(=)

a) Prove Proposition BL2Z4(=) in the special case where we have
Gg = SL(3,Q).
b) Prove Proposition 224(<).

For each of these groups, find a nontrivial unipotent subgroup that
is contained in two different maximal unipotent subgroups.

a) SL(3,Q).

b) SL(3, 7).

Prove Proposition EZ8.

(Assumes the theory of Q-roots) Prove the general case of the fol-
lowing results.

a) Proposition 22

b) Lemma B23.

¢) Proposition B224(=).

d) Lemma @223,

e) Proposition ELZ4A.

f) Proposition B2

Show that if T is reducible, and G has no compact factors, then

there is a finite subset {y1,..., Yy, } of [, such that

a) {y1,...,Yr} generates a finite-index subgroup of T,
b) each y; is nontrivial, and
¢) y; commutes with y;, 1, for each i.

. Let T be a torsion-free, cocompact lattice in SL(3,R), constructed

as in Proposition B=Z4. Show that if y; and y» are any nontrivial el-
ements of T, such that y; commutes with y,, then Cr(y1) = Cr(y2).
(Hence, it is impossible to find a sequence of nontrivial generators
of I, such that each generator commutes with the next.)
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[Hint: Let D = ¢(L3), so D is a division ring of degree 3 over Q. Then Cp(y1) is
subring of D that contains the field Q[y; ] in its center. Because the degree of D is
prime, we conclude that Cp(y1) = Q[y1] € Cp(y2).l

§9.3. Minimal parabolic Q-subgroups

Minimal parabolic subgroups of G play an important role in the study of
arithmetic subgroups, even when they are not defined over Q. However,
for some purposes (especially when we construct a coarse fundamental
domain in Chapter I3), we want a subgroup that is both defined over Q
and is similar to a minimal parabolic subgroup:

(9.3.1) Definition (cf. Definition BZ1). Let S be a maximal Q-split torus
of G, and let a be a generic element of S. Then the corresponding minimal
parabolic Q-subgroup of G is

P:{geG

This is a Zariski closed subgroup of G that is defined over Q.

limsup |[a "ga"| < } .
n— oo

(9.3.2) Examples.

1) Since the group of upper triangular matrices is a minimal parabolic
Q-subgroup of SL(n, R), we see that, in this case, the minimal par-
abolic Q-subgroup is also a minimal parabolic subgroup.

2) This is a special case of the fact that if rankq ' = rankg G, then
every minimal parabolic Q-subgroup is also a minimal parabolic
subgroup (see Exercise ).

3) (Cf. Theorem BZ3H(@)) Suppose Q is a nondegenerate quadratic
form on Q! that is defined over Q. A subgroup P of SO(Q;R)
is a minimal parabolic Q-subgroup if and only if there is a chain
Vo C Vi C - -+ CV, of totally isotropic subspaces of Q?, such that

e dimV; = i, for each i,
e V, is a maximal totally isotropic subspace, and
e P={geSO(Q;R) | Vi, gVi=V;}L

We have a Langlands decomposition over Q. However, unlike in the
real case, where the subgroup M is compact (i.e., rankg M = 0), we now
have a subgroup that may be noncompact (but whose Q-rank is 0):

(9.3.3) Theorem (Langlands decomposition). If P is a minimal parabolic
Q-subgroup of G, then we may write P in the form P = MSN = LCSN,
where

1) M, S, N, L, and C are defined over Q,

2) S is a maximal Q-split torus,

3) rankg M =0,
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4) MS = Cg(S),

5) M = LC, where L is semisimple and C is the identity component of
the center of M, and

6) N is the unipotent radical of P; that is, the unique maximal unipo-
tent normal subgroup of P.

Furthermore, for some a € Sq, we have

P = {g € G | limsup la "ga™| < oo} (9.3.4)
n—oo
and
N={geG ’ }lizgloa*”ga”=e}. (9.3.5)

Proof. The examples and proof are essentially the same as for the real
Langlands decomposition (8228), but with Q in the place of R, and groups
of Q-rank 0 in place of compact groups. O

(9.3.6) Proposition. Assume G is defined over Q, and P is a minimal par-
abolic Q-subgroup, with Langlands decomposition P = MSN. Then:

1) Every minimal parabolic Q-subgroup of G is Gg-conjugate to P.

2) Every unipotent Q-subgroup of G is Gq-conjugate to a subgroup
of N.

3) P = Ng(N) = Ng(P).

(9.3.7) Definition. For P, M, S, N, L, and C as in Theorem B33, the posi-
tive Weyl chamber of S (with respect to P) is the set S* of all elements a
of S, such that P is contained in the right-hand side of (834). (Equiva-
lently, it is the closure of the set of elements a of S for which equality
holds in (8334).)

Exercises for §9.3.

#1. Show that if we have rankq I' = rankg G, then every minimal para-
bolic Q-subgroup is also a minimal parabolic subgroup.
[Hint: Choose A to be both a maximal Q-split torus and a maximal R-split torus.]

#2. Show that the converse of Exercise [ is not true.
[Hint: Proposition BEBl]

#3. Show that every minimal parabolic Q-subgroup of G contains a min-
imal parabolic subgroup.

[Hint: Choose a maximal Q-split torus S. Then choose a maximal R-split torus A
that contains S. There is a generic element of A that is very close to a generic
element of S.]
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#4. If Pis any minimal parabolic Q-subgroup of G, and K is any maximal
compact subgroup of G, show that G = KP.
[Hint: The Iwasawa decomposition (8239) tells us G = KAN, and some conjugate
of AN is contained in P.]

#5. Assume the notation of Theorem B33. Show that if rankq G = 1,
then there is an isomorphism ¢: § > R, such that ¢(S*) = R*.

#6. Show that if U is a unipotent Q-subgroup of SL(#, R), then Uy is a
cocompact lattice in U.
[Hint: Induct on the nilpotence class of U (see Exercise BZ#4d). Note that the expo-
nential map exp: u — U is a polynomial with rational coefficients, as is its inverse,
so Uz is Zariski dense in U.]

#7. Show that if U; and U, are maximal unipotent subgroups of I', and
[ is commensurable to Gz, then there exists g € Ggq, such that
g~ 'U1g is commensurable to Us.

§9.4. Isogenies over Q

We have seen examples in which G is isogenous (or even isomorphic)
to G’, but the arithmetic subgroup Gy is very different from G5. (For
example, it may be the case that Gz is cocompact, but G5 is not.) This
does not happen if the isogeny is defined over Q, in the following sense:

(9.4.1) Definition.
1) A homomorphism ¢: G — G is defined over Qif ¢(Gq) < Gg.
2) G, is isogenous to G, over Q (denoted G; =g G?) if there is a

group G that is defined over Q, and isogenies ¢;: G — G; that are
defined over Q.

The following result shows that any isogeny over Q can be thought
of as a polynomial with rational coefficients.

(9.4.2) Definition. A function ¢: G — G’ is a polynomial with rational
coefficients if
e the matrix entries of ¢(g) can be written as polynomial functions
of the coefficients of g, and
e the polynomials can be chosen so that all of their coefficients are
in Q.
(9.4.3) Proposition. If G| =q G, then there is a group G that is defined
over Q, and isogenies ¢p;: G — G; for i = 1,2, that are polynomials with
rational coefficients.

Proof. Given isogenies ¢;: G — G; that are defined over Q, let
G ={($1(9),$2(9) | geG°}.
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This is defined over Q, since G(’Q is dense (see Proposition bI8). The
projection maps ¢;: G' — G; defined by ¢;(g1,g2) = gi are polynomials
with rational coefficients. O

(9.4.4) Warning. There are examples where ¢: G; — G» is an isomor-
phism, and ¢ is a polynomial, but ¢! is not a polynomial. For example,
the natural homomorphism ¢: SL(3,R) — PSL(3, R)° is an isomorphism
(because SL(3, R) has no center). However, there is no isomorphism from
PSL(3,C) to SL(3,C) (because one of these groups has a center and the
other does not), so the inverse of ¢ cannot be a polynomial (because it
does not extend to a well-defined map between the complexifications).

The following fundamental result implies that different embeddings
of G with the same Q-points have essentially the same Z-points.

(9.4.5) Proposition. Suppose ¢: G — G’ is a surjective homomorphism
that is defined over Q. Then ¢(Gz) is commensurable to G.

Proof. From the proof of Proposition B23, we see that, after replacing G
with an isogenous group, we may assume that ¢ is a polynomial with
rational Coefﬁaents Assume G < SL(¢,R) and G’ < SL(m, R).

Define ¢> G — Mat,xm (R) by d)(x) ¢ (x —1d). Then d) is a polyno-
mial, so it is defined on all of Mat,«,(R). Since the coefficients are in Q,
there is some nonzero n € N, such that q§(n Mat;x,(R)) S Matyxm (Z).
Therefore, letting I}, be the “principal congruence subgroup” of Gz of
level n (see page BB), we have ¢ (I},) < G7.

Because I, is a lattice in G (and ¢ (I};,) is discrete), we know that ¢ (I7,)
is a lattice in G'. Since ¢ (I};) < G, this implies that ¢ (I},) is commensu-
rable to G5 (see Exercise B T#I10). O

The following fundamental fact is, unfortunately, not obvious from
our definition of “Q-split”
(9.4.6) Proposition. Assume

e T and H are connected Lie groups that are defined over Q, and

o T'=qH.
Then T is a Q-split torus if and only if H is a Q-split torus.

(9.4.7) Corollary. If G =q G’, then rankg Gz = rankqg G7.

Proof. Suppose G is a Q-group, and there is an isogeny @;: G — G; that
is defined over Q for i = 1, 2. If T; is a maximal Q-split torus in G, then
Proposition &Zd implies that @» (cpl‘1 (Ty)°) is a Q-split torus in G». Since
isogeny preserves dimension, we conclude that rankq G < rankg G». By
symmetry, equality must hold. O
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Notes

As was mentioned in the notes of Chapter B, the comprehensive trea-
tise of Borel and Tits [B] is the standard reference on rank, parabolic sub-
groups, and other fundamental properties of reductive groups over any
field (including Q). Abbreviated accounts can be found in many texts,
including [T, §10 and §11] and [2, Chap. 5].

See [0, Rem. 8.11, p. 60] for a proof of Proposition B-23.
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Chapter 10

Quasi-lsometries

§10.1. Word metric and quasi-isometries

The field of Geometric Group Theory equips groups with a metric, which
allows them to be studied as metric spaces:

(10.1.1) Definition. Fix a finite generating set S of I' (see Theorem E—Z10),
and assume, for simplicity, that S is symmetric, which means s=! € §
for every s € S.
1) For g € I, the word length of g is the length ¢ of the shortest
sequence (s, S2,...,Sp) of elements of S, such that sys,---5sp = g.
It is denoted ¢(g). (By convention, £(e) = 0.)
2) For g,h €T, we let d(g,h) = £(g—'h). This defines a metric on T,
called the word metric (see Exercise ).

The word metric has the important property that the action of I' on
itself by left-translations is an action by isometries (see Exercise D).

(10.1.2) Remark. The word metric can be pictured geometrically, by con-
structing a Cayley graph. Namely, Cay(I;S) is a certain 1-dimensional
simplicial complex (or “graph”):

Recall: The Standing Assumptions (BT on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥¢, R).
You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none.


http://creativecommons.org/publicdomain/zero/1.0/
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e its O-skeleton is I', and
e it has a 1-simplex (or “edge”) of length 1 joining v to vs, for every
velands € S.
Define a metric on Cay(T; S) by letting d(x, ) be the length of the short-
est path from x to . Then the restriction of this metric to the 0-skeleton
is precisely the word metric on I.

Unfortunately, the word metric on I is not canonical, because it de-
pends on the choice of the generating set S (see Exercise B). However,
it is “almost” well-defined, in that changing the generating set can only
distort the distances by a bounded factor. This idea is formalized in the
following notion:

(10.1.3) Definition. Let X; and X, be metric spaces, with metrics d;
and d», respectively.

1) A function f: X; — X is a quasi-isometry if there is a constant
C > 0, such that
(a) for all x,y € X; with d;(x,y) > C, we have

1 do(fx). f(3)
c< dix,y) -©

and
(b) for all x» € X», there exists x; € Xj, such that
dz(f(Xﬂ,Xz) < C.
Note that f need not be continuous (and need not be one-to-one or
onto, either).
2) We say X; is quasi-isometric to X, (and write X; ¢ X>) if there
is a quasi-isometry from X; to X». This is an equivalence relation
(see Exercise H).

(10.1.4) Proposition (see Exercise B). Let

e S and S» be two finite, symmetric generating sets for T, and

e d; be the word metric on T corresponding to the generating set S;.
Then (T,d1) = (T, d>).

Therefore, if I'; and I; are quasi-isometric for some choice of the word
metrics on the two groups, then they are quasi-isometric for all choices
of the word metrics. So it makes sense to say that two groups are quasi-
isometric, without any mention of generating sets (as long as both of the
groups are finitely generated).

(10.1.5) Remark. A property is said to be geometric if is is invariant
under quasi-isometry. For example, we will see (in Proposition IZZ22
and Remark 3211, respectively) that amenability is a geometric prop-
erty, but Kazhdan’s property (T) is not. In other words, if A; % A, and
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/A1 is amenable, then A, is amenable, but the same cannot be said for
Kazhdan’s property (T). In general, quasi-isometric groups can be very
different from each other, so most of the usual algebraic properties of
groups are not geometric.

Quasi-isometries also arise from cocompact actions. Before stating
the result, we introduce some terminology.

(10.1.6) Definition. Let (X, d) be a metric space, and let C > 0.
1) X is proper if the closed ball B, (x) is compact, for all r > 0 and

all x € X.
2) Letx,y € X. A (C)-coarse geodesic from x to vy is a finite sequence
X0,X1,...,Xn in X, such that xg = x, x,, = y, and

|d(xi,xj) = |i—jl| <C foralli,j.
3) X is (C-)coarsely geodesic if, for all x,y € X, there is a C-coarse
geodesic from x to .

(10.1.7) Proposition (see Exercise B). Suppose
e (X,d) is a metric space that is proper and coarsely geodesic,

e I has a properly discontinuous action on X by isometries, such that
I'\X is compact, and

o d’ is a word metric onT.

Then (T,d’) % (X,d).
More precisely, for any basepoint xo € X, the map y — yxy is a quasi-
isometry fromT to X.

(10.1.8) Corollary. If G/T is compact, then the inclusionT — G is a quasi-
isometry, where we use any word metric on T, and we use any (coarsely
geodesic, proper) metric on G that is invariant under left-translations.

This implies that any two cocompact lattices in the same group are
quasi-isometric:

(10.1.9) Corollary. If It andI» are cocompact lattices in G, then I LT,

Proof. We have T} 2 G 21, s01 2 Iy by transitivity. O

We will see in Section I54 that the situation is usually very different
for lattices that are not cocompact: in most cases, there are infinitely
many different (noncocompact) lattices in G that are not quasi-isometric
to each other.

Any (coarsely geodesic, proper) metric on G provides a metric on I,
by restriction. In most cases, this restriction is the word metric (up to
quasi-isometry):
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(10.1.10) Theorem (Lubotzky-Mozes-Raghunathan). If rankg G = 2, and

I' is irreducible, then the inclusion T — G is a quasi-isometry onto its image.
The assumption that rankg G > 2 is essential:

(10.1.11) Example. Let
G =SL(2,R),
I' be a free subgroup of finite index in SL(2, Z) (see Exercise E29#3),

u:[l k}el‘,and

01

t
at = |:eO e(jt:| (S G
Then:

1) For any word metric dr on I, the function dr(u", e) grows linearly
with n, because I'is free.

2) For any left-invariant metric d¢ on G, the function dg (1", e) grows
only logarithmically, because al°8"ua 108" = 421,

Therefore, the restriction of dg to I' is not quasi-isometric to dr.

Exercises for §10.1.

#1. Show that the word metric is indeed a metric. More precisely, for
x,¥,z €T, show
d(x,y) =0, dix,y)=0 < x =y,
d(x,y)=d(y,x), dx,y) <d(x,z) +d(z,y).

#2. Assume d is a word metric on I' (with respect to a finite, symmetric
generating set S). Show thatd(ax,ay) = d(x,y)foralla,x,y €T.
[Warning: d(xa, ya) is usually not equal to d(x, y).]

#3. Assume T is infinite. Show there exist two word metrics d; and d»
on I (corresponding to finite, symmetric generating sets S; and S),
such that the metric space (I'1,d;) is not isometric to the metric
space (I, d»).

[Hint: A ball of radius » can have different cardinality for the two metrics.]
#4. Show that < is an equivalence relation.

#5. Prove Proposition T4,

[Hint: Show the identity map is a quasi-isometry from (I', d1 ) to (T, d2 ), by choosing
C so that dy (e,s) < C for each s € S».]

#6. Prove Proposition IT-T4.

[Hint: Assume S 2 {y | 3x € X, d(yx,x) < 3C},and I' - Bc(x) = X for all
x € X. Given xo, x1,...,xXn € Xwith d(x;,x;;1) < C, there exists y; € I, such that
d(yixo,xi) < C,s0 £(yn) <nl
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§10.2. Hyperbolic groups

Manifolds of negative sectional curvature play an important role in dif-
ferential geometry, both in applications and as a source of examples.
The triangles in these manifolds have a very special “thinness” property
that we will now explain. Groups whose triangles have this same prop-
erty are said to be “negatively curved; or, in our terminology, “Gromov
hyperbolic?

(10.2.1) Definition (Gromov). Let 6 > 0, and let X be a C-coarsely geodesic
metric space.

1) A (C-coarse) triangle abc in X is a set {Sap, Spc, Sac}, where sy, is a
C-coarse geodesic from x to y for x,y € {a, b, c}.

2) A triangle abc is é-thin if each of the three sides of the triangle is
contained in the (closed) 6-neighborhood of the union of the other
two sides. That is, each point in s, is at distance no more than &
from some point in s, U Sp¢, and similarly for s, and sp..

3) Xis Gromov hyperbolic if there exists some 6 > 0, such that every
(C-coarse) triangle in X is 6-thin.

(10.2.2) Theorem. The universal cover of any compact manifold of strictly
negative sectional curvature is Gromov hyperbolic.

Idea of proof. As anillustration, let us show that the hyperbolic plane $)2

is Gromov hyperbolic. We use the disk model.
Any three distinct points a, b, and c

on 0§)° are the vertices of an ideal triangle

(with geodesic sides). Choose a point p on

ab. Slnce the geodesic ray pa is asymptotic

to ca, there is some § > 0, such that ev-

ery point of pa is in the d-neighborhood of

ca. Similarly, every point of pb is in the

6-neighborhood of cb (after we enlarge 9).
Therefore, all of ab is in the §-neighborhood

of the union of the other two sides. By ap-
plying the same argument to the sides bc
and ac, we see there is some o, such that
the triangle abc is 6-thin.

Since the isometry group SL(2, R) acts transitively on the (unordered)
triples of distinct points on the boundary, we conclude that every ideal
triangle is 6-thin for this same value of 6. Having vertices on the bound-
ary is the worst-case scenario, so this implies that all geodesic triangles
in £ are §-thin. O
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The following important “shadowing property” tells us that “quasi-
geodesics” are always close to geodesics. Unfortunately, its proof is
somewhat lengthy, so we omit it. (See Exercises M and & for some weaker
results that are easier.)

(10.2.3) Theorem. Suppose
e X is a C-coarsely geodesic 8-hyperbolic metric space, and

e {x0,Xx1,...,Xn} is finite sequence of points in X, such that, for all i, j
we have: o
% ~C <d(xi,xj) <Cli— j| +C.

Then there exists C' > 0 (depending only on C and §), such that the set
{x0,X1,...,Xn} is contained in the C'-neighborhood of every C-coarse ge-
odesic from x to xi.

This implies that being Gromov hyperbolic is invariant under quasi-
isometry:

(10.2.4) Corollary (see Exercise B). Assume
e Xj and X» are coarsely geodesic metric spaces, and
e X1 2 Xo.

If X1 is Gromov hyperbolic, then X, is Gromov hyperbolic.

(10.2.5) Corollary. The fundamental group of any compact manifold M
of strictly negative sectional curvature is Gromov hyperbolic.

Proof. Since M is compact, the fundamental group 1 (M) acts cocom-
pactly on the universal cover M of M, so m (M) ¢ M (see Proposi-
tion MIT4). Now apply Theorem M2 and Corollary TI—24. O

This observation allows us to determine precisely which lattices are
Gromov hyperbolic:

(10.2.6) Proposition. I' is Gromov hyperbolic if and only if rankg G = 1
and either G /T’ is compact, or the unique noncompact simple factor of G
is isogenous to SL(2, R).

Sketch of proof. With a bit more theory than has been presented here,
it is not difficult to show that Gromov hyperbolic groups never contain a
subgroup isomorphic to Z X Z, so we may assume I is irreducible.

Case 1. Assume G /T is compact. From Proposition T4, we know that
I' is quasi-isometric to the symmetric space G/K associated to G.
e Ifrankg G = 1, then G/K has negative sectional curvature, bounded
away from 0, so it is Gromov hyperbolic.
e If rankg G > 2, then G/K contains 2-dimensional flats, so it is not
Gromov hyperbolic.
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Case 2. Assume G /T is not compact. (=) We may assume that G has no
compact factors. Let U be a maximal unipotent subgroup of I'. We know
that U does not contain a subgroup isomorphic to Z x Z. Also, since G/T
is not compact, we know U is infinite (see Remark B-49). Therefore, since
U is nilpotent (and torsion-free), it is easy to see that U must be cyclic.
It can be shown that this implies G is isogenous to SL(2, R).

(=) I'is virtually free, so it is Gromov hyperbolic (see Exercise B). [

Exercises for §10.2.

#1. Show that the coarse geodesic between two points in a Gromov hy-
perbolic space is coarsely unique. More precisely, given C, show
there is some C’ > 0, such that if y and y’ are two C-coarse
geodesics with the same endpoints, then y is contained in the C’-
neighborhood of y’.

[Hint: If a and b are the two endpoints, consider the (degenerate) triangle abb.]

#2. Show that if X is a C-coarsely geodesic §-hyperbolic space, and
C’ = C, then there exists ¢, such that every C’-coarse geodesic
from a to b is in the ¢'-neighborhood of every C-coarse geodesic
from a to b. (This is a generalization of Exercise [I.)

[Hint: For any point ¢ on a C’-coarse geodesic from a to b, there is a C-coarse
triangle abc. If c is not in the §-neighborhood of ab, then there exist a’,b’ € ab
that are distance less than & from points a’’ and b"’ on ac and bc, respectively,
such that d(a’,b’) < C + 1. Bound d(a’, c) by noting that ¢ is on the C"'-coarse

geodesic a’’c U cb”.]

#3. Show that free groups are Gromov hyperbolic.
[Hint: The word metric corresponding to a set of free generators is O-hyperbolic.]

#4. Prove Corollary 24,

[Hint: Use Theorem IIZ3 to show that coarse triangles in X» can be approximated
by coarse triangles in X7.]

Notes

Almost all of the material in this chapter can be found in any treat-
ment of geometric group theory, such as [5], [[2], or (more elementary) [[I].
A detailed treatment of this and much more is in [2].

The Lubotzky-Mozes-Raghunathan Theorem (IT1-10Q) is proved in [Y]
(or see [8] for an exposition of the special case where I' = SL(n, Z)).

See [3] for an introduction to the theory of Gromov hyperbolic groups,
or [4, B] for much more information. The notion of §-hyperbolic group
is credited to E.Rips, who also proved some of the basic properties (such
as that they are finitely presented), but much of the foundational work
in the subject was done by M. Gromov [B].

Proposition 28 is well known.
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Chapter 11

Unitary Representations

Unitary representations are of the utmost importance in the study of Lie
groups. For our purposes, one of the main applications is the proof of
the Moore Ergodicity Theorem (B-I13) in Section 12, but they are also
the foundation of the definition (and study) of Kazhdan’s Property (T)
in Chapter 3.

§11.1. Definitions

(11.1.1) Definition. Assume 7 is a Hilbert space, with inner product { | ),
and H is a Lie group.

1) U(H) is the group of unitary operators on .

2) A unitary representation of the Lie group H on the Hilbert space H
is a homomorphism 1t: H — U(H), such that the map h — 1t (h)p
is continuous, for each @ € H. (If we wish to spell out that a
unitary representation is on a particular Hilbert space {, we may
refer it as (1r, H ), rather than merely 17.)

3) The dimension of a unitary representation (1r, H ) is the dimension
of the Hilbert space H.

Recall: The Standing Assumptions (B0 on page BT) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).
You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none.


http://creativecommons.org/publicdomain/zero/1.0/
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4) Suppose (111, 1) and (112, H>) are unitary representations of H.
(a) The direct sum of the representations 71; and 177 is the unitary
representation 1; ® 1> of H on 7 & 7, that is defined by

(1 @ 2) (h) (@1, @2) = (M (W)@, T2 (h)P2),
for h € H and @; € H,.

(b) 1m; and 11> are isomorphic if there is a Hilbert-space isomor-
phism T: H, — #, that intertwines the two representations.
This means T(m (h)p) = m(h) T(p), for all h € H and
Q@ < 5‘[1.

(11.1.2) Example. Every group H has a trivial representation, denoted
by 1 (or 1g, if it will avoid confusion). It is a unitary representation on
the 1-dimensional Hilbert space C, and is defined by 1(h)@ = @ for all
heHand p € C.

Here is a more interesting example:

(11.1.3) Example. Suppose
e H is a Lie group,
e H acts continuously on a locally compact, metrizable space X, and
e uis an H-invariant Radon measure on X.
Then there is a unitary representation of H on $%(X, u), defined by
(mh)@)(x) = @(h~'x)

(cf. Exercise EETUOZIT). For the action of H on itself by translations (on the
left), the resulting representation Ttyg of H on $%(H) is called the (left)
regular representation of H.

(11.1.4) Definition. Suppose T is a unitary representation of H on 7,
H'’ is a subgroup of H, and X is a closed subspace of 7{.

1) X is H'-invariant if r(h')K = XK, for all h’ € H'. (If the represen-
tation 77 is not clear from the context, we may also say that X is
1T (H')-invariant.)

2) For the special case where H' = H, an H-invariant subspace is sim-
ply said to be invariant, and the representation of H on any such
subspace is called a subrepresentation of 1. More precisely, if
X is H-invariant (and closed), then the corresponding subrepre-
sentation is the unitary representation 1« of H on X, defined by
mx(h)p = mw(h)p, forall h € H and ¢ € XK.

(11.1.5) Lemma (see Exercise B). If (1r,H) is a unitary representation
of H, and X is a closed, H-invariant subspace of H, then 1t = Tty ® Trx..
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The above lemma shows that any invariant subspace leads to a de-
composition of the representation into a direct sum of subrepresenta-
tions. This suggests that the fundamental building blocks are the repre-
sentations that do not have any (interesting) subrepresentations. Such
representations are called “irreducible:”

(11.1.6) Definitions. Let H be a Lie group.

1) A unitary representation (1r,H) of H is irreducible if it has no
nontrivial, proper, closed, invariant subspaces. That is, the only
closed, H-invariant subspaces of H are {0} and 7.

2) The set of all irreducible representations of H (up to isomorphism)
is called the unitary dual of H, and is denoted H.

(11.1.7) Warnings.

1) Unfortunately, it is usually not the case that every unitary repre-
sentation of H is a direct sum of irreducible representations. (This
is a generalization of the fact that if U is a unitary operator on 7,
then #H may not be a direct sum of eigenspaces of U.) However, it
will be explained in Section T4 that every unitary representation
is a “direct integral” of irreducible representations. In the special
case where H = Z, this is a restatement of the Spectral Theorem
for unitary operators (cf. Proposition BZ12).

2) Although the unitary dual H has a fairly natural topology, it can
be quite bad. In particular, the topology may not be Hausdorff.
Indeed, in some cases, the topology is so bad that there does not
exist an injective, Borel measurable function from H to R. Fortu-
nately, though, the worst problems do not arise for semisimple Lie
groups: the unitary dual is always “tame” (measurably, at least) in
this case.

Exercises for §11.1.

#1. Suppose 1T is a unitary representation of H on #, and define a map
E:HXxH — H by E(h,v) = r(h)v. Show that € is continuous.

[Hint: Use the fact that 7t (H) consists of unitary operators.]

#2. Prove Lemma T3
[Hint: If X is invariant, then X' is also invariant. Define T: X & X+ — H by
T(p,@) =@ +y.]

#3. (Schur’s Lemma) Suppose (17, J{) is an irreducible unitary repre-
sentation of H, and T is a bounded operator on H that commutes
with every element of (7). Show there exists A € C, such that
T =A@, for every o € H.

[Hint: Assume T is normal, by considering T+ T* and T—T%*, and apply the Spectral
Theorem (BZ12).]
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#4. Suppose (1, H) is an irreducible unitary representation of H, and
(]} is another H-invariant inner product on # that defines the
same topology on H as the original inner product { | ). Show there
exists c € R*, such that ( | ) =c(] ).

[Hint: Each inner product provides an isomorphism of H with # *. Exercise B
implies they are the same, up to a scalar multiple.]

#5. (optional) In the situation of Example IT13, a weaker assumption
on u suffices to define a unitary representation on £4(X, u). Namely,
instead of assuming that u is invariant, it suffices to assume only
that the class of u is invariant. This means, for every measurable
subset A, and all h € H, we have u(A) = 0 & u(hA) = 0. Then, for
each h € H, the Radon-Nikodym Theorem (B&13) provides a func-
tion Dy : X — R*, such that h,u = Dpu. Show that the formula

(m(h)@) = \Dp(x) p(h 'x)

defines a unitary representation of H on $4(X, u).

§11.2. Proof of the Moore Ergodicity Theorem
Recall the following result that was proved only in a special case:

(11.2.1) Theorem (Moore Ergodicity Theorem (B-I103)). Suppose
e G is connected and simple,
e H is a closed, noncompact subgroup of G,
e A is a discrete subgroup of G, and
e ¢ is an H-invariant $£P-function on G/A (with1 < p < o).
Then ¢ is constant (a.e.).
This is an easy consequence of the following result in representation
theory (see Exercise ).
(11.2.2) Theorem (Decay of matrix coefficients). If
o G is simple,
e T IS a unitary representation of G on a Hilbert space 3, such that
no nonzero vector is fixed by w(G), and
e {gj} is a sequence of elements of G, such that ||g;|l — oo,
then (1t(gj)¢ | @) — 0, for every ¢,y € H.

Proof. Assume, for simplicity, that
G = SL(2,R).
(A reader familiar with the theory of real roots and Weyl chambers should
have little difficulty in extending this proof to the general case; cf. Exer-
cise B.) Let
A=[*,]ca.
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Further assume, for simplicity, that
{gj} € A.
(It is not difficult to eliminate this hypothesis; see Exercise B.) By pass-

ing to a subsequence, we may assume 17 (g;) converges weakly, to some
operator E; that is,

(t(gj)p | @) — (Ed | @) forevery p,yp € H
(see Exercise @). Let
U={v eGIg]lvgj—»e} (11.2.3)
and
U ={ueGlgjug;' —el. (11.2.4)
Foru € U~ and ¢, ¢ € H, we have
(Em(u) | @) =lim(mr(gju)dp | @)
= lim(m(gjug;") m(gj)d | @)
=lim(mr(g;)p | @) (see Exercise B)
=(E¢ | y),
so Emr(u) = E. Therefore, letting
HY ={peH |muwp=¢foraluecU}
be the space of U~ -invariant vectors in J, we have
(HY )t ckerE (11.2.5)
(see Exercise B). Similarly, since
(E*¢ | @) = (¢ | Ep) = lim(¢p | m(g))y) = lim(mr(g; ") | @),

the same argument, with E* in the place of E and g;l in the place of gj,
shows that

(HY)* < ker E*.
We also have
(mt(gp | Tg)P) = (g 'gpd | b) (1r(g;’") is unitary)
=(m(gjgi )P | ) (A is abelian)
=(m(gi N | (g7 "))

Applying lim;_.« limy—. to both sides yields [|E¢||?> = [|E*¢||%, and this
implies ker E = ker E*. Hence,

kerE = kerE + kerE* > (HV )+ + (HY)*
— (g_[U’ mg_[U)J_ — (g_[(U,U’))J..
Now, by passing to a subsequence of {g;}, we may assume (U,U") = G
(see Exercise @). Then H VU7 = HC = 0, so kerE > 0+ = #H. This
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implies that, for all ¢, ¢ € FH, we have
lim(rt(gj)p | @) =(Edp | @) =(0|y)=0. a

(11.2.6) Remark. If A is a bounded operator on a Hilbert space 7, and
¢, @ € H, then the inner product (A¢p | @) is called a matrix coefficient
of A. The motivation for this terminology is that if A € Mat,«» (R), and
£1,...,&n is the standard basis of H = R", then (A¢; | ;) is the (i, j)
matrix entry of A.

The above argument yields the following more general result.

(11.2.7) Corollary (of proof). Assume
e G has no compact factors,
e T is a unitary representation of G on a Hilbert space H, and
e {gn} — o in G/N, for every proper, normal subgroup N of G.
Then {(gn¢ | @) — 0O, for every P,y € (HC)*.
This has the following consequence, which implies the Moore Ergod-
icity Theorem (see Exercise Q).
(11.2.8) Corollary (Mautner phenomenon (see Exercise B)). Assume
e G has no compact factors,
e 17 is a unitary representation of G on a Hilbert space 3, and
e H is a closed subgroup of G.

Then there is a closed, normal subgroup N of G, containing a cocom-
pact subgroup of H, such that every 1t (H)-invariant vector in H is 1t (N)-
invariant.

(11.2.9) Remark. Theorem TT-Z2 does not give any information about
the rate at which the function (¢(g)¢ | @) tends to 0 as ||g|| — . For
some applications, it is helpful to know that, for many choices of the
vectors ¢ and , the inner product decays exponentially fast:

If G, r, and H are as in Theorem IT22, then there is a dense, linear
subspace H., of H, such that, for all ¢,y € H., there exist a,b > 1,
such that

b
(p(g)p | )] < el forallg € G.

Specifically, if K is a maximal compact subgroup of G, then we may take
He ={¢p € H | the linear span of K¢ is finite-dimensional }.
(So H is the space of “K-finite” vectors.)
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Exercises for §11.2.

#1

#2.

#3.

#4.

#5.

#06.
#7.

#8.
#9.

#10

. Show that Theorem T2l is a corollary of Theorem IT22.

[Hint: If ¢ is an H-invariant function in $P(G/T), let ¢’ = |p|P/2 € $2(G/T). Then
(', g;p") = (', ") for every g; € H.]

Let {T;} be a sequence of unitary operators on a Hilbert space #{.
Show there is a subsequence {T},} of {T;} and a bounded operator E

on H, such that (T;v | w) == (Ev | w) for all v,w € H.
[Hint: Choose an orthonormal basis {ep}. For each p, g, the sequence {(T;ep | eq)
is bounded, and therefore has a subsequence that converges to some o 4. Cantor
diagonalization implies that we may assume, after passing to a subsequence, that
(Tjep | eq) — axp q for all p and q.]
Suppose

e 7T iS a unitary representation of G on

e {¢;}is a sequence of unit vectors in #, and

e uj —einG.
Show lim(mr(u;)¢; | @) =lim(¢; | @), for all y € H.
[Hint: Move 17 (1) to the other side of the inner product. Then use the continuity
of 1 and the boundedness of {¢;}.]

Prove (ITZ3).
[Hint: Let K be the closure of {mm(u)p—¢p |ucU-,¢p e (HU )L}, and note that
KckerE If e XKL thenmm(u)y — @ =0forallu € U™ (why?), so w € HU™ ]

Eliminate the assumption that {g;} < A from the proof of Theo-
rem T2

[Hint: You may assume the Cartan decomposition, which states that G = KAK,
where K is compact. Hence, g; = Cjajc}-, with cj,cJ'- € Kand a; € A. Assume, by
passing to a subsequence, that {c;} and {c}} converge. Then

im(m(g;) | @) = lim(m(a;)(m(c)p) | m(c)'w) =0
if ¢; — cand cJ’. - ']
Prove Theorem IITZ2 for the special case where G = SL(n, R).
For G, A, {g;}, U, and U~ as in the proof of Theorem IT-Z2 (with
{gj} < A), show that if {g;} is replaced by an appropriate subse-
quence, then (U,U") = G.

[Hint: Arrange that U is [1 T] and U~ is [i 1], or vice versa.]

Derive Corollary IT28 from Corollary IT24.

Derive Theorem IZ2=24 from Corollary IT23.
[Hint: If f is H-invariant, then (rt(h)f | f) = (f | f) forall h € H.]
. Suppose

e G is connected, with no compact factors,
e Ais a discrete subgroup of G,
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e H is a subgroup of G whose projection to every simple factor
of G is not precompact, and
e ¢ is an H-invariant $” function on G/A, with 1 < p < .
Show that ¢ is constant (a.e.).

#11. Suppose
e H is a noncompact, closed subgroup of G,
e T'is irreducible, and
e ¢: G/T — Ris any H-invariant, measurable function.
Show that ¢ is constant (a.e.).

[Hint: There is no harm in assuming that ¢ is bounded (why?), so it is in $2(G/T)
(why?). Apply Corollary I1T—23.]

§11.3. Induced representations

It is obvious that if H is a subgroup of G, then any unitary representa-
tion of G can be restricted to a unitary representation of H. (That is,
if we define 1|y by |g(h) = 1w(h) for h € H, then 17|y is a unitary
representation of H.) What is not so obvious is that, conversely, every
unitary representation of H can be “induced” to a unitary representation
of G. We will need only the special case where H = I'is a lattice in G (but
see Exercise [0 for the definition in general). This construction will be a
key ingredient of the proof in Section I34 that I' often has Kazhdan’s
property (T).
(11.3.1) Definition (Induced representation). Suppose 77T is a unitary rep-
resentation of I' on 7.

1) A measurable function @: G — H is said to be (essentially) right

I'-equivariant if, for each y € T, we have
@(gy ™) =m(y) @(g) forae. g €G.
2) We use $(G;H) to denote the space of right I-equivariant mea-

surable functions from G to , where two functions are identified
if they agree almost everywhere.

3) For @ € £1(G; H ), we have [[@(gy)llsr = [l@(g)lls foreveryy e T
and a.e. g € G (see Exercise B). Hence, ||[p(g)l 4 is a well-defined
function on G/T (a.e.), so we may define the ¥$2-norm of @ by

1/2
@l = (L/r (@112 dg) -

4) We use SB%(G; H) to denote the subspace of £(G; H') consisting of
the functions with finite ¥2-norm. It is a Hilbert space (see Exer-
cise B).

5) Note that G acts by unitary operators on .SB%(G; H), via
g -@)(x)=@(g'x) forgeG, ¢ ecPHGH), andx € G
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(see Exercise H). This unitary representation of G is called the rep-
resentation induced from 7, and it is denoted Iner(Tr).

Exercises for §11.3.

#1. (optional) Suppose (1T, J{) is a unitary representation of a closed
subgroup H of G. Define Indfl(Tr), without assuming that there is

a G-invariant measure on G/H.
[Hint: Since G/H is a C* manifold (see Proposition BG2), we may use a nowhere-
vanishing differential form to choose a measure p on G/H, such that fyu is in
the class of y, for every diffeomorphism f of G/H. A unitary representation of G
on $%G/H,u) can be defined by using Radon-Nikodym derivatives, as in Exer-
cise II1#3, and the same idea yields a unitary representation on a space of H-
equivariant functions.]

#2. Let ¢ € ${(G;H) and y € T, where 17 is a unitary representation

of T on H. Show [l (gy)llsr = lp(g)llsr, for a.e. g € G.

#3. Show %G; #) is a Hilbert space (with the given norm, and assum-
ing that two functions represent the same element of the space if
and only if they are equal a.e.).

#4. Show that the formula in Definition TT-3TI(8) defines a unitary rep-
resentation of G on $XG; H).

#5. Show that Ind?(]l) is (isomorphic to) the usual representation of G
on $%(G/T) (by left translation).

#6. Show that if Iner(Tr) is irreducible, then 1t is irreducible.

#7. Show that the converse of Exercise B is false.
[Hint: Ts the representation of G on $2(G/T) irreducible?]

§11.4. Representations of compact groups

(11.4.1) Example. Consider the circle R/Z. For each n € Z, define
en:R/Z — Chye,(t) = e?™",
The theory of Fourier Series tells us that {e,} is an orthonormal basis of
$2(R/Z), which means we have the direct-sum decomposition
FAR/Z) = P Cen.
nez

Furthermore, it is easy to verify that each subspace Ce, is an invariant
subspace for the regular representation (see Exercise M), and, being 1-
dimensional, is obviously irreducible. Hence, we have a decomposition
of the regular representation into a direct sum of irreducible represen-
tations. In addition, it is not difficult to see that every irreducible repre-
sentation of T occurs exactly once in this representation.

More generally, it is not difficult to show that every unitary represen-
tation of T is a direct sum of 1-dimensional representations.
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The following theorem generalizes this to any compact group. How-
ever, for nonabelian groups, the irreducible representations cannot all
be 1-dimensional (see Exercise TTG#1).

(11.4.2) Theorem (Peter-Weyl Theorem). Assume H is compact. Then:

1) Every unitary representation of H is (isomorphic to) a direct sum of
irreducible representations.

2) Every irreducible representation of H is finite-dimensional.
3) H is countable.
4) For the particular case of the regular representation (Tt,eg, $2(H)),

we have
Teg= @ (dimH)-m,
(m,H)eH
where k - Tt denotes the direct sum ™ & - - - ® 11 of k copies of Tr.

That is, the “multiplicity” of each irreducible representation is equal
to its dimension.

Proof. In order to establish both () and (2) simultaneously, it suffices
to show that if (1r,H) is any unitary representation of H, then H is
a direct sum of finite-dimensional, invariant subspaces. Zorn’s Lemma
(B53) provides a subspace M of H that is maximal among those that are
a direct sum of finite-dimensional, invariant subspaces. By passing to the
orthogonal complement of M, we may assume that J{ has no nonzero,
finite-dimensional, invariant subspaces.
Let

e P be the orthogonal projection onto some nonzero subspace of H

that is finite-dimensional,

e L be the Haar measure on H, and

o P=[ym(h)Prr(h~t)du(h).

Note that, since P commutes with 17 (H) (see Exercise B), every eigenspace
of P is H-invariant (see Exercise B).

Since P is self-adjoint and each 77 (h) is unitary (so t(h™!) = w(h)*),
it is not difficult to see that P is self-adjoint. It is also compact (see Ex-
ercise B) and nonzero (see Exercise B). Therefore, the Spectral Theo-
rem (BZI3Z) implies that P has at least one eigenspace E that is finite-
dimensional. By contradicting the fact that 7{ has no nonzero, finite-
dimensional, invariant subspaces, this completes the proof of (Il) and (2).

Note that (B) is an immediate consequence of (@), since Hilbert spaces
are assumed to be separable (see Assumption BZ4), and therefore cannot
have uncountably many terms in a direct sum.

We now give the main idea in the proof of (#). Given an irreducible
representation (1, C¥), we will not calculate the exact multiplicity of 1,



11.4. REPRESENTATIONS OF COMPACT GROUPS 221

but only indicate how to obtain the correct lower bound by using prop-
erties of matrix coefficients. Write 1 (x) = [ f;j(x)]. Then

[(Ttreg (M) fi,7) ()] = [fi,j (R 1x)] = mw(h™1x)
=m(h ) m(x) =mh [ fijx)].
Now, for 1 < j < k, define T;: Ck — $%(H), by
Ti(ai,...,ax) = arfi,j +axfoj+ -+ -+ arfi;
Equating the jth columns of the two ends of (ITZ3) tells us that
Ti(m(h)v) = Teg(h) Tj(v),

SO Tj((Ck) is an invariant subspace, and the corresponding subrepresen-
tation is isomorphic to 1. Therefore, there are (at least) k different copies
of 71 in TTyeg (one for each value of j). Since, by definition, k = dim mr, this
establishes the correct lower bound for the multiplicity of . O

(11.4.3)

As an illustrative, simple case of the main results in Sections T3
and [TH, we present two different reformulations of the Peter-Weyl The-
orem for the special case of abelian groups, after some preliminaries.

(11.4.4) Definition. Let A be an abelian Lie group.

1) A character of A is a continuous homomorphism X: A — T, where
T={zeC||z|=1}

2) The set of all characters of A is called the Pontryagin dual of A,
and is denoted A*. It is an abelian group under the operation of
pointwise multiplication. (That is, the product X X» is defined by
X1 X2)(a) = Xi(a) X2(a), for X1,X2 € A* and a € A.) Further-
more, if A/A° is finitely generated, then A* is a Lie group (with the
topology of uniform convergence on compact sets).

(11.4.5) Observation. If A is any abelian Lie group (compact or not), then
every irreducible representation (1t,H) of A is 1-dimensional (see Exer-
cise8). Therefore, the unitary dual A can be identified with the Pontryagin
dual A* (see Exercise Q).

Hence, for the special case where H = A is abelian, we have the fol-
lowing reformulation of the Peter-Weyl Theorem:

(11.4.6) Corollary (see Exercise ). Assume (11, ) is a unitary repre-
sentation of a compact, abelian Lie group A. For each X € A*, let
e Hy={@peH|Pa)p =Xa) @, foralla € A}, and
o Py: H — Hy be the orthogonal projection.
Then H = @year Hyx, so, for all a € A, we have
m(a) = > X(a) Px.

XeA*
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Here is another way of saying the same thing:

(11.4.7) Corollary (see Exercise ). Assume (11, ) is a unitary repre-
sentation of a compact, abelian Lie group A. Then there exist

e a Radon measure u on a locally compact metric space Y, and

 a Borel measurable function X: Y — A*: y — X, (where the count-
able set A* is given the discrete topology)

such that 1t is isomorphic to the the unitary representation py of A on
$2(Y, ) that is defined by

(px(@@)(¥) =Xy (a) (y) forac A @ e FXY,u),andy €Y.

An analogue of this result for semisimple groups will be stated in
Section ITH, after we define the “direct integral” of a family of represen-
tations.

Exercises for §11.4.

#1. In the notation of Example [T, Show Ttyeg(h)e,, = e ?Tilte,, for
all h e R/Z.

#2. Suppose (17, H) is a unitary representation of a compact group H,
let @, € H, and define f: H — Cby f(h) = (rr(h)@p | @). Show
f € $AH).

[Hint: It is a bounded function on a compact set.]

#3. Suppose (11, H ) is a unitary representation of a compact group H.
Show that if T is any bounded operator on #, then

T = J w(h) Tr(h™ ') du(h)
H

is an operator that commutes with every element of 7t (H).
[Hint: The invariance of Haar measure implies w(g)Tm(g~1) = T.]

#4. Show that the operator P in the proof of Theorem ITZ2 is compact.
[Hint: Apply Proposition BZI1, by noting that any integral can be approximated by
a finite sum, and the finite sum is an operator whose range is finite-dimensional.]

#5. Show that the operator P in the proof of Theorem ITZ2 is nonzero.
[Hint: Choose some nonzero ¢ € H, such that P = @. Then (P | ) > 0, since
(Py | @) =0forall y € H.]

#6. Suppose (11, H) is a unitary representation of a Lie group H, T is
a bounded operator on H, A € C, and @ € H. Show that if
T commutes with every element of 7w(H), and T(®) = A@, then
T(m(h)p) = Am(h), for every h € H.

#7. Assume H is compact. Show that H is finite if and only if it has
only finitely many different irreducible unitary representations (up
to isomorphism).

[Hint: You may assume Theorem [TZ2.]
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#8. Show that every irreducible representation of any abelian Lie group
is 1-dimensional.

[Hint: If 1t (a) is not a scalar, for some a, then the Spectral Theorem (BZ12) yields
an invariant subspace.]

#9. Let H be a Lie group. Show there is a natural bijection between
the set of 1-dimensional unitary representations (modulo isomor-
phism) and the set of continuous homomorphisms from H to T.

[Hint: Any 1-dimensional unitary representation is isomorphic to a representation
on C]

#10. Derive Corollary 28 from Theorem ITTZ2.

#11. Prove Corollary TTZ4.
[Hint: If Hy # {0}, then Hy is isomorphic to some $X(Yy, px). Let Y = Uy Yyl

§11.5. Unitary representations of R"

Any character X of R™ is of the form

X(a) = e*™ (@) for some (unique) y € R"
(see Exercise M). Therefore, the Pontryagin dual (R™)* (or, equivalently,
the unitary dual R™) can be identified with R" (by matching X with the
corresponding vector y). In particular, unlike in Theorem ITZ22, the
unitary dual is uncountable.

Unfortunately, however, not every representation of R" is a direct
sum of irreducibles. For example, the regular representation ez of R™
on $%(R"™) has no 1-dimensional, invariant subspaces (see Exercise D),
so it does not even contain a single irreducible representation and is
therefore not a sum of them. Indeed, Fourier Analysis tells us that a
function in $%(R™) is not a sum of exponentials, but an integral:

p(a) = JW P(y)e?may) gy,

where @ is the Fourier transform of . Now, for each Borel subset E
of R™, let

Hy = {f PR | f(y) =0forae y¢E}. (11.5.1)

Then itis not difficult to show that H is a closed, eg-invariant subspace
(see Exercise Bl).

Now, let P(E): H — g be the orthogonal projection. Then we can
think of P as a projection-valued measure on R" (or on (R")*), and, for
all a € R™, we have

Meg(a) = [ eV apo) = [ (@ dEo.

If we let 71 = Tryeq, this is a perfect analogue of the conclusion of Corol-
lary IT2, but with the sum replaced by an integral.
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A version of the Spectral Theorem tells us that this generalizes in a
natural way to all unitary representations of R", or, in fact, of any abelian
Lie group:

(11.5.2) Proposition. Suppose 1t is a unitary representation of an abelian
Lie group A on FH. Then there is a (unique) projection-valued measure P
on A*, such that

m(a) = JA* X(a) dP(X) foralla € A.

This can be reformulated as a generalization of Corollary IT-Z2:

(11.5.3) Corollary. Let (11, H) be a unitary representation of an abelian
Lie group A. Then there exist

e a probability measure u on a locally compact metric space Y, and
¢ a Borel measurable function X: Y — A*: y — X,

such that Tt is isomorphic to the unitary representation px of A on (Y, u)
that is defined by

(px(@@) (V) =Xy (@) (y) forac A @ e FHY,u),andy €Y.

Proof. Let P be the projection-valued measure given by Proposition ITT 2.
A closed subspace H’ of H is said to be cyclic for P if there exists
@ € H’, such that the span of {P(E)y | E C A*} is a dense subspace
of H’. It is not difficult to see that # is an orthogonal direct sum of
countably many cyclic subspaces (see Exercise ). Therefore, we may as-
sume H is cyclic (see Exercise B) (and nonzero). So we may fix some unit
vector ( that generates a dense subspace of 7.
Define a probability measure yu on A* by
M(E) =(P(E)y | @) =(P(E)y | P(E)y),

and let Id be the identity map on A*.

For the characteristic function fr of each Borel subset E of A*, define
®(fr) = P(E)y. Then (®(fE,) | ®(fE,)) = (fr, | fE,), by the definition
of u, so ® extends to a norm-preserving linear map &’ from $2(A*, u)
to HH. Since y is a cyclic vector for HH, we see that &’ is surjective, so it
is an isomorphism of Hilbert spaces. Indeed, &’ is an isomorphism from
P1a to 1T (see Exercise B). O

Exercises for §11.5.

#1. Show that every character X of R" is of the form X(a) = e?™i (@D
for some t € R".

[Hint: Since R is simply connected, any continuous homomorphism from R"™ to T
can be lifted to a homomorphism into the universal cover, which is R. Apply Exer-
cise BBFEIL|
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#2. Let H be a noncompact Lie group. Show that the regular represen-
tation of H has no 1-dimensional, invariant subspaces.

[Hint: If @ is in a 1-dimensional, invariant subspace of $2(H), then || is constant

(a.e.).]

#3. For every measurable subset E of R", show that the subspace Hg
defined in (IC5T) is closed, and is invariant under Tryeg (R™).

[Hint: It is clear that {f | f € HEg}is closed. For invariance, note that the Fourier
transform of Trreg(a) f is e727™H@Y) f(y) ]

#4. Given a projection-valued measure P on a Hilbert space H, show
that # is the orthogonal direct sum of countably many cyclic sub-
spaces.

[Hint: Every vector in J{ is contained in a cyclic subspace, the orthogonal com-
plement of a P(E)-invariant subspace is P(E)-invariant, and all Hilbert spaces are
assumed to be separable.]

#5. In the notation of Corollary IT53, suppose py; is the represen-
tation on $2(Y;, u;) corresponding to some X;:Y; — A*. Show
D2, px, = px, for some Y, p, and X.

[Hint: Let (Y, u) be the disjoint union of (copies of) (Yj, ;).]

#6. In the notation of the proof of Corollary IT53, show that &’ is an
isomorphism from piq to 7.

[Hint: Given a € Aand E C A*, write E as the disjoint union of small sets E1, ..., E,
(so X — X(a) is almost constant on each E;). Then

@' (pa(a) fr) = @' (3; Xi(a) fr;) = i Xi(a) P(E)) ¢ = w(P(E)y) = (D' (fE)),
for any X; € E;.]

§11.6. Direct integrals of representations

Before we define the direct integral of a collection of unitary represen-
tations, we first discuss the simpler case of a direct sum of a sequence
{ (1, Hn)}5_, of unitary representations.

(11.6.1) Definition. If {#{,,};;_, is a sequence of Hilbert spaces, then the
direct sum @,,_, H,, consists of all sequences {@,}5_;, such that

e @, € H, for each n, and

o« D1 [@nll? < oo.
This is a Hilbert space, under the inner product

(oo}

n=1
It contains a copy of H,, for each n, such that H,, L H,, for m + n.
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Suppose, now, that all of the Hilbert spaces in the sequence are the
same; say, H, = H, forall n. Then @,,_; H, is equal to the set of square-
integrable functions from Z* to #, which can be denoted $%7Z*; ). In
this notation, the direct sum of unitary representations is easy to de-
scribe:

(11.6.2) Definition. If { 1,},,_; is a sequence of unitary representations
of H on a fixed Hilbert space H, then @;,_, 1, is the unitary represen-
tation 1T on $%(Z*; ) that is defined by

(mr(h)y@)(n) =m(h) p(n) forheH, @ € $X(2";H),andn € 7*.
This description of the direct sum naturally generalizes to a defini-
tion of the direct integral of representations:
(11.6.3) Definition. Suppose
e 7 is a Hilbert space,

e {TT}xex is a measurable family of unitary representations of H
on H, which means:
o X is alocally compact metric space,
o Ty i$ a unitary representation of H on #{, for each x € X, and
o for each fixed @, € H, the expression (1t (h)@ | ) is a
Borel measurable function on X x H,
and

e uis a Radon measure on X.

Then [y 1ty du(x) is the unitary representation 1 of H on $*(X, u; H )
that is defined by

(mr(h)@)(x) = mx(h) @(x) forh e H, @ € $AX,u;H), and x € X.
This is called the direct integral of the family of representations {7y }.
The above definition is limited by requiring all of the representations

to be on the same Hilbert space. The construction can be generalized to
eliminate this assumption (see Remark IT673), but there is often no need:
(11.6.4) Theorem. Assume

e TT IS a unitary representation of G,

e G is connected, and has no compact factors, and

e no nonzero vector is fixed by every element of T (G).
Then there exist H, {1t} xex, and y, as in Definition 163, such that

1) = [y medu(x), and

2) Tty is irreducible for every x € X.
(11.6.5) Remark. Up to isomorphism, there are only countably many dif-
ferent Hilbert spaces (since any two Hilbert spaces of the same dimen-

sion are isomorphic). It is therefore not difficult to generalize Defini-
tion to deal with a family of representations in which the Hilbert
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space varies with x. Such a generalization allows every unitary represen-
tation of any Lie group to be written as a direct integral of representations
that are irreducible.

Here is one way. Let us say that {(1Tx, M} xex is a measurable family
of unitary representations of H if:

e X = U;_; is the union of countably many locally compact metric
spaces Xy,
for each n, there is Hilbert space #{,, such that H, = H, for all
x € Xy
e T, iS a unitary representation of H on H,, for each x € X,
for each n and each @, ™ € H,, the expression {1 (h)@ | @) is a
Borel measurable function on X;, X H, and
u is a Radon measure on X.

Given such a family of representations, we define

JX T du(x) = SE an T dp(x).

With this, more general, notion of direct integral, it can be proved that
every unitary representation of any Lie group is isomorphic to a direct
integral of a measurable family of irreducible unitary representations.

Exercises for §11.6.

#1. Let H be a Lie group. Show that if the regular representation of H
is a direct integral of 1-dimensional representations, then H is
abelian.

Notes

There are many books on the theory of unitary representations, in-
cluding the classics of Mackey [[4, B]. Several books, such as [B], specifi-
cally focus on the representations of semisimple Lie groups.

The Moore Ergodicity Theorem (IT=21) is due to C.C.Moore [I0].

Corollary IT24 is due to R.Howe and C.C.Moore [5, Thm. 5.1] and
(independently) R.J.Zimmer [I2, Thm. 5.2]. The elementary proof we
give here was found by R.Ellis and M. Nerurkar [2]. Other proofs are in
[9, §2.3, pp. 85-92] and [I3, §2.4, pp. 28-31].

A more precise form of the quantitative estimate in Remark 129
can be found in [, Cor. 7.2]. (As stated there, the result requires the
matrix coefficient (1r(g)¢ | @) to be an £? function of g, for ¢,y in
a dense subspace of #, and for some p < oo, but it was proved in [,
Thm. 2.4.2] that this integrability hypothesis always holds.)

Theorem ITZ2 is proved in [T, Chap. 3]
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See [B, Chap. 2] for a nice proof of Proposition IT32. (Although
most of the proof is written for n = 1, it is mentioned on p. 31 that the
argument works in general.)

See [Z, Thm. 2.9, p. 108] for a proof of Remark IT6.5's statement that
every unitary representation is a direct integral of irreducibles. (This is
a generalization of Theorem ITH4.)

Regarding Warning ITT4(2), groups for which the set of irreducible
unitary representations admits an injective Borel map to [0, 1] are called
“Type I” (and the others are “Type II”). See [, §2.3, pp. 77-85] for some
discussion of this.
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Chapter 12

Amenable Groups

The classical Kakutani-Markov Fixed Point Theorem (I'Z223)) implies that
any abelian group of continuous linear operators has a fixed point in any
compact, convex, invariant set. This theorem can be extended to some
non-abelian groups; the groups that satisfy such a fixed-point property
are said to be “amenable; and they have quite a number of interesting
features. Many important subgroups of G are amenable, so the theory is
directly relevant to the study of arithmetic groups, even though we will
see that G and I are usually not amenable. In particular, the theory yields
an important equivariant map that will be constructed in Section [Z8.

§12.1. Definition of amenability

(12.1.1) Assumption. Throughout this chapter, H denotes a Lie group.
The ideas here are important even in the special case where H is discrete.

(12.1.2) Definition. Suppose H acts continuously (by linear maps) on a
locally convex topological vector space V. Every H-invariant, compact,
convex subset of V is called a compact, convex H-space.

(12.1.3) Definition. H is amenable if and only if H has a fixed point in
every nonempty, compact, convex H-space.

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).
You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none.


http://creativecommons.org/publicdomain/zero/1.0/
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This is just one of many different equivalent definitions of amenabil-
ity. (A few others are discussed in Section IZ3.) The equivalence of
these diverse definitions is a testament to the fact that this notion is
very fundamental.

(12.1.4) Remarks.

1) All locally convex topological vector spaces are assumed to be
Hausdorff.

2) In most applications, the locally convex space "V is the dual of a sep-
arable Banach space, with the weak™* topology (see Definition BZ3).
In this situation, every compact, convex subset C is second count-
able, and is therefore metrizable (see Remark ITZ34). With these
thoughts in mind, we feel free to assume metrizability when it elim-
inates technical difficulties in our proofs. In fact, we could restrict
to these spaces in our definition of amenability, because it turns
out that this modified definition results in exactly the same class
of groups (if we only consider groups that are second countable)
(see Exercise ITZ3#EIA).

3) The choice of the term “amenable” seems to have been motivated
by two considerations:

(@) The word “amenable” can be pronounced “a-MEAN-able; and
we will see in Section that a group is amenable if and only
if it admits certain types of means.

(b) One definition of “amenable” from the Oxford American Dictio-
nary is “capable of being acted on a particular way. In other
words, in colloquial English, something is “amenable” if it is
easy to work with. Classical analysis has averaging theorems
and other techniques that were developed for the study of
functions on the group R". Many of these methods can be
generalized to all amenable groups, so amenable groups are
easy to work with.

Exercises for §12.1.

#1. Show that every finite group is amenable.
[Hint: For some cg € C, let ¢ = # > hen hco. Then ¢ € C and c is fixed by H.]
#2. Show that quotients of amenable groups are amenable. That is, if

H is amenable, and N is any closed, normal subgroup of H, then
H/N is amenable.

#3. Suppose H; is amenable, and there is a continuous homomorphism
@: H; — H with dense image. Show H is amenable.



12.2. EXAMPLES OF AMENABLE GROUPS 233

§12.2. Examples of amenable groups

In this section, we will see that:
e abelian groups are amenable (see IZ23),
e compact groups are amenable (see 2224,

e solvable groups are amenable (see [Z224), because the class of
amenable groups is closed under extensions (see Z22H), and

¢ closed subgroups of amenable groups are amenable (see TZZX).

On the other hand, however, it is important to realize that not all groups
are amenable. In particular, we will see in Section 24 that:

e nonabelian free groups are not amenable, and

e SL(2,R) is not amenable.

We begin by showing that Z is amenable:
(12.2.1) Proposition. Cyclic groups are amenable.

Proof. Assume H = (T) is cyclic. Given a nonempty, compact, convex
H-space C, choose some ¢y € C. For n € N, let

1 n
Cn = T*(c). 12.2.2
n="7 go (c) ( )
Since C is compact, the sequence {c,} must have an accumulation point
¢ € C. It is not difficult to see that c is fixed by T (see Exercise M). Since
T generates H, this means that c is a fixed point for H. O

(12.2.3) Corollary (Kakutani-Markov Fixed Point Theorem). Every abelian
group is amenable.

Proof. Let us assume H = (g, h) is a 2-generated abelian group. (See
Exercise B for the general case.) If C is any nonempty, compact, convex
H-space, then Proposition IZZ1 implies that the set C9 of fixed points
of g is nonempty. It is easy to see that CY is compact and convex (see Ex-
ercise ), and, because H is abelian, that C9 is invariant under h (see Exer-
cise B). Hence, CY is a nonempty, compact, convex (h)-space. Therefore,
Proposition 2221 implies that h has a fixed point ¢ in C9. Now c is fixed
by g (because it belongs to C9), and c is fixed by h (by definition), so c is
fixed by (g, h) = H. O

Compact groups are also easy to work with:

(12.2.4) Proposition. Compact groups are amenable.

Proof. Assume H is compact, and let ¢ be a Haar measure on H. Given a
nonempty, compact, convex H-space C, choose some ¢y € C. Since uis a
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probability measure, we may let
Cc= J h(co)du(h) € C. (12.2.5)
H

(In other words, ¢ is the center of mass of the H-orbit of ¢o.) The H-
invariance of u implies that c is a fixed point for H (see Exercise B). [

It is easy to show that amenable extensions of amenable groups are
amenable (see Exercise [):

(12.2.6) Proposition. If H has a closed, normal subgroup N, such that N
and H/N are amenable, then H is amenable.

Combining the above results has the following consequences:

(12.2.7) Corollary.
1) Every solvable group is amenable.
2) If H has a solvable, normal subgroup N, such that H/N is compact,
then H is amenable.

Proof. Exercises @ and [IT. O

The converse of Corollary CZZ4(P) is true for connected groups
(see Proposition TZ277).

(12.2.8) Proposition. Every closed subgroup of any amenable group is
amenable.

Proof. This proof employs a bit of machinery, so we postpone it to Sec-
tion 3. (For discrete groups, the result follows easily from some other
characterizations of amenability; see Remarks I2Z313 and IT2324 be-
low.) O

Exercises for §12.2.

#1. Suppose T is a continuous linear map on a locally convex space V.
Show that if ¢ is any accumulation point of the sequence {c,} de-
fined by (Z222), then c is T-invariant.

[Hint: If ||cy, — c|| is small, then || T (cy) — T(c)| is small. Show that ||T(cn) — cnll
is small whenever n is large. Conclude that || T(c) — c|| is smaller than every e.]

#2. Suppose C is a compact, convex H-space. Show that the set CH of

fixed points of H is compact and convex.
[Hint: Closed subsets of C are compact.]

#3. Suppose H acts on a space C, A is a subgroup of H, and h is an
element of the centralizer of A. Show that the set C4 of fixed points
of A is invariant under h.



#4.

#5.

#6.

#7.

#8.

#9.

#10.

#11.

#12.

#13.

#14.

#15.

#16.
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Establish Exercise B under the weaker assumption that h is an ele-
ment of the normalizer of A, not the centralizer.

Prove Corollary 223

[Hint: For each h € H, let C" be the set of fixed points of h. The given argument
implies (by induction) that { C" | h € H} has the finite intersection property, so
the intersection of these fixed-point sets is nonempty.]

Show that if u is the Haar measure on H, and H is compact, then
the point ¢ defined in (CZZZ3) is fixed by H.

Prove Proposition IZ24.
|Hint: Exercises B and H.]

Show that H; x H» is amenable if and only if H; and H» are both
amenable.

Prove Corollary [2Z2—2(I).
[Hint: Proposition IZZZ43.]

Prove Corollary TZZ4(2).
[Hint: Proposition IZZ4.]

Suppose H is discrete, and H; is a finite-index subgroup. Show H
is amenable if and only if H; is amenable.

Show that if A is a lattice in H, and A is amenable, then H is
amenable.

[Hint: Let u = fH/A hv dh, where v is a fixed point for A.]

Assume H is discrete. Show that if every finitely generated sub-
group of H is amenable, then H is amenable.

[Hint: For each h € H, let C" be the set of fixed points of h. Then {C" | h € H}
has the finite intersection property, so ), C" + @.]

*
Let P = [* * } c SL(3,R). Show that P is amenable.
* %k ok

[Hint: P is solvable.]

Assume there exists a discrete group that is not amenable. Show
the free group F, on 2 generators is not amenable.
[Hint: Fy is a subgroup of F».]

Assume there exists a Lie group that is not amenable.
a) Show the free group F» on 2 generators is not amenable.
b) Show SL(2, R) is not amenable.
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§12.3. Other characterizations of amenability

Here are a few of the many conditions that are equivalent to amenability.
The necessary definitions are provided in the discussions that follow.

(12.3.1) Theorem. The following are equivalent:
1) H is amenable.
2) H has a fixed point in every nonempty, compact, convex H-space.

3) If H acts continuously on a compact, metrizable topological space X,
then there is an H-invariant probability measure on X.

4) There is a left-invariant mean on the space Cynqq(H) of all real-
valued, continuous, bounded functions on H.

5) There is a left-invariant finitely additive probability measure p de-
fined on the collection of all Lebesgue measurable subsets of H, such
that p(E) = 0 for every set E of Haar measure 0.

6) The left regular representation of H on $*(H) has almost-invariant
vectors.

7) There exists a Folner sequence in H.

The equivalence (I & B) is the definition of amenability (IZ13).
Equivalence of the other characterizations will be proved in the remain-
der of this section.

§12.3(i). Invariant probability measures.

(12.3.2) Definitions. Let X be a complete metric space.
1) A measure u on X is a probability measure if u(X) = 1.
2) Prob(X) denotes the space of all probability measures on X.

Any measure on X is also a measure on the one-point compactification X+
of X, so, if X is locally compact, then the Riesz Representation Theorem
(BEE10) tells us that every finite measure on X can be thought of as a
linear functional on the Banach space C(X™*) of continuous functions
on X*. This implies that Prob(X) is a subset of the closed unit ball in the
dual space C(X*)*, and therefore has a weak* topology. If X is compact
(so there is no need to pass to X%), then the Banach-Alaoglu Theorem
(BZ3) tells us that Prob(X) is compact (see Exercise ).

(12.3.3) Example. If a group H acts continuously on a compact, metriz-
able space X, then Prob(X) is a compact, convex H-space (see Exercise Q).

(12.3.4) Remark (Urysohn’s Metrization Theorem). Recall that a compact,
Hausdorff space is metrizable if and only if it is second countable, so
requiring a compact, separable, Hausdorff space to be metrizable is not
a strong restriction.
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(12.3.5) Proposition (I < B). H is amenable if and only if for every contin-
uous action of H on a compact, metrizable space X, there is an H-invariant
probability measure u on X.

Proof. (=) If H acts on X, and X is compact, then Prob(X) is a nonempty,
compact, convex H-space (see Example Z33). So H has a fixed point in
Prob(X); this fixed point is the desired H-invariant measure.

(«) Suppose C is a nonempty, compact, convex H-space. By replacing
C with the closure of the convex hull of a single H-orbit, we may assume
C is separable; then C is metrizable (see Exercise B). Since H is amenable,
this implies there is an H-invariant probability measure y on C. Since C
is convex and compact, the center of mass

p= Jccdu(c)

belongs to C (see Exercise B). Since u is H-invariant (and the H-action is
by linear maps), a simple calculation shows that p is H-invariant (see Ex-
ercise B). O

§12.3(ii). Invariant means.

(12.3.6) Definition. Suppose V is some linear subspace of £*(H), and
assume V contains the constant function 1y that takes the value 1 at
every point of H. A mean on "V is a linear functional A on "V, such that

e A(lg) =1, and
e Ais positive, i.e., A(f) = 0 whenever f > 0.

(12.3.7) Remark. Any mean is a continuous linear functional; indeed,
|All = 1 (see Exercise B).

It is easy to construct means:

(12.3.8) Example. If ¢ is any unit vector in £1(H), and u is the left Haar
measure on H, then defining

ACS) =ij|¢>|du

produces a mean (on any subspace of £*(H) that contains 1g). Means
constructed in this way are (weakly) dense in the set of all means (see Ex-
ercise [[2).

Compact groups are the only ones with invariant probability mea-
sures, but invariant means exist more generally:

(12.3.9) Proposition (I = d). If H is amenable, then there exists a left-
invariant mean on the space Cpqq(H) of bounded, continuous functions
on H.
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Proof. The set of means on Chqq(H) is obviously nonempty, convex and
invariant under left translation (see Exercise [3). Furthermore, it is a
weak* closed subset of the unit ball in Chqq (H)* (see Exercise [4), so it is
compact by the Banach-Alaoglu Theorem (Proposition BZ4). Therefore,
the amenability of H implies that some mean is left-invariant. (Actually,
there is a slight technical problem here if H is not discrete: the action of H
on Cpgq(H) may not be continuous in the sup-norm topology, because
continuous functions do not need to be uniformly continuous.) O

(12.3.10) Remark. With a bit more work, it can be shown that if H is
amenable, then there is a left-invariant mean on £%(H), not just on
Cbaq (H) (see Exercise Id). Therefore, Chqq (H) can be replaced with £*(H)
in Theorem TZT(@). Furthermore, there exists a mean on £°(H) that is
bi-invariant (both left-invariant and right-invariant) (cf. Exercise I3).

(12.3.11) Proposition (@ = B). Suppose H acts continuously on a compact,
metrizable space X. If there is a left-invariant mean on Cphaq(H), then
there is an H-invariant probability measure on X.

Proof. Fix some x € X. Then we have a continuous, H-equivariant linear
map from C(X) to Chqq(H), defined by

f(h) = f(hx).

Therefore, any left-invariant mean on Cpgq(H) induces an H-invariant
mean A on C(X) (see Exercise [3). Since X is compact, the Riesz Repre-
sentation Theorem (B6M) tells us that any continuous, positive linear
functional on C(X) is a measure; thus, this H-invariant mean A can be
represented by an H-invariant measure pon X. Since Ais a mean, we have
A(1) =1, so u(X) = 1, which means that u is a probability measure. [

§12.3(iii). Invariant finitely additive probability measures. The fol-
lowing proposition is based on the observation that, just as probability
measures on X correspond to elements of the dual of C(X), finitely addi-
tive probability measures correspond to elements of the dual of £*(X).

(12.3.12) Proposition (B < B). There is a left-invariant mean on £<(X) if
and only if there is a left-invariant finitely additive probability measure p
defined on the collection of all Lebesgue measurable subsets of H, such
that p(E) = 0O for every set E of Haar measure 0.

Proof. (=) Because H is amenable, there exists a left-invariant mean A
on ¥°(H) (see Remark TZ310). For a measurable subset E of H, let
p(E) = A(Xg), where Xg is the characteristic function of E. It is easy to
verify that p has the desired properties (see Exercise [H).
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(<) We define a mean A via an approximation by step functions: for
f e ¥>H),let
n n
A(f) = inf{ dlaip(E) | f <D aiXg a.e.]».
i=1 i=1
Since p is finitely additive, it is straightforward to verify that A is a mean

on £*(H) (see Exercise [Y). Since p is bi-invariant, we know that A is also
bi-invariant. O

(12.3.13) Remark.

1) Proposition TZ3 T2 easily implies that every subgroup of a discrete
amenable group is amenable (see Exercise 1), establishing Propo-
sition CZZZR for the case of discrete groups. In fact, it is not very
difficult to prove the general case of Proposition IZZZ8 similarly
(see Exercise 21).

2) Because any amenable group H has a bi-invariant mean on $*(H)
(see Remark TZ310), the proof of Proposition IZ3T2(=) shows
that the finitely additive probability measure p can be taken to be
bi-invariant.

§12.3(iv). Almost-invariant vectors.

(12.3.14) Definition. An action of H on a normed vector space B has
almost-invariant vectors if, for every compact subset C of H and every
€ > 0, there is a unit vector v € B, such that

lcv —v] <€ forallc € C. (12.3.15)

(A unit vector satisfying (I”Z313) is said to be (€, C)-invariant.)

(12.3.16) Example. Consider the regular representation of H on $2(H).

1) If H is a compact Lie group, then the constant function 15 belongs
to $%(H), so $%(H) has an H-invariant unit vector.

2) If H = R, then $%(H) does not have any (nonzero) H-invariant
vectors (see Exercise 22), but it does have almost-invariant vec-
tors: Given C and ¢, choose n € N so large that C < [-n,n] and
2/ /n < €. Let p = %an, where X2 is the characteristic function
of [0,n?]. Then ¢ is a unit vector and, for ¢ € C, we have

n n+n 1

1
_ 2 - .
lled — ] sj nzd“Lz_n =

(12.3.17) Remark. $*(H) has almost-invariant vectors if and only if £1(H)
has almost-invariant vectors (see Exercise 23). Therefore, $2(H) may be
replaced with £'(H) in Theorem IZ3-1(B). (In fact, £2(H) may be replaced
with £P(H), for any p € [1, ) (see Exercise 24).)

dx=§<e.
n n
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(12.3.18) Proposition (B < B). There is a left-invariant mean on £°(H) if
and only if $4(H) has almost-invariant vectors.

Proof. Because of Remark T2314, we may replace $2(H) with $XH).
(<) By applying the construction of means in Example IZ338 to
almost-invariant vectors in $1(H), we obtain almost-invariant means on
F*(H). A limit of almost-invariant means is invariant (see Exercise 23).
(=) Because the means constructed in Example 2738 are dense in
the space of all means, we can approximate a left-invariant mean by an
%! function. Vectors close to an invariant vector are almost-invariant, so
$Y(H) has almost-invariant vectors. However, there are technical issues
here; one problem is that the approximation is in the weak* topology, but
we are looking for vectors that are almost-invariant in the norm topology.
See Exercise P8 for a correct proof in the case of discrete groups (using
the fact that a convex set has the same closure in both the norm topology
and the weak™* topology). O

§12.3(v). Folner sequences.

(12.3.19) Definition. Let {F, } be a sequence of measurable sets in H, such
that 0 < u(F,) < o for every n. We say {F,} is a Folner sequence if, for
every compact subset C of H, we have
lim max H(Fn & cFn)
n—co ceC u(Fy)
where u is the Haar measure on H.

=0, (12.3.20)

(12.3.21) Example.

1) If F, = B,(0) is the ball of radius »n in RY, then {F,} is a Falner
sequence in R? (see Exercise 29).

2) The free group F» on 2 generators does not have Folner sequences
(see Exercise Z4Z2).

The reason that R? has a Felner sequence, but the free group F» does
not, is that R? is amenable, but F is not:

(12.3.22) Proposition (B < [). There is an invariant mean on $%(H) if
and only if H has a Folner sequence.

Proof. (<) Normalized characteristic functions of Folner sets are almost
invariant vectors in $X(H) (see Exercise B0).

(=) Let us assume H is discrete. Given € > 0, and a finite subset C
of H, we wish to find a finite subset F of H, such that

#(F A c(F))

<e¢ forallc € C.
#(F,,)
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Since H is amenable, we know $1(H) has almost-invariant vectors (see Re-
mark [2317); hence, there exists f € $!(H), such that

) f=0,
2) IIfllh =1, and
3) llcf — fll1 < €/#C, for every c € C.

Note that if f were the normalized characteristic function of a set F,
then this set F would be what we want; for the general case, we will
approximate f by a sum of such characteristic functions.

Approximating f by a step function, we may assume f takes only
finitely many values. Hence, there exist:

o finite subsets A; c Ay < --- < A, of H, and
e real numbers «,..., &, > 0,
such that
1) +oo+---+0y=1and
2) f=o1fi+oafot+ - dnfu

where f; is the normalized characteristic function of A; (see Exercise B3).
For all i and j, and any ¢ € H, we have

Ai N cA; is disjoint from cA; \ A; (12.3.23)
(see Exercise B4), so, for any x € H, we have
filx) > (cfi)(x) = fi(x) = (cfj)(x)
and
filx) < (cfi)(x) = fi(x) < (cfj)(x).
Therefore

l(cf = £ =D agllcfi = fi)(x)| forall x € H.
Summing over H yields
gfxillcfi—finl = llef = flh < 4=

Summing over C, we conclude that

Do D llefi— filh <e.

i ceC
Since >; «; = 1 (and all terms are positive), this implies there is some i,
such that

> llefi- filli <e.

ceC

Hence, ||cf; — fill1 <€, for every ¢ € C, so we may let F = A;. O
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(12.3.24) Remark. Folner sets provide an easy proof that subgroups of
discrete amenable groups are amenable.
Proof. Let

e Abe a closed subgroup of a discrete, amenable group H,

e C be a finite subset of A, and

e €>0.

Since H is amenable, there is a corresponding Felner set F in H.

It suffices to show there is some h € H, such that Fh n A is a Felner
setin A. We have

#F = > #(FnAh)
AheA\H
and, letting €' = e#C, we have
(1+€)#F 2 #(CF) = > #(C(Fn Ah)),
AheA\H
so there must be some Ah € A\H, such that
#(C(FnAh)) < (1 +€)#(F n Ah)
(and F N Ah # @). Then, letting F' = Fh™! n A, we have
#(CF') =#(C(FnAh)) < (1 + € )#(Fn Ah) = (1 + € )#F/,

so F' is a Falner set in A. O

Exercises for §12.3.

Invariant probability measures

#1. In the setting of Example IZ33, show that Prob(X) is a compact,
convex subset of C(X)*.
[Hint: You may assume the Banach-Alaoglu Theorem (Proposition BZ4).]

#2. Suppose H acts continuously on a compact, metrizable space X.
There is an induced action of H on Prob(X) defined by

(hsu)(A) = u(h 'A) forh € H, u € Prob(X), and A < X.

Show that this induced action of H on Prob(X) is continuous (with
respect to the weak* topology on Prob(X)).

#3. Let A be a separable subset of a Fréchet space V. Show
a) Ais second countable.
b) If A is compact, then A is metrizable.
[Hint: () Remark TZ34.]

#4. Let u be a probability measure on a compact, convex subset C of a
Fréchet space V. The center of mass of C is a point ¢ € "V, such



#5.

#6.

#7.
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that, for every continuous linear functional A on "V, we have
Alc) = LA(X) au(x).

Show the center of mass of u exists and is unique, and is an element
of C.

Give an example of a probability measure u on a Fréchet space,
such that the center of mass of u does not exist.

[Hinﬁ: There are probability measures on R*, such that the center of mass is infi-
nite.

Show that if p is the center of mass of a probability measure y on a
Fréchet space "V, then p is invariant under every continuous, linear
transformation of "V that preserves L.

Suppose H acts continuously on a compact, metrizable space X.
Show that the map

H X Prob(X): (h,u) — hyu
defines a continuous action of H on Prob(X).

Left-invariant means

#8.

#9.

#10.

#11.

#12.

#13.

Verify Remark ITZ374.
[Hint: A(1gy) = 1 implies ||A|| = 1. For the other direction, note that if || f|lc < 1,
then 1y — f > 0a.e.,, so A(lg — f) = 0; similarly, A(f + 1) = 0.]
Show that the restriction of a mean is a mean. More precisely, let
Vi and V> be linear subspaces of $*(H), with 15 € V; € V». Show
that if A is a mean on V5, then the restriction of A to V; is a mean
on V.
Suppose A is a mean on Cphgq(H ), the space of bounded, continuous
functions on H. For f € Cpqq(H), show

min f < A(f) < max f.
For h € H, define 65,: Chaa(H) — R by 6,(f) = f(h). Show 6y is a
mean on Cpaq(H).
Let B be any linear subspace of £*(H), such that B contains 1g
and is closed in the £*norm. Show that the means constructed in

Example 238 are weak* dense in the set of all means on B.

[Hint: If not, then the Hahn-Banach Theorem implies there exist € > 0, a mean A,
and some f € (B*)* = B, such that

ACH) >e+JHf\¢|du,
for every unit vector ¢ in $1(H). This contradicts the fact that A(f) < ess. sup f.]

Let ‘M be the set of means on Cpgq(H). Show:
a) M=+ Q.
b) M is convex.
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¢) M is H-invariant.
[Hint: (m) Evaluation at any point is a mean.]

#14. Let M be the set of means on Chqq(H). Show:
a) M is contained in the closed unit ball of Cyhqq(H)*. (That is, we
have [A(f) < || fll» for every f € Cpaa(H).)
b) (M) is weak* closed.
¢) M is compact in the weak* topology.
[Hint: You may assume the Banach-Alaoglu Theorem (Proposition BZ4).]
Show that if H is amenable, then there is a left-invariant mean
on £*(H).

[Hint: Define A(f) = uo(f * n), where Ag is a left-invariant mean on Cyhqq(H), and
n is a nonnegative function of integral 1.]

#15. Suppose ¢: Y — Xis continuous, and A is amean on Cpqq(Y). Show
that @4 A (defined by (@« A)(f) = A(f o ¢)) is a mean on Cpqq (X).

#16. Assume H is amenable and discrete. Show there is a bi-invariant
mean on £°(H).

[Hint: Since $*®(H) = Cpgq(H), amenability implies there is a left-invariant mean
on $*(H) (see Theorem TZ3T(@)). Now H acts by right translations on the set
of all such means, so amenability implies that some left-invariant mean is right-
invariant.]

#17. (harder) Assume H has a fixed point in every metrizable, nonempty,
compact, convex H-space (and H is second countable). Show H is
amenable.

[Hint: To find a fixed point in C, choose some cg € C. For each mean A on Cpgq(H)
and each p € V*, define ¢, (p) = A(h — p(hco)), so ¢y € (V*)’, the algebraic
dual of V*. If Ais a convex combination of evaluations at points of H, it is obvious
there exists c) € C, such that ¢ (p) = p(cy). Since the map A — ¢, is continuous
(with respect to appropriate weak topologies), this implies c) exists for every A.
The proof of Proposition 23 shows that A may be chosen to be left-invariant,
and then c, is H-invariant.]

Invariant finitely additive probability measures

#18. Verify that p, as defined in the proof of Proposition IZZ3T2(=), has
the properties specified in the statement of the proposition.

#19. Let p and A be as in the proof of Proposition TZ3T2(<).
m n m n
a) If > aiXg, = > bjXp, ae, show > a;p(E;) = > bjp(F)).

i-1 j=1 i-1 j=1
m n m n

b) If > aiXg, < > bj Xp, ae., show > a;p(E;) < > bjp(F)).
i-1 j= izl j=1

1
¢) Show that A(1g) = 1.
d) Show thatif f > 0, then A(f) = 0.
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e) Show that

n n
A(f) =supq D aipE) | f=D aiXg ae.
i=1 i=1
f) Show that A is a mean on £*(H).
[Hint: (aB) By passing to a refinement, arrange that {E;} are pairwise disjoint, {F;}
are pairwise disjoint, and each E; is contained in some Fj. |

#20. Use Proposition IZ3T2 to prove that every subgroup A of a dis-
crete amenable group H is amenable.

[Hint: Let X be a set of representatives of the right cosets of A in H, and let A
be a left-invariant finitely additive probability measure on H. For E < A, define
A(E) = A(EX).]

#21. Use Proposition Z3T2 to prove that every closed subgroup A of
an amenable group H is amenable.
[Hint: Let X be a Borel set of representatives of the right cosets of A in H, and
define A as in the solution of Exercise PO. Fubini’s Theorem implies that if E has
measure 0 in A, then XA has measure 0 in H. You may assume (without proof) the
fact that if f: M — N is a continuous function between manifolds M and N, and E
is a Borel subset of M, such that the restriction of f to E is one-to-one, then f(E)
is a Borel setin N. |

Almost-invariant vectors

#22. a) For v € $%(H), show that v is invariant under translations if
and only if v is constant (a.e.).
b) Show that H is compact if and only if $%(H) has a nonzero
vector that is invariant under translation.

#23. Show that $%(H) has almost-invariant vectors if and only if $'(H)
has almost-invariant vectors.

[Hint: Note that f2 - g2 = (f —g)(f + 9), s0 lf? = g°ll1 < IIf — gll21l.f + gll2.
Conversely, for f, g = 0, we have (f — g)2 < |f2 - g%l,s0 |If —gli3 < If2 - g%ll1.]

#24. For p € [1, ), show that £'(H) has almost-invariant vectors if and
only if £P(H) has almost-invariant vectors.
[Hint: If p < g, then almost-invariant vectors in $?(H) yield almost-invariant vec-
tors in $4H), because |(f — g)|4/P < |f4/P — g4/P|. And almost-invariant vectors

in $P(H) yield almost-invariant vectors in $£?/2(H), by the argument of the first
hint in Exercise 23.]

#25. Let
e {Cy,} be an increasing sequence of compact subsets of H, such
that J,, Cn = H,
e ¢, =1/n,

e ¢, be an (e,, Cy)-invariant unit vector in £'(H),
e A, be the mean on ¥® obtained from ¢,, by the construction
in Example 237y, and
e A be an accumulation point of {Ay}.
Show that A is invariant.
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#26. Assume H is discrete. Let
P={Ppec*(H)|P=0lpl =1}
Suppose {¢;} is a net in P, such that the corresponding means A;
converge weak* to an invariant mean A on £*(H).
a) For each h € H, show that the net {h*¢; — ¢;} converges
weakly to 0.
b) Take a copy £ H)j, of $X(H) for each h € H, and let

V= X YH)y
heH

with the product of the norm topologies. Show that V is a
Fréchet space.

¢) Show that the weak topology on "V is the product of the weak
topologies on the factors.

d) Define a linear map T: $Y(H) — V by T(f)n = h*f — f.

e) Show that the net {T(¢;}) converges to 0 weakly.

f) Show that 0 is in the strong closure of T (P).

g) Show that £!(H) has almost-invariant vectors.

#27. Show that if H is amenable, then H has the Haagerup property.
By definition, this means there is a unitary representation of H on
a Hilbert space H, such that there are almost-invariant vectors,
and all matrix coefficients decay to 0 at o as in the conclusion of
Theorem IT22. (A group with the Haagerup property is also said
to be a-T-menable.)

Folner sequences

#28. Show that {F, } is a Falner sequence if and only if, for every compact
subset C of H, we have
. U(Fy uUcFy)
lim ————
n—eo H(Fn)
#29. Justify Example [TZ32TI(M).
[Hint: C < By (0), for some ». We have p(B,,(0))/u(Bp(0)) — 1]

#30. Prove Proposition IZ322(<«).

[Hint: Normalizing the characteristic function of F; yields an almost-invariant unit
vector.]

#31. Show (IZ32Z0) is equivalent to

n—o ceC U(Fy)

=1.

=1.

#32. Assume H is discrete. Show that a sequence {F,} of finite subsets
of H is a Falner sequence if and only if, for every finite subset C
of H, we have

im #(CFy)
n—o #(Fy,)




#33
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. Given a step function f, as in the proof of Proposition ZZ322(=),
let
e a1 >ap > --- > ay be the finitely many positive values taken
by f,
e Ai={heH]| f(h)=a;},and
e f; be the normalized characteristic function of A;.
Show
a) Ajc Ayc-.-- S A,
b) there exist real numbers «j,..., &, > 0, such that

f=oaufi+- -+ anfn,

and
C) X1+ -+ + oy =1.

#34. Prove (B4).

#35.

[Hint: Note that either A; € Ajor Aj c A;]

(harder) Use Falner sets to prove Remark 2374 (without assuming
H is discrete).

[Hint: Adapt the proof of the discrete case. There are technical difficulties, but
begin by replacing the sum over A\H with an integral over A\H.]

#36. A finitely generated (discrete) group A is said to have subexponen-

tial growth if there exists a generating set S for A, such that, for
every € > 0,

#(SUSH™ < " for all large n.

Show that every group of subexponential growth is amenable.

#37. Give an example of an finitely generated, amenable group that does

not have subexponential growth.

§12.4. Some nonamenable groups

Other proofs of the following proposition appear in Exercises M and E.

(12.4.1) Proposition. Nonabelian free groups are not amenable.

Proof. For convenience, we consider only the free group F, on two gener-
ators a and b. Suppose F; has a left-invariant finitely additive probability
measure p. (This will lead to a contradiction.)

We may write F, = AUA-UBUB~ U {e}, where A, A~, B, and B~ consist

of the reduced words whose first letter is a, a~!, b, or b1, respectively.
Assume, without loss of generality, that p(A U A7) < p(B U B™) and
p(A) < p(A™). Then

and p(A) <

N | =
| =

p(BUB U {e}) =
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Then, by left-invariance, we have
1
p(a(B UB~ U {e})) =p(BUB U {e}) = 5> p(A).
This contradicts the fact that a(B U B~ U {e}) c A. O

Combining this with the fact that subgroups of discrete amenable
groups are amenable (see Proposition IZ-28), we have the following con-
sequence:

(12.4.2) Corollary. Suppose H is a discrete group. If H contains a non-
abelian, free subgroup, then H is not amenable.

(12.4.3) Remarks.

1) The converse of Corollary 222 is known as “von Neumann’s Con-
jecture; but it is false: a nonamenable group with no nonabelian
free subgroups was found by Ol’shanskii in 1980. (The name is
misleading: apparently, the conjecture is due to M.Day, and was
never stated by Von Neumann.)

2) The assumption that H is discrete cannot be deleted from the state-
ment of Corollary TZZ2. For example, the orthogonal group SO(3)
is amenable (because it is compact), but the Tits Alternative (E=9T)
implies that it contains nonabelian free subgroups.

3) The nonamenability of nonabelian free subgroups of SO(3) is the
basis of the famous Banach-Tarski Paradox: A 3-dimensional ball B
can be decomposed into finitely many subsets X1, ..., Xy, such that
these subsets can be reassembled to form the union of two disjoint
balls of the same radius as B. (More precisely, the union B; U By of
two disjoint balls of the same radius as B can be decomposed into
subsets Yi,..., Yy, such that Y; is congruent to Xj, for each i.)

4) If H contains a closed, nonabelian, free subgroup, then H is not
amenable.

Here is an example of a nonamenable connected group:
(12.4.4) Proposition. SL(2, R) is not amenable.

Proof. Let G = SL(2,R). The action of G on R U {} = S! by linear-
fractional transformations is transitive, and the stabilizer of the point 0
is the subgroup P = [* i] so G /P is compact. However, the Borel Den-
sity Theorem implies there is no G-invariant probability measure on G/P
(see Exercise B 6#7). (See Exercise B for a direct proof that there is no

G-invariant probability measure.) So G is not amenable. O

More generally:
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(12.4.5) Proposition. If a connected, semisimple Lie group G is not com-
pact, then G is not amenable.

Proof. The Jacobson-Morosov Lemma (B58) tells us that G contains a
closed subgroup isogenous to SL(2, R). Alternatively, recall that any lat-
tice I' in G must contain a nonabelian free subgroup (see Corollary BE292),
and, being discrete, this is a closed subgroup of G. O

(12.4.6) Remark. Readers familiar with the structure of semisimple Lie
groups will see that the proof of Proposition 224 generalizes to the
situation of Proposition IZZ13: Since G is not compact, it has a proper
parabolic subgroup P. Then G/P is compact, but the Borel Density The-
orem implies that G/P has no G-invariant probability measure.

Combining this result with the structure theory of connected Lie
groups yields the following classification of connected, amenable Lie
groups:

(12.4.7) Proposition. A connected Lie group H is amenable if and only if
H contains a connected, closed, solvable normal subgroup N, such that
H/N is compact.

Proof. (<) Corollary TZZA(2).

(=) The structure theory of Lie groups tells us that there is a con-
nected, closed, solvable, normal subgroup R of H, such that H/R is
semisimple. (The subgroup R is called the radical of H.) Since quo-
tients of amenable groups are amenable (see Exercise IZZT#2), we know
that H/R is amenable. So H/R is compact (see Proposition [Z-Z273). O

Exercises for §12.4.

#1. a) Find a homeomorphism ¢ of the circle S!, such that the only
¢-invariant probability measure is the delta mass at a single
point p.

b) Find two homeomorphisms ¢; and ¢» of S!, such that the
subgroup (¢1, ¢») they generate has no invariant probability
measure.

¢) Deduce that the free group F, on 2 generators is not amenable.

[Hint: (a) Identifying S! with [0, 1], let ¢p(x) = x2. For any x € (0, 1), we have
¢((0,x)) = (0,x2), so u((x2,x)) = 0. Since (0,1) is the union of countably many
such intervals, this implies that u((0,1)) = 0.]

#2. Show explicitly that free groups do not have Fglner sequences.
More precisely, let F» be the free group on two generators a and b,
and show that if F is any nonempty, finite subset of F;, then there
exists ¢ € {a,b,a',b™'}, such that #(F ~ ¢cF) = (1/4)#F. This
shows that F, free groups is not amenable.
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#3.

#4.

#5.

#6.

12. AMENABLE GROUPS

[Hint: Suppose F = AU B U A~ U B7, where words in A,B,A™,B~ start with
a,b,a 1,b~1, respectively. If #A4 < #A~ and #(A U A~) < #(B U B™), then
#(aF < F) = #(BUB~) —#Al]

Assume that H is discrete, and that H is isomorphic to a (not nec-
essarily discrete) subgroup of SL(#, R). Show:
a) H is amenable if and only if H has no nonabelian, free sub-
groups.
b) H is amenable if and only if H has a solvable subgroup of finite
index.
[Hint: Tits Alternative (E291).]

Let G = SL(2,R) act on RU{} by linear-fractional transformations,
as usual.
a) Foru = [} 1] € G, show that the only u-invariant probability
measure on R U {oo} is concentrated on the fixed point of u.
b) Since the fixed point of u is not fixed by all of G, conclude that
there is no G-invariant probability measure on R U {co}.

[Hint: (a) The action of u is conjugate to the homeomorphism ¢ in the hint to
Exercise M(@), so a similar argument applies.]

Show that if a semisimple Lie group G is not compact, then every
lattice I in G is not amenable.

Give an example of a nonamenable Lie group that has a closed, co-
compact, amenable subgroup. (By Proposition 244, the subgroup
cannot be normal.)

§12.5. Closed subgroups of amenable groups

Before proving that closed subgroups of amenable groups are amenable
(Proposition CZZ8), we introduce some notation and establish a lemma.
(Proofs for the case of discrete groups have already been given in Re-
marks 2313 and TZ374.)

(12.5.1) Notation.
1) We use £*(H;C) to denote the space of all measurable functions

from the Lie group H to the compact, convex set C, where two
functions are identified if they are equal a.e. (with respect to the
Haar measure on H).

2) If Ais a closed subgroup of H, and C is a A-space, then

PUAH;C) = {(p € $2(H;C)

Y is essentially
A-equivariant |-

(To say y is essentially A-equivariant means, for each A € A, that
Y (Ah) =A-y(h)fora.e. h e H.)
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(12.5.2) Examples.

1) Suppose H is discrete. Then every function on H is measurable, so
$*(H;C) = CH is the cartesian product of countably many copies
of C. Therefore, in this case, Tychonoff’s Theorem (B522) implies
that £*(H; C) is compact.

2) If Cis the closed unit disk in the complex plane (and H is arbitrary),
then ¥*(H; C) is the closed unit ball in the Banach space $*(H),
so the Banach-Alaoglu Theorem (Proposition BZ4) states that it is
compact in the weak* topology.

More generally, if we put a technical restriction on C, then there is a
weak topology on £*(H; C) that makes it into a compact, convex H-space:

(12.5.3) Lemma. Assume
e A is a closed subgroup of H,
e C is a nonempty, compact, convex H-space, and
e C is contained in the dual of some separable Banach space ‘B.

Then £*(H; C) and £3(H; C) are nonempty, compact, convex H-spaces.

Proof. Let $*(H; B*) be the space of all bounded measurable functions
from H to B* (where two functions are identified if they are equal a.e.).
This is the dual of the (separable) Banach space $1(H;B), so it has a
natural weak* topology. Since $£%(H;C) is a closed, bounded, convex
subset of $*(H; B*), the Banach-Alaoglu Theorem (BZ3) tells us that it
is weak* compact. In addition, the action of H by right-translation on
$P*(H;C) is continuous (see Exercise ).

It is not difficult to see that £{(H; C) is a nonempty, closed, convex,
H-invariant subset (see Exercise B). d

Proof of Proposition TZZZ8. Let A be a closed subgroup of an amenable
Lie group H. Given any continuous action of A on a compact, metriz-
able space X, it suffices to show there is a A-invariant probability mea-
sure on X (see Theorem IZ31(B)). From Lemma IZ53, we know that
$3(H;Prob(X)) is anonempty, compact, convex H-space. Therefore, the
amenability of H implies that H has a fixed point ¢ in £3(H;C). So y is
essentially H-invariant. If we fix any A € A, then, for a.e. h € H, we have

A-ywlh) =yw(Ah) (y is essentially A-equivariant)
=w(h) (y is essentially H-invariant).

If we assume, for simplicity, that A is countable (see Exercise @), then the
quantifiers can be reversed (because the union of countably many null
sets is a null set), so we conclude that the probability measure y (h) is
A-invariant. 0
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Exercises for §12.5.

#1. Show that the action of H on £*(H; C) by right translations is con-
tinuous in the weak*-topology.

#2. Suppose A is a closed subgroup of H, and that A acts measurably
on a measure space Q. Show there is a A-equivariant, measurable
map ¢: H — Q.

[Hint: @ can be defined arbitrarily on a strict fundamental domain for A in H.]

#3. Show that £3(H; C) is anonempty, closed, convex, H-invariant sub-
set of £°(H; C).

#4. Prove Proposition 228 without assuming A is countable.
[Hint: Consider A in a countable dense subset of A.]

§12.6. Equivariant maps from G/P to Prob(X)

We now use amenability to prove a basic result that has important con-
sequences for the theory of arithmetic groups. In particular, it is an
ingredient in two fundamental results of G. A. Margulis: his Superrigidity
Theorem (IHTH) and his Normal Subgroups Theorem (IZ1T).

(12.6.1) Proposition (Furstenberg’s Lemma). If
e P is a closed, amenable subgroup of G, and
e I acts continuously on a compact metric space X,

then there is a Borel measurable map @ : G/P — Prob(X), such that y is
essentially T-equivariant.

Proof. Lemma tells us that #2°(G;Prob(X)) is a nonempty, com-
pact, convex G-space. By restriction, it is also a nonempty, compact,
convex P-space, so P has a fixed point o (under the action by right-
translation). Then o factors through to an (essentially) well-defined
map Y: G/P — Prob(X). Because (g is I-equivariant, it is immediate
that y is I'-equivariant. O

In applications of Proposition 26T, the subgroup P is usually taken
to be a minimal parabolic subgroup. Here is an example of this:
(12.6.2) Corollary. If

e G =SL(3,R),

* ok ok
e I acts continuously on a compact metric space X,

then there is a Borel measurable map @ : G/P — Prob(X), such that y is
essentially T-equivariant.

*
.p:[** }cG,and
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Proof. P is amenable (see Exercise TZ2F#I14d). O

(12.6.3) Remark. The function y thatis provided by Furstenberg’s Lemma
(ZZB0) (or Corollary TZ62) can be thought of as being a “random” map
from G/P to X; for each z € G/P, the value of @(z) is a probability
distribution that defines a random value for the function at the point z.
However, we will see in Section 64 that the theory of proximality makes
it possible to show, in certain cases, that @ (z) is actually a single well-
defined point of X, not a random value that varies over some range.

Exercises for §12.6.

#1. Show that every minimal parabolic subgroup of G is amenable.
[Hint: Langlands decomposition (BZH).]

§12.7. More properties of amenable groups (optional)

In this section, we mention (without proof, and without even defining all
of the terminology) a variety of very interesting properties of amenable
groups. For simplicity,

we assume A is a discrete group.

§12.7(i). Bounded harmonic functions.

(12.7.1) Definition. Fix a probability measure p on A.
1) A function f: A — R is p-harmonic if f = py x f. This means, for
every A € A,
FQ) = > ux) f(xA).

xeA
2) uis symmetric if p(A=1) = u(A) for every A c A.
(12.7.2) Theorem. A is amenable if and only if there exists a symmetric
probability measure u on A, such that
1) the support of u generates A, and
2) every bounded, u-harmonic function on A is constant.
Because any harmonic function is the Poisson integral of a function

on the Poisson boundary (and vice-versa), this result can be restated in
the following equivalent form:

(12.7.3) Corollary. A is amenable if and only if there exists a symmetric
probability measure u on A, such that
1) the support of u generates A, and

2) the Poisson boundary of A (with respect to L) consists of a single
point.
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§12.7(ii). Norm of a convolution operator.

(12.7.4) Definition. For any probability measure y on A, there is a corre-
sponding convolution operator C, on $(A), defined by

(Cuf)A) = D p(x) f(x'A).

xXeA

(12.7.5) Theorem. Let u be any probability measure on A, such that the
support of u generates A. Then ||Cyll = 1 if and only if A is amenable.

§12.7(iii). Spectral radius. In geometric terms, the following famous
result characterizes amenability in terms of the spectral radius of ran-
dom walks on Cayley graphs.

(12.7.6) Theorem (Kesten). Let u be a finitely supported, symmetric prob-
ability measure on A, such that the support of u generates A. Then p is

amenable if and only if
1/2n
> p(g) p(gz) - - u(gen)

}lel;lo gl;;QZnESuppu = 1.
gi1g2---gom=2=¢€

§12.7(iv). Positive-definite functions.
(12.7.7) Definition (cf. Terminology I364). A C-valued function @ on A
is positive-definite if, for all a,,...,a, € A, the matrix
[aij1 i, = [@a;'a))]
is Hermitian and has no negative eigenvalues.

(12.7.8) Theorem. A is amenable if and only if > ;cp @ (g) = O for every
(finitely supported) positive-definite function @ on A.

§12.7(v). Growth.

(12.7.9) Definition. Assume A is finitely generated, and fix a symmetric
generating set S for A.
1) Foreachr € Z*, let B, (A) be the ball of radius 7 centered at e, More
precisely,
By (A;S)={AeA|3sy,8,...,5r €SU{e},A=515---51}.
2) We say A has subexponential growth if for every € > 0, we have
#B, (A;S) < e, for all sufficiently large » € 7.

(12.7.10) Proposition (see Exercise ). If A has subexponential growth,
then A is amenable.
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(12.7.11) Warning. The implication in Proposition 2710 goes only one
direction: there are many groups (including many solvable groups) that
are amenable, but do not have subexponential growth (see Exercise ).

§12.7(vi). Cogrowth.

(12.7.12) Definition. Assume A is finitely generated. Let:

1) S = {s1,52,...,5;} be a finite generating set of A.

2) Fy be the free group on k generators xi, ..., Xk.

3) ¢s: Fx — A be the homomorphism defined by ¢ (x;) = s;.
The cogrowth of A (with respect to S) is

: 1 + +
lim > logy;—; #((ker $s) N By (Fi;xit, .o xih).

Note that #B, (Fi; xi!,...,x{!) is equal to the number of reduced
words of length 7 in the symbols xi',...,x{!, which is approximately
(2k — 1)". Therefore, it is easy to see that that the cogrowth of A is
between 0 and 1 (see Exercise B). The maximum value is obtained if and
only if A is amenable:

(12.7.13) Theorem. A is amenable if and only if the cogrowth of A is 1,
with respect to some (or, equivalently, every) finite generating set S.

§12.7(vii). Unitarizable representations.

(12.7.14) Definition. Let p: A — 98(3) be a (not necessarily unitary)
representation of A on a Hilbert space 7.

1) pis uniformly bounded if there exists C > 0, such that [|[p(A)|| < C,
forall A € A.

2) pis unitarizable if it is conjugate to a unitary representation. This
means there is an invertible operator T on J{, such that the repre-
sentation A — T~! p(A) T is unitary.

It is fairly obvious that every unitarizable representation is uniformly
bounded (see Exercise B). The converse is not true, although it holds for
amenable groups:

(12.7.15) Theorem. If A is amenable, then every uniformly bounded rep-
resentation of A is unitarizable.

(12.7.16) Remark. The converse of Theorem [ZZ I3 is an open question.
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§12.7(viii). Almost representations are near representations.
(12.7.17) Definition. Fix € > 0, and let @ be a function from A to the
group ‘U(H') of unitary operators on a Hilbert space 7.

1) @ is e-almost a unitary representation if
lp(A1A2) — (A1) @(A2)]l < eforall A1, Az € A.

2) @ is e-near a unitary representation if there exists a unitary repre-
sentation p: A: ‘U(H), such that

lp(A) — p(A)]] < € for every A € A.

For amenable groups, every almost representation is near a repre-
sentation:

(12.7.18) Theorem. Assume A is amenable. Given € > 0, there exists
0 > 0, such that if @ is 6-almost a unitary representation, then @ is e-near
a unitary representation.

§12.7(ix). Bounded cohomology. The bounded cohomology groups
of A are defined just like the ordinary cohomology groups, except that
all cochains are assumed to be bounded functions.

(12.7.19) Definition. Assume B is a Banach space.

1) B is a Banach A-module if A acts continuously on B, by linear
isometries.

2) Fhaa(A; B) = ZHA;B) N L=(A;B).
3) #haa(A;B) = Zhada(A; B)/BUA;B).

(12.7.20) Theorem. A is amenable if and only if ¥6taqa(A;B) = O for every
Banach A-module B.

(12.7.21) Remark. In fact, if A is amenable, then ¥4 (A; B) = 0 for all n.

§12.7(x). Invariance under quasi-isometry.

(12.7.22) Proposition (see Exercise B). Assume A1 and A, are finitely gen-
erated groups, such that A\, is quasi-isometric to A, (see Definition [ 13).
Then A is amenable if and only if A2 is amenable.
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§12.7(xi). Ponzi schemes. Assume A is finitely generated, and let d
be the word metric on A, with respect to some finite, symmetric generat-
ing set S (see Definition [U_IT).

(12.7.23) Definition. A function f: A — Ais a Ponzi scheme on A if there
is some C > 0, such that, for all A € A, we have:

1) #f1(A) = 2, and
2) d(f(A),A) < C.

(12.7.24) Theorem. A is amenable if and only if there does not exist a
Ponzi scheme on A.

Exercises for §12.7.

#1.

#2.

#3.

#4.

#5.

#6.

#7.

#8.

Prove Proposition TZZT11.

[Hint: If no balls are Falner sets, then the group has exponential growth.]
Choose a prime number p, and let

k n
_ p- mp
RO

with the discrete topology. Show A is an amenable group that does
not have subexponential growth.

k,m,ne Z} C SL(2,Q),

In the notation of Definition ITZZ12, show:
a) #By (F;xit, ..., xiih) = 2k(2k — 1)1,
b) If cog A is the cogrowth of A, then 0 < cogA < 1.

Show that every unitarizable representation is uniformly bounded.

For every € > 0, show there exists § > 0, such that if @ is é-near a
unitary representation, then @ is e-almost a unitary representation.

Prove Proposition TZZZ2.

[Hint: Show that if A is not amenable, then, for every k, it has a finite subset S, such
that #(SF) = k - #F for every finite subset F of A.]

Explicitly construct a Ponzi scheme on the free group with two
generators.

Show (without using Theorem I[2Z724) that if A is amenable, then
there does not exist a Ponzi scheme on A.

[Hint: Falner sets.]
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Notes

The notion of amenability is attributed to J.vonNeumann [Z0], but
he used the German word “messbar” (which can be translated as “mea-
surable”). The term “amenable” was apparently introduced into the lit-
erature by M. Day [4, #507, p. 1054] in the announcement of a talk.

The monographs [I6, I7] are standard references on amenability.
Briefer treatments are in [2, App. G|, [B], and [22, §4.1]. Quite a differ-
ent approach to amenability appears in [21, Chaps. 10-12] (for discrete
groups only).

The fact that closed subgroups of amenable groups are amenable
(Proposition IZZZ8) is proved in [B, Thm. 2.3.2, pp. 30-32], [I4, Prop. 13.3,
p. 118], and (22, Prop. 4.2.20, p. 74].

See [B, p. 67] for a proof of Proposition IZ322(=) that does not
require H to be discrete.

Remark 23T is proved in [B, pp. 46-47].

The solution of Exercise TZ3#I4 can be found in [, Thm. 5.4, p. 45].

For a proof of the fact (mentioned in the hint to Exercise ITZ3#ZT1) that
the one-to-one continuous image of a Borel set is Borel, see [I, Thm. 3.3.2,
p. 70].

Our proof of Proposition [Z-3-2Z2(=) is taken from [B, pp. 66-67].

Remark TZZ3(M), the existence of a nonamenable group with no non-
abelian free subgroup, is due to Olshanskii [I5)]. (In this example, called
an “Olshanskii Monster” or “Tarski Monster; every proper subgroup of
the group is a cyclic group of prime order, so there is obviously no free
subgroup.) A much more elementary example has recently been con-
structed by N.Monod [I3].

The book of S.Wagon [Z1] is one of the many places to read about
the Banach-Tarski Paradox (Remark TZZ3(3)).

Furstenberg’s Lemma (ICZ6T) appears in [5, Thm. 15.1]. Another
proof can be found in [Z2, Prop. 4.3.9, p. 81].

Theorem ITZZ2 is due to Kaimanovich and Vershik [0, Thms. 4.2
and 4.4] and (independently) Rosenblatt [T9, Props. 1.2 and 1.9 and
Thm. 1.10].

Theorem is due to H.Kesten (if y is symmetric). See [2, G.4.4]
for a proof.

A proof of Proposition TZZ10 can be found in [ 4, Props. 12.5
and 12.5].

Theorem was proved by R.I. Grigorchuk [8] and J. M. Cohen
[3] (independently).

Theorem IZZT3 was proved by J. Dixmier and M. Day in 1950 (inde-
pendently). See [I8] for historical remarks and progress on the converse.
(Another result on the converse is proved in [14].)

Theorem IZZT18 is due to D.Kazhdan [I1].
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Theorem 2720 and Remark 27T are due to B.E. Johnson [9]. See
[2] (and its many references) for an introduction to bounded cohomol-

ogy.
Theorem I2-724 appears in [, 6.17 and 6.173, p. 328].
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Chapter 13

Kazhdan’s Property (T)

Recall that if a Lie group H is not amenable, then $%(H) does not have
almost-invariant vectors (see Theorem I’Z31(6)). Kazhdan’s property (T)
is the much stronger condition that no unitary representation of H has
almost-invariant vectors (unless it has a vector that is fixed by H). Thus,
in a sense, Kazhdan’s property is the antithesis of amenability.

We already know that I' is not amenable (unless it is finite) (see Ex-
ercise ZZF7). In this chapter, we will see that I usually has Kazhdan’s
Property (T), and we will look at some of the consequences of this.

§13.1. Definition and basic properties

Part () of the following definition is repeated from Definition TZ3T4,
but the second half is new.

(13.1.1) Definition. Let H be a Lie group.
1) An action of H on a normed vector space B has almost-invariant
vectors if, for every compact subset C of H and every € > 0, there
is a unit vector v € B, such that

lcv —v|| <e forallc e C. (13.1.2)

Recall: The Standing Assumptions (BT on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: Unitary representations

(Sections I, IT3, and ITIT3).
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(A unit vector satisfying (I31-2) is said to be (€, C)-invariant.)

2) H has Kazhdan'’s property (T) if every unitary representation of H
that has almost-invariant vectors also has (nonzero) invariant vec-
tors.

We often abbreviate “Kazhdan’s property (T)” to “Kazhdan’s property”
Also, a group that has Kazhdan’s property is often said to be a Kazhdan
group.

(13.1.3) Warning. By definition, unitary representations are actions on
Hilbert spaces, so Kazhdan’s property says nothing at all about actions
on other types of topological vector spaces. In particular, there are ac-
tions of Kazhdan groups by norm-preserving linear transformations on
some Banach spaces that have almost-invariant vectors, without having
invariant vectors (see Exercise M). On the other hand, it can be shown
that there are no such examples on £” spaces (with 1 < p < ).

(13.1.4) Proposition. A Lie group is compact if and only if it is amenable
and has Kazhdan’s property.

Proof. Exercises P and B. O

(13.1.5) Corollary. A discrete group A is finite if and only if it is amenable
and has Kazhdan'’s property.

(13.1.6) Example. Z™ does not have Kazhdan’s property, because it is a
discrete, amenable group that is not finite.

(13.1.7) Proposition. If A is a discrete group with Kazhdan’s property,
then:

1) every quotient A/N of A has Kazhdan’s property,
2) the abelianization A/[A,A] of A is finite, and
3) A is finitely generated.

Proof. For () and (&), see Exercises @ and B.

(B) Let {Ayn} be the collection of all finitely generated subgroups
of A. We have a unitary representation of A on each $%A/A,), given
by (yf)(xAn) = f(y 'xA,). The direct sum of these is a unitary repre-
sentation on

H = LANIAL) ® PAAIA2) @ - - - .

Any compact set C < A is finite, so we have C < A, for some n.
Then C fixes the base point p = Ay /Ay in A/Ay, so, letting f = 6, be a
nonzero function in £%(A/A,,) that is supported on {p}, we have y f = f
for all y € C. Therefore, /{ has almost-invariant vectors, so there must
be an H-invariant vector in .

So some $%A/A,) has an invariant vector. Since A is transitive on
A /Ay, an invariant function must be constant. So a (nonzero) constant
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function is in $%(A/A,), which means A/A, is finite. Because A, is
finitely generated, this implies that A is finitely generated. O

Since the abelianization of any (nontrivial) free group is infinite, we
have the following example:

(13.1.8) Corollary. Free groups do not have Kazhdan'’s property.

(13.1.9) Remark. Proposition 3714 can be generalized to groups that are
not required to be discrete, if we replace the word “finite” with “compact”
(see Exercises B, [, and [J). This leads to the following definition:

(13.1.10) Definition. A Lie group H is compactly generated if there exists
a compact subset that generates H.

(13.1.11) Warning. Although discrete Kazhdan groups are always finitely
generated (see Proposition I37T4(3)), they need not be finitely presented.
(In fact, there are uncountably many non-isomorphic discrete groups
with Kazhdan’s property (T), and only countably many of them can be
finitely presented.) However, it can be shown that every discrete Kazhdan
group is a quotient of a finitely presented Kazhdan group.

Exercises for §13.1.

#1. Let Cyo(H) be the Banach space of continuous functions on H that
tend to 0 at infinity (with the supremum norm). Show:
a) Co(H) has almost-invariant vectors of norm 1, but
b) Co(H) does not have H-invariant vectors other than 0, unless
H is compact.
[Hint: Choose a uniformly continuous function f(h) that tends to + as h leaves
compact sets. For large n, the function h — n/(n + f(h)) is almost invariant.]
#2. Prove Proposition I3TT4(=).

[Hint: If H is compact, then almost-invariant vectors are invariant.]

#3. Prove Proposition I3TT-4(<).

[Hint: Amenability plus Kazhdan’s property implies $2(H) has an invariant vector.]

#4. Prove Proposition I3-1T_4(M)

[Hint: Any representation of A/N is also a representation of A.]

#5. Show that if H has Kazhdan’s property, and N is a closed, normal
subgroup of H, then H/N has Kazhdan’s property.

#6. Prove Proposition I3Z1T-4(2).
[Hint: A/[A,A]is amenable and has Kazhdan’s property.]

#7. Show that if H has Kazhdan’s property, then H/[H, H] is compact.

#8. Show that if N is a closed, normal subgroup of H, such that N and
H/N have Kazhdan’s property, then H has Kazhdan’s property.

[Hint: The space of N-invariant vectors is H-invariant (why?).]
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#9.

#10.

#11.

#12.

#13.

#14.

#15.

#16.
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Warning. The converse is not true: there are examples in which
a normal subgroup of a Kazhdan group is not Kazhdan (see Exer-
cise I33#N).

Show that H; x H» has Kazhdan's property if and only if H; and H»
both have Kazhdan’s property.

Let (11, V) be a unitary representation of a Kazhdan group H. Show
that almost-invariant vectors in V are near invariant vectors. More
precisely, given € > 0, find a compact subset C of H and 6 > 0,
such that if v is any (J, C)-invariant vector in V, then there is an
invariant vector vy in V, such that ||v — vyl < €.

[Hint: There are no almost-invariant unit vectors in (V)< the orthogonal comple-
ment of the space of invariant vectors.]

Suppose S is a generating set of a discrete group A, and A has
Kazhdan's property. Show there exists € > 0, such that if 7T is
any unitary representation of A that has an (e, S)-invariant vector,
then 1t has an invariant vector. (The point here is to reverse the
quantifiers: the same € works for every r.) Such an € is called a
Kazhdan constant for A.

Recall that we say H has the Haagerup property if it has a unitary
representation, such that there are almost-invariant vectors, and all
matrix coefficients decay to 0 at co. Show that if H is a noncompact
group with Kazhdan’s property, then H does not have the Haagerup

property.

Assume:
e @: H; — H»is a homomorphism with dense image, and
e Hj has Kazhdan’s property.

Show H» has Kazhdan’s property.

Show that a Lie group H is compactly generated if and only if H/H°
is finitely generated.

[Hint: (<) Since H° is connected, it is generated by any subset with nonempty
interior.]

Show that every Lie group with Kazhdan’s property is compactly
generated.

[Hint: Either adapt the proof of Proposition I3T4(B), or use Proposition [31T4(B)
together with Exercises B and [4.]

Assume I' has Kazhdan's property (T), and S is a finite generating
set for I. Show there exists € > 0, such that if N is any finite-index
normal subgroup of T, and A is any subset of I'/N, then

#(SAUA) =min{ (1 +e¢) - #A, 3|T/N| }.
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(In graph-theoretic terminology, this means the Cayley graphs Cay(I'/Ny;S) form
a family of expander graphs if N1, N>, ... are finite-index normal subgroups, such
that |T/Ng| — .)

§13.2. Semisimple groups with Kazhdan’s property
(13.2.1) Theorem (Kazhdan). SL(3, R) has Kazhdan’s property.

This theorem is an easy consequence of the following lemma, which
will be proved in Section I33.

(13.2.2) Lemma. Assume
e TT is a unitary representation of the natural semidirect product

k okok
SL(2,R) x R? = {* * *] C SL(3,R),
001

and
e 11 has almost-invariant vectors.
Then 1t has a nonzero vector that is invariant under the subgroup R2.

Other terminology. Suppose R is a subgroup of a topological group H.
The pair (H,R) is said to have relative property (T) if every unitary
representation of H that has almost-invariant vectors must also have an
R-invariant vector. In this terminology, Lemma I3-22 states that the pair
(SL(2,R) x R?,R?) has relative property (T).

Proof of Theorem I321l. Let
10 *
G =SL(3,R), R = [8 (1) ﬂ =~ R? and H =SL(2,R) x R,

and suppose 17 is a unitary representation of G that has almost-invariant
vectors. Then it is obvious that the restriction of 17 to H also has almost-
invariant vectors (see Exercise M), so Lemma I3 implies there is a
nonzero vector v that is fixed by R. Then the Moore Ergodicity Theo-
rem (IT-ZR) implies that v is fixed by all of G. So 1 has a fixed vector
(namely, v). O

If Gis simple, and rankg G > 2, then G contains a subgroup isogenous
to SL(2, R) x R™, for some n (cf. Exercise ), so a modification of the above
argument shows that G has Kazhdan’s property. On the other hand, it is
important to know that not all simple Lie groups have the property:

(13.2.3) Example. SL(2,R) does not have Kazhdan’s property.

Proof. Choose a torsion-free lattice I'in SL(2, R). ThenT is either a surface
group or a nonabelian free group. In either case, I'/[I',I'] is infinite, so T
does not have Kazhdan’s property. Therefore, we conclude from Propo-
sition 3721 below that SL(2, R) does not have Kazhdan’s property. [
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Alternate proof. A reader familiar with the unitary representation the-
ory of SL(2, R) can easily construct a sequence of representations in the
principal series whose limit is the trivial representation. The direct sum
of this sequence of representations has almost-invariant vectors. O

We omit the proof of the following precise characterization of the
semisimple groups that have Kazhdan’s property:

(13.2.4) Theorem. G has Kazhdan’s property if and only if no simple factor
of G is isogenous to SO(1,n) or SU(1,n).

Exercises for §13.2.

#1. Assume 77is a unitary representation of H that has almost-invariant
vectors, and L is a subgroup of H. Show that the restriction of T
to L has almost-invariant vectors.

#2. (Assumes familiarity with real roots) Assume G is simple. Show
rankg G > 2 if and only if some connected subgroup L of G is
isogenous to SL(2,R) and normalizes (but does not centralize) a
nontrivial, unipotent subgroup U of G.

[Hint: (=) An entire maximal parabolic subgroup of G normalizes a nontrivial
unipotent subgroup. (<) Construct two unipotent subgroups of G that both con-
tain U, but generate a subgroup that is not unipotent.]

#3. Suppose H is a closed, noncompact subgroup of G, and G is simple.
Show that the pair (G, H) has relative property (T) if and only if G
has Kazhdan’s property.

#4. Suppose G has Kazhdan’s property. Show there is a compact sub-
set C of G and some € > 0, such that every unitary representation
of G with (g, C)-invariant vectors has invariant vectors.

§13.3. Proof of relative property (T)

In this section, we prove Lemma I[3722, thereby completing the proof
that SL(3, R) has Kazhdan’s property (T). The argument relies on a de-
composition theorem for representations of R™.

Proof of Lemma I3:2-2. For convenience, let H = SL(2, R) x R2. Given a
unitary representation (1r, ) of H that has almost-invariant vectors, we
wish to show that some nonzero vector in H is fixed by the subgroup R?
of H. In other words, if we let E be the projection-valued measure pro-
vided by Proposition IT52 (for the restriction of 7t to R?), then we wish
to show E({0}) is nontrivial.

Letting 93(H ) be the algebra of bounded linear operators on #, and
using the fact that 7t has almost-invariant vectors, Exercise 0 provides a
continuous, linear functional A: 93(H) — C, such that
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e A(Id) =1,
e A(E) = O for every orthogonal projection E, and
¢ A is bi-invariant under H. (More precisely, for all hy, h, € H and

T € 9B(H ) we have A(1r(hy) Tr(h2)) = A(T).)

Now, let u be the composition of A with E (that is, let u(A) = A(E(A))
for A = R™), so uis afinitely additive probability measure on R™ (see Exer-
cise ). Since R? < H, there is an action of H on R? by conjugation. One
can show that the probability measure u is invariant under this action
(see Exercise B).

On the other hand, the only SL(2, R)-invariant, finitely additive prob-
ability measure on R? is the point-mass supported at the origin (see Ex-
ercise B). Therefore, we must have u({0}) = 1 # 0. Hence, E({0}) is
nonzero, as desired. O

Exercises for §13.3.

#1.

#2.

#3.

#4.

#5.

Prove the existence of the linear functional A: 98(H) — C in the
proof of Lemma 322,
[Hint: For T € 9B(H), define A, (T) = (Tvy, | vy), where {vy,} is a sequence of
unit vectors in H, such that ||7t(h)vy — vnll — O for every h € H. Let A be an
accumulation point of {A;} in an appropriate weak topology.]
Let u be as defined near the end of the proof of Lemma I3Z2.
Show:

a) u(R?) =1.

b) If A; and A, are disjoint Borel subsets of R2, then we have

H(A1 UAp) = u(Ay) + u(Ayz).
¢) u(A) = 0 for every Borel set A < R

Show the finitely additive measure u in the proof of Lemma I322
is invariant under the action of H on R.
[Hint: Since

JA T(r)dE(Th) = J ) dE(T) = J T(h rh)dE(T) = m(h~rh)
R R R

=m(h"Hmr)m(h) = Jﬁ T(r) (m(h™ 1Y) dE(T) 1w (h)),
we have E(A") = w(h=1) E(A) (h) for A < R\]
Show that any SL(2, R)-invariant, finitely additive probability mea-
sure p on R? is supported on {(0,0)}.
[Hint: Let V = {(x,y) | ¥ > |x|}and h = [3) ﬂ Then h'V is disjoint from h/V
fori =+ jeZ*, sou(V)=0.Al of R?~ {(0,0)} is covered by finitely many sets of
the form hV with h € SL(2,R).]

Show that the natural semidirect product SL(3, R) x R3 has Kazh-
dan’s property.
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[Hint: We know SL(3, R) has Kazhdan’s property, and the proof of Lemma 322
shows that the pair (SL(3,R) x R3, R3) has relative property (T).]

#6. Show that the direct product SL(3, R) x R3 does not have Kazhdan’s
property. (Comparing this with Exercise B shows that, for group
extensions, Kazhdan’s property may depend not only the groups
involved, but also on the details of the particular extension.)

§13.4. Lattices in groups with Kazhdan’s property

In this section, we will use basic properties of induced representations
to prove the following important result:

(13.4.1) Proposition. If G has Kazhdan’s property, then T has Kazhdan’s
property.
Combining this with Theorem I3=24, we obtain:

(13.4.2) Corollary. If no simple factor of G is isogenous to SO(1,n) or
SU(1,n), then T has Kazhdan’s property.

By Proposition I314, this has two important consequences:

(13.4.3) Corollary. If no simple factor of G is isogenous to SO(1,n) or
SU(1,n), then

1) T is finitely generated, and
2) T'/[I',T] is finite.

(13.4.4) Remarks.

1) It was pointed out in Theorem BE=ZT11 that (@) remains true without
any assumption on the simple factors of G. In fact, I is always
finitely presented, not merely finitely generated.

2) Onthe other hand, (2)is not always true, because lattices in SO(1, n)
and SU(1,n) can have infinite abelian quotients. (In fact, it is con-
jectured that every lattice in SO(1,n) has a finite-index subgroup
with an infinite abelian quotient, and this is known to be true when
n = 3.) The good news is that the Margulis Normal Subgroup The-
orem implies these are the only examples (modulo multiplying G
by a compact factor) if we make the additional assumption that T’
is irreducible (see Exercise TG 1Z3 or Exercise IZTZF1).

The proof of Proposition I3ZTuses some machinery from the theory
of unitary representations.

(13.4.5) Notation. Let (11, ) and (o, K) be unitary representations of
a Lie group H. (In our applications, H will be either G or I'.)

1) We write o < 1t if 0 is (isomorphic to) a subrepresentation of .
This means there exist
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e a closed, H-invariant subspace H’ of #, and
e a bijective, linear isometry T: X — H’,
such that T(o (h)¢p) = t(h) T(¢), for all h € H and ¢ € XK.

2) We write o < 1 if o is weakly contained in 1t. This means that,
for every compact set C in H, every € > 0, and all unit vectors
$1,...,Pn € XK, there exist unit vectors @Yi,..., Y, € H, such
that, forallh € Cand all 1 < i, j < n, we have

[(o(h)pi| Pj)—(m(hy; | y;)| <e.

(13.4.6) Remarks.
1) It is obvious that if o < 1, then o < .

2) We have:
e 77 has invariant vectors if and only if 1 < 1, and
e 17 has almost-invariant vectors if and only if 1 < .
Therefore, Kazhdan’s property asserts the converse to () in the
special case where o = 1: for all T, if 1 < 1T, then 1 < 1.

It is not difficult to show that induction preserves weak containment
(see Exercise M):

(13.4.7) Lemma. If o < 11, then Ind¢(o’) < Ind& ().
This (easily) implies the main result of this section:

Proof of Proposition I321. Suppose arepresentation 1t of I'has almost-
invariant vectors. Then 1 > 1, so

Indf () > Ind&(1) = $AG/T) = 1

(see Exercises @ and ITT3#d). Because G has Kazhdan’s property, we
conclude that Ind%(7r) > 1. This implies 71 > 1 (see Exercise B), as de-
sired. 0

(13.4.8) Remark. If T has Kazhdan’s property, and S is any generating set
of T, then there is some € > 0, such that every unitary representation of I’
with an (€, S)-invariant unit vector must have invariant vectors (see Ex-
ercise I3 TFI). Our proof does not provide any estimate on ¢, but, in
many cases, including I = SL(n, Z), an explicit value of € can be obtained
by working directly with the algebraic structure of I (rather than using
the fact that I' is a lattice).

(13.4.9) Remark. For many years, lattices (and some minor modifications
of them) were the only discrete groups known to have Kazhdan'’s prop-
erty (T), but other constructions are now known. In particular:

1) Groups can be defined by generators and relations. It can be shown
that if the relations are selected at random (with respect to a certain
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probability distribution), then the resulting group has Kazhdan’s
property (T) with high probability.

2) An algebraic approach that directly proves Kazhdan’s property for
SL(n, Z), without using the fact that it is a lattice, has been gen-
eralized to allow some other rings, such as polynomial rings, in
the place of Z. In particular, SL(n,Z[X1,...,Xx]) has Kazhdan’s
property (T)if n > k + 3.

(13.4.10) Remark. We saw in Proposition 2222 that amenability is in-
variant under quasi-isometry (see Definition IIT3). In contrast, this is
not true for Kazhdan’s property (T). To see this, let

e G be a simple group with Kazhdan’s property (T),

e G be the universal cover of G,

e I'be a cocompact lattice in G, and

o T'be the inverse image of I' in (N;, so T'is a lattice in G.

Then T has Kazhdan’s property (T) (because G has the property). How-
ever, if G = Sp(4, R) (or, more generally, if the fundamental group of G
is an infinite cyclic group), then Tis quasi-isometric to I' X Z, which ob-
viously does not have Kazhdan’s property (because its abelianization is
infinite).

Here is a brief explanation of why I'is quasi-isometric to I' X Z. Note
that I'/Z = T yields a 2-cocycle &: T x I' — Z of group cohomology.
Since G /T is compact, it turns out that « can be chosen to be uniformly
bounded, as a function on I' xI'. This implies that the extension T'is quasi-
isometric to the extension corresponding to the trivial cocycle. This ex-
tension is I' X Z.

Exercises for §13.4.

#1. Prove Lemma I324.
#2. Show 1 < L% G/T).

#3. Show that if 7t is a unitary representation of I', and 1 < Indf;(rr),
then 1 < 1.

#4. Prove the converse of Proposition I3Z271: Show that if I has Kazh-
dan’s property, then G has Kazhdan’s property.

[Hint: Any I-invariant vector v can be averaged over G/I' to obtain a G-invariant
vector. If v is e-invariant for a compact set whose projection to G/I' has measure
> 1 — ¢, then the average is nonzero.]
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§13.5. Fixed points in Hilbert spaces

We now describe an important geometric interpretation of Kazhdan’s
property.
(13.5.1) Definition. Let /{ be a Hilbert space. A bijection T: H — H is

an dffine isometry of F if there exist a unitary operator U on #, and
b € 7, such that

T(w)=Uv +b forallv € H.

(13.5.2) Example. Let wy be a nonzero vector in a Hilbert space #. For
t € R, define an affine isometry ¢! of H by ¢! (v) = v + two; this yields
an action of R on # by affine isometries. Since ¢! (v) = v + wg #+ v, we
know that the action has no fixed point.

The main theorem of this section shows that the groups that do not
have Kazhdan’s property are characterized by the existence of a fixed-
point-free action as in Example I3752. However, before stating the result,
let us introduce some notation, so that we can also state it in cohomo-
logical terms.

(13.5.3) Definition. Suppose (11, ) is a unitary representation of a Lie
group H. Define
1) C(H; ) = { continuous functions f: H — H },
2) ZYH;m) ={f € C(H;H) | Vg,h € H, f(gh) = f(g)+m(g)f (M)},
3) BH;m) ={feCHH)|IveH, VheH, f(h=v-m(h)v},
4) YN H; ) = %¥YH; ) /BYH; T) (Ssee Exercise B).
If the representation 1 on H is clear from the context, we may write
$YH; H), BYH; H), and ¥ (H; H ), instead of ¥ H; 1), BY(H; 1), and
YL(H; 7).
(13.5.4) Theorem. For a Lie group H, the following are equivalent:
1) H has Kazhdan’s property.

2) For every Hilbert space H, every continuous action of H by affine
isometries on H has a fixed point.

3) #¥X(H; 1) = 0, for every unitary representation 1 of H.
Proof of (@) = (B). Given f € ¥'(H;), define an action of f on H via
affine isometries by defining
hv=m)v+f(h)forhe Handv € H

(see Exercise H). By assumption, this action must have a fixed point vy.
Forall h € H,we have vy = hvg = m(h)vg+f(h),so f(h) = vo—1(h)vo.
Therefore f € ®BY(H; ). Since f is an arbitrary element of %!(H; 1), this
implies ¥Y(H; ) = 0. O
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Proof of (3) = (). We prove the contrapositive: assume H does not
have Kazhdan’s property. This means a unitary representation of H on
some Hilbert space #{ has almost-invariant vectors, but does not have
invariant vectors. We claim #YH;m®) = 0, where 1® is the obvious
diagonal action of H on the Hilbert space H* =H e H & - - -.

Choose an increasing chain C; < C» < - - - of compact subsets of G,
such that G = |J,, Cy. For each n, since #{ has almost-invariant vectors,
there exists a unit vector v, € #H, such that

1
llcvy — vull < on for all c € C,,.

Now, define f: H — H ® by
f(h)yn =n(hvy, —vy)

(see Exercise B), so f € %(H;m™) (see Exercise ). However, it is
easy to see that f is an unbounded function on H (see Exercise ), so
f & BUH; H ™) (see Exercise B). Therefore f represents a nonzero coho-
mology class in #'(H; ™). a

Alternate proof of (8) = (). Assume the unitary representation 1
has no invariant vectors. (We wish to show this implies there are no
almost-invariant vectors.) Define a linear map

F: H — ZYH;m) by Fy(h) = t(h)v —v.

Assume, for simplicity, that H is compactly generated (see Exercise [4),
S0 some compact, symmetric set C generates H. By enlarging C, we may
assume C has nonempty interior. Then the supremum norm on C turns
%1(H; ) into a Banach space (see Exercise [2), and the map F is contin-
uous in this topology (see Exercise [3(a)).

Since there are no invariant vectors in 4, we know that F is injective
(see Exercise I3(H)). Also, the image of F is obviously B'(H; ). Since
%Y(H; 1) = 0, this means that F is surjective. Therefore, F is a bijection.
So the Open Mapping Theorem (BZH(2)) provides a constant € > 0, such
that ||Fy || > € for every unit vector v. This means there is some h € C,
such that ||rr(h)v — v]|| > €, so v is not (C, €)-invariant. Therefore, there
are no almost-invariant vectors. O

Sketch of proof of () = (). We postpone this proof to Section 34,
where functions of positive type are introduced. They yield an embed-
ding of # in the unit sphere of a (larger) Hilbert space F{. This embed-
ding is nonlinear and non-isometric, but there is a unitary representa-
tion 7 on 7 for which the embedding is equivariant. Kazhdan's property
provides an invariant vector in H , and this pulls back to a fixed point
in H. See Section I3A for more details. O
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(13.5.5) Remark. If H satisfies (1) of Theorem I354, it is said to have
“property (FH)” (because it has Fixed points on Hilbert spaces).

In Definition I353, the subspace BY(H;1) may fail to be closed
(see Exercise [@). In this case, the quotient space ¥1(H; 1r) does not have
a good topology. Fortunately, it can be shown that Theorem I35 re-
mains valid even if we replace B'(H; 1) with its closure:

(13.5.6) Definition. In the notation of Definition 1353, let:
1) BI(H; 17) be the closure of BL(H; 1) in ¥4 H; 17), and

2) %I(H;n) = %Y H; 1) /BYH; ). This is called the reduced 1st co-
homology.

The following result requires the technical condition that H is com-
pactly generated (see Definition I3 111 and Exercise [4).

(13.5.7) Theorem. A compactly generated Lie group H has Kazhdan’s
property if and only if %1(H; 1) = 0, for every unitary representation Tt
of H.

Because reduced cohomology behaves well with respect to the direct
integral decomposition of a unitary representation (although the unre-
duced cohomology does not), this theorem implies that it suffices to con-
sider only the irreducible representations of H:

(13.5.8) Corollary. A compactly generated Lie group H has Kazhdan’s
property if and only if %I(H ;1) = 0, for every irreducible unitary repre-
sentation 1t of H.

(13.5.9) Remark. We have seen that a group with Kazhdan’s property
has bounded orbits whenever it acts isometrically on a Hilbert space.
The same conclusion has been proved for isometric actions on some
other spaces, including real hyperbolic n-space $", complex hyperbolic
n-space H¢, and all “median spaces” (including all R-trees). (In many
cases, the existence of a bounded orbit implies the existence of a fixed
point.) See Exercise [4 for an example.

Exercises for §13.5.

#1. Let T: H — 7. Show that if T is an affine isometry, then
a)Tv-—w)=Tw)-Tw) + T(0),and
b) ITw) -Tw)| = llv-wl,
forall v,w € H.

#2. Prove the converse of Exercise [I.

#3. In the notation of Definition I3753, show that BY(H; 1) < ¥ H; )
(so the quotient #'(H; 1) /B (H; 1) is defined).
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#4.
#5.

#6.

#7.

#8.

#9.

#10.
#11.

#12.

#13.
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Suppose f € BYH; ) so f: H — . Show f is bounded.

Suppose

e (11,7{) is a unitary representation of H, and

e T:H - H.
Forhe Hand v € H, let x(h)v = t(h)v + T(h), so «(h) is an
affine isometry of #{. Show that « defines a continuous action of H
on H if and only if T € ¥1(H; ) and T is continuous.

Suppose H acts continuously by affine isometries on the Hilbert
space HH . Show there is a unitary representation 7 of H on H, and
some T € ¥1(H; ), such that hv = r(h) v + T(h) for every h € H
and v € H.

Suppose H acts continuously by affine isometries on the Hilbert
space . Show the following are equivalent:
a) H has a fixed point in H.
b) The orbit Hv of each vector v in # is a bounded subset of .
¢) The orbit Hv of some vector v in 2 is a bounded subset of 7{.

[Hint: You may use (without proof) the fact that every nonempty, bounded subset X
of a Hilbert space has a unique circumcenter. By definition, the circumcenter is
a point ¢, such that, for some v > 0, the set X is contained in the closed ball of
radius 7 centered at ¢, but X is not contained in any ball of radius < » (centered at
any point).]

Prove directly that IZ3534(B) = I354(2), without using Kazhdan’s
property.

[Hint: For each h € H, there is a unique unitary operator 1 (h), such that we
have hv = w(h)v + h(0) for all v € H. Fix v € H and define f € ¥1(H;m) by
f(h) = hv —v. If f € BL(H; ), then H has a fixed point.]

In the notation of the proof of IZ54@ = M), show f: H — H .

[Hint: For each h € H, show the sequence {|| f(h)y ||} is square-summable.]

In the notation of the proof of IZ54B = M), show f € #'(H; ™).
In the notation of the proof of I354(B = ), show f is unbounded.

[Hint: You may use (without proof) the fact that every nonempty, bounded subset
of a Hilbert space has a unique circumcenter, as in Exercise [@.]

Assume C is a compact, symmetric set that generates H, and has
nonempty interior. For each f € Z(H;H), let E(f) be the re-
striction of f to C. Show that & is a bijection from %'(H; #) onto
a closed subspace of the Banach space of continuous functions
from C to H.

In the notation of the alternate proof of ISR = ), show:
a) F is continuous.
b) F is injective.

[Hint: B) If F, = Fy, then what is t(h) (v — w)?]



#14.

#15.

#16.

#17.

#18.

#19.

#20.

#21.
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Remove the assumption that H is compactly generated from the
alternate proof of (B) = ().
[Hint: The topology of uniform convergence on compact sets makes %1(H; ) into
a Fréchet space.]
Assume
e I' has Kazhdan’s property T,
e Vs a vector space,
e H is a Hilbert space that is contained in V,
e v €V, and
o:T — GL(V) is any homomorphism, such that
o the restriction o (y)|4 is unitary, for every y € I, and
o H + v is o(I')-invariant.
Show o (I') has a fixed point in H + v.
[Hint: Theorem I354(1).]

Show that if 7t has almost-invariant vectors, then BY(H; 1) is not
closed in %Y H; 7).
[Hint: See the alternate proof of Theorem I3524(B = M).]

Show the assumption that H is compactly generated cannot be re-
moved from the statement of Theorem I[354.

[Hint: Let H be an infinite, discrete group, such that every finitely generated sub-
group of H is finite.]

Show H has Kazhdan’s property if and only if %'(H;m) = 0, for
every irreducible unitary representation 1t of H.

[Hint: You may assume Theorem I354.]

Definition. A tree is a contractible, 1-dimensional simplicial com-
plex.

(Watatani) Suppose
e Ais a discrete group that has Kazhdan’s property, and
e acts by isometries on a tree T.
Show A has a fixed point in T (without assuming Remark I359).

[Hint: Fix an orientation of T, and fix a vertex v in T. For each A € A, the geodesic
pathin T from v to A(v) can be represented by a {0, +1}-valued function P, on the
set E of edges of T. Verify that A — P, is in %1(A; $2(E)), and conclude that the
orbit of v is bounded.]

Show SO(1,n) and SU(1,n) do not have Kazhdan’s property.
[Hint: You may assume the facts stated in Remark I375.]

It is straightforward to verify that all of the results in this chapter
remain valid if we require H to be a real Hilbert space (instead
of a Hilbert space over C), as in Assumption 361 below. In this
setting, there is no need to restrict attention to affine isometries
in the statement of Theorem I35A(2), because all isometries are
affine:
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Let HH be a real Hilbert space, and let @: H — 7 be any
distance-preserving bijection (so [[¢(v) — @(w)]| = |lv — w] for
all v, w € H). Show that @ is an affine isometry.

[Hint: The main problem is to show that if @ (0) = 0, then @ is R-linear. This is
well known (and easy to prove) when H = R2. The general case follows from this.]

§13.6. Functions on H that are of positive type

This section completes the proof of Theorem 354, by showing that
affine isometric actions of Kazhdan groups on Hilbert spaces always have
fixed points. For this purpose, we develop some of the basic theory of
functions of positive type.

(13.6.1) Assumption. To simplify some details, Hilbert spaces in this
section are assumed to be real, rather than complex. (That is, the field
of scalars is R, rather than C.)

(13.6.2) Definition.

1) Let Abe an n X n real symmetric matrix.

(a) A is of positive type if (Av | v) = 0 for all v € R™. Equiva-
lently, this means all of the eigenvalues of A are > 0 (see Exer-
cise ).

(b) Ais conditionally of positive type if

(i) (Av |v)=0forall v = (vy,...,vn) € R", such that we
havev; +-- -+ v, =0, and
(ii) all the diagonal entries of A are 0.
(The word “conditionally” refers to the fact that the inequality
on (Av | v) is only required to be satisfied when a particular
condition is satisfied, namely, when the sum of the coordinates
of vis 0.

2) A continuous, real-valued function @ on a topological group H is
said to be of positive type (or conditionally of positive type, respec-
tively) if, for all n and all h4,..., h, € H, the matrix (cp(hi‘lhj)) is
a symmetric matrix of the said type.

(13.6.3) Warning. A function that is of positive type is almost never con-
ditionally of positive type. This is because a matrix satisfying (Id) of
Definition I362 will almost never satisfy ([Tblii) (see Exercise B).

(13.6.4) Other terminology. Functions of positive type are often called
positive definite or positive semi-definite.

Such functions arise naturally from actions of H on Hilbert spaces:

(13.6.5) Lemma. Suppose
e H is a topological group,
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H acts continuously by affine isometries on a Hilbert space H,
e VEH,
e @: H — Risdefined by p(h) = —||lhv — v||? for h € H, and
e Y: H — Ris defined by w(h) = (hv | v) for h € H.
Then:
1) @ is conditionally of positive type, and
2) Y is of positive type if h(0) = 0 for all h € H.

Proof. Exercises B and [. O

Conversely, the following result shows that all functions of positive
type arise from this construction. (The “GNS” in its name stands for
Gelfand, Naimark, and Segal.)

(13.6.6) Proposition (“GNS construction”). If f: H — R is of positive type,
then there exist

e a continuous action of H by linear isometries on a Hilbert space H
(so h(0) = 0O for all h), and

e VEH,
such that f(h) = (hv | v) forall h € H.

Proof. Let R[H ] be the vector space of functions on H with finite support.
Since the set of delta functions { 65, | h € H } is a basis, there is a unique
bilinear form on R[H], such that

(6n, | 6n,) = f(hithy) for all hy, ho.

Since f is of positive type, this form is symmetric and satisfies the in-
equality (w | w) = O for all w. Let Z be the radical of the form, which
means

Z={zeR[H]|{z|z)=0},

so (| ) factors through to a well-defined positive-definite, symmetric bi-
linear form on the quotient R[H]/Z. This makes the quotient into a
pre-Hilbert space; let H be its completion, which is a Hilbert space, and
let v be the image of §, in 7{.

The group H acts by translation on R[H], and it is easy to verify that
the action is continuous, and preserves the bilinear form (see Exercise B).
Therefore, the action extends to a unitary representation of H on .
Furthermore, for any h € H, we have

f(h) = f(e-h)=(c|6n)= (6| hd.)=(v|hv) = (hv|v),
as desired. O



278 13. KAZHDAN’S PROPERTY (T)

We will also use the following important relationship between the
two concepts:

(13.6.7) Lemma (Schoenberg’s Lemma). If @ is conditionally of positive
type, then e? is of positive type.

Proof. A function k: H x H — R is said to be a kernel of positive type
if the matrix (k(h;, hj)) is a symmetric matrix of positive type, for all n
and all h4,...,h, € H.

Define k: H x H — R by

K(g,h) =@ 'h)—@(g) —ph).

Then:

e Kk is a kernel of positive type (see Exercise H),

¢ so eX is a kernel of positive type (see Exercise [T),

e and e?@e®M js a kernel of positive type (see Exercise [2),

e 50 the product eX¥9:M (¢®(9) e® M) jg a kernel of positive type (see Ex-
ercise [M0).

This product is e?@ 'MW 50 e? is a function of positive type. O

With these tools, it is not difficult to show that affine isometric actions
of Kazhdan groups on Hilbert spaces always have fixed points:

Proof of Theorem I3:5.4 (Il = P). Let xbe the given action of H on H by
affine isometries, and let 1T be the corresponding unitary representation
(see Exercise I35#A). Therefore, we have

x(hyv=m(h)v+71(h)forh e Handv € H,
where T € %Y H; ).

Let H = HH xH be the semidirect product of (the additive group of) H
with H, where H acts on H via 1r. This means the elements of H are the
ordered pairs (v, h), and, for v1,v, € H and hy, h» € H, we have

(vi,hy) - (v2,hp) = (v + T(hy) V2, hih?).
This semidirect product is a topological group, so we can apply the above
theory of functions of positive type to it. Define a continuous action &
of H on H by
x(v,hw =a(hw +v (13.6.8)
(see Exercise B), and define
@:H -~ Rby (v, h) = —l|&(v,h) (0]

Since &(v, h) is an affine isometry for every v and h, we know @ is condi-
tionally of positive type (see Lemma I[3565(). Therefore e is of positive
type (see Lemma I364). Hence, the GNS construction (I3768) provides
a unitary representation 71 of H on a Hilbert space { and some ¥ € 3 ,
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such that

(ft(v,h)D | D) = ePWM forall v € H and h € H. (13.6.9)
We now define

&:H - Hbyd(w) =t (v,e)D.

We have

®(x(h)v) =1(0,h)®(v) forhe Handv € H (13.6.10)
(see Exercise I4), so ® converts the affine action of H on H to a linear
action on . Since the linear span of ® () contains ¥ and is invariant
under 7t (H) (see Exercise ), there is no harm in assuming that its closure
is all of 7{.

It is clear from the definition of @ that (0, e) = 0, so we know that
¥ is a unit vector. Therefore
|ft(v,h)D —D)?> = (ft(v,h)D - D, (v, h)D —D)
=2(1 - (mm(v,h)D | D)) (13.6.11)

=2(1- e@(v,h))_

Since H has Kazhdan’s property, there is a compact subset C of H
and some € > 0, such that every unitary representation of H that has a
(C, €)-invariant vector must have an invariant vector. There is no harm in
multiplying the norm on # by a small positive scalar, so we may assume
@ (0, h)is as close to 0 as we like, for all h € C. Then (I3611) tells us that
¥ is (C, €)-invariant, so { must have a nonzero H-invariant vector 7y.

Suppose the affine action « does not have any fixed points. (This
will lead to a contradiction.) This implies that every H-orbit on H is
unbounded (see Exercise I35#4). Hence, for any fixed v € #, and all
h € H, we have

(@) | Do) = (P(v) | (0, h"1) D) (D¢ is H-invariant)
={(1t(0,h)®(v) | Dg) (1T is unitary)
= (®(x(h)v) | Do) (3H10)
-0 as|lax(h)v] — o (Exercise H).

So g is orthogonal to the linear span of ®(J{), which is dense in .
Therefore ¥y = 0. This is a contradiction. O

Exercises for §13.6.

#1. Let A be a real symmetric matrix. Show A is of positive type if and
only if all of the eigenvalues of A are > 0.
[Hint: Ais diagonalizable by an orthogonal matrix.]

#2. Suppose Ais an n X n real symmetric matrix that is of positive type
and is also conditionally of positive type. Show A = Q.
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#3.

#4.

#5.

#0.

#7.

#8.

#9.

#10.

#11.

#12.
#13.

#14.
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[Hint: What does I3 B 2([{bJii) say about the trace of A?]

In the notation of the proof of Theorem I354, show
&(vy,hy) - &(v2, ho) = &((vi, hy) - (V2,h?))
for all v1,v> € H and hi,h> € H.

In the notation of the proof of Theorem 353, show that the linear
span of ®(#) is invariant under 7t (H).
[Hint: See (I3H1M).]

In the notation of the proof of Theorem I354, show thatif v € H,
and {w,}is a sequence in #{, such that ||wy|| — o, then ®(w,) — 0
weakly.

[Hint: If W € &(H), then (I3169) implies (®(wy) | W) — 0.]

Prove Lemma I36.35().
[Hint: If 3;t; = 0, then 3; ; t; tj @ (h; 'hjv) = 2[|3; tihv %)

Prove Lemma I3635(2).
[Hint: Zi,j t; tJ' (,U(]’L;II’LJ“U) = HZL l’l‘hiUHZ.]

Prove that the action of H acts on R[H] by translation is continu-
ous, and preserves the bilinear form defined in the proof of Propo-
sition [3768.

Show that the kernel k in the proof of Lemma I3%4 is of positive

type.

[Hint: For v1,...,vn € Rand hy,...,hy € H, let vg = — > v; and hg = e. Then
Zi,j v;ivjk(hi, hj) = 0since @ is conditionally of positive type and >, v; = 0. How-
ever, the terms with either i = 0 or j = 0 have no net contribution, since @ (e) = 0.]

Show that if k and A are kernels of positive type, then kA is a kernel
of positive type.

[Hint: Given hi,...,hy € H, show there is a matrix L, such that L2 = (A(h;, hj)).
Note that Zi,j Vi Vj k(hi, hj) A(hq, hj) = Zk Zi,j (Li,kvi) (Lk,jvj) Kk(hi, hj) >0.]

If k is a kernel of positive type, show e is a kernel of positive type.
[Hint: Since k" is a kernel of positive type for all n, the same is true of > k" /n!]

For every @: H — R, show @ (g) @ (h) is a kernel of positive type.

Suppose @: H — R. Prove the following converse of Lemma [362:
If e!? is of positive type for all t > 0, then @ is conditionally of
positive type.

[Hint: Verify that e!® — 1 is conditionally of positive type. Then lim; g+ (e!® — 1)/t
has the same type.]

Verify (I36110).

[Hint: Since &(—T(h),h)(0) = 0, we have (7t (e, h)? | t(T(h),e)?D) = 1. Since they
are of norm 1, the two vectors must be equal.]
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#15. Recall that a Lie group H has the Haagerup property if it has a
unitary representation, such that there are almost-invariant vec-
tors, and all matrix coefficients decay to O at co. It is known that
H has the Haagerup property if and only if it has a continuous,
proper action by affine isometries on some Hilbert space. Prove
the implication (<) of this equivalence.

Notes

The monograph [2] is the standard reference on Kazhdan’s prop-
erty (T). The property was defined by D.Kazhdan in [I1], where Propo-
sitions 314 and 132271 and Theorem I3=271 were proved.

See [2] for a discussion of the generalization of Kazhdan’s property to
actions on Banach spaces, including Warning and Exercise I3TZ1.
See [B] for a discussion of the Haagerup property that is mentioned in Ex-
ercises I3 T#I2 and I36#ETS. See [[8] for much more information about
expander graphs and their connection with Kazhdan’s property, men-
tioned in Exercise I3 T#I4A.

Regarding Warning I3-T-T1:

By showing that SL(3,F,[t]) is not finitely presentable, H. Behr [3]

provided the first example of a group with Kazhdan’s property that
is not finitely presentable.

e The existence of uncountably many Kazhdan groups was proved
by M. Gromov [9, Cor. 5.5.E, p. 150]. More precisely, any cocompact
lattice in Sp(1,n) has uncountably many different quotients (be-
cause it is a “hyperbolic” group), and all of these quotient groups
have Kazhdan’s property.

¢ Y.Shalom [20, p. 5] proved that every discrete Kazhdan group is a
quotient of a finitely presented Kazhdan group. The proof can also
be found in [4, Thm. 3.4.5, p. 187].

Our proof of Theorem I3Z1 is taken from [4, §1.4].

Theorem 3224 appears in [4, Thm. 3.5.4, p. 177]. It combines work
of several people, including Kazhdan [IT] and Kostant [I4, I5]. See [4,
pp. 5-7] for an overview of the various contributions to this theorem.

A detailed solution of Exercise I33#1 can be found in [&, Lem. 1.4.1].

See [4, Thm. 1.7.1, p. 60] for a proof of Proposition I3Z_1 and its
converse (Exercise I327d).

Regarding Remark I372-4(2), see [IZ] (and its references) for a discus-
sion of W. Thurston’s conjecture that lattices in SO(1, 1) have finite-index
subgroups with infinite abelian quotients. (For n = 3, the conjecture was
proved by Agol [I].) Lattices in SU(1, n) with an infinite abelian quotient
were found by D.Kazhdan [IZ].
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Explicit Kazhdan constants for SL(#, Z) (cf. Remark I3Z8) were first
found by M. Burger [4, Appendix] (or see [4, §4.2]). An approach devel-
oped by Y.Shalom (see [21]) applies to more general groups (such as
SL(n,Z[x])) that are not assumed to be lattices.

Remark I3ZZ279(0) is a theorem of Zuk [23, Thm. 4]. (Or see [I6] for a
more detailed proof.) Remark I3ZZ9(2) is explained in [Z1].

Remark 3271 is due to S.Gersten (unpublished). A proof (based
on the same example, but rather different from our sketch) is in [&,
Thm. 3.6.5, p. 182].

Theorem 354 is due to Delorme [8, Thm. V.1] (for (I = @) and
Guichardet [0, Thm. 1] (for @ = m)).

Theorem I357 was proved for discrete groups by Korevaar and
Schoen [13, Cor. 4.1.3]. The general case is due to Shalom [20, Thm. 6.1].
Corollary I3538 and Exercise I35#I8 are also due to Shalom [20, proof
of Thm. 0.2].

The part of Remark I3739 dealing with real or complex hyperbolic
spaces is in [@, Cor. 2.7.3]. See [5] for median spaces.

The existence and uniqueness of the circumcenter (mentioned in the
hints to Exercises I35#4 and I35#11) is proved in [4, Lem. 2.2.7].

Exercise I35#19 is due to Watatani [22], and can also be found in [4,
§2.3]. Serre’s book [IY] is a very nice exposition of the theory of group
actions on trees, but, unfortunately, does not include this theorem.

See (4@, §2.10-§82.12 and §C.4] for the material of Section I3A.
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Chapter 14

Ergodic Theory

Ergodic Theory is the study of measure-theoretic aspects of group ac-
tions. Topologists and geometers may be more comfortable in the cat-
egory of continuous functions, but important results in Chapters Id
and @2 will be proved by using measurable properties of actions of T,
so we will introduce some of the basic ideas.

§14.1. Terminology

The reader is invited to skim through this section, and refer back as
necessary.

(14.1.1) Assumption.

1) All measures are assumed to be o-finite. That is, if u is a measure
on a measure space X, then we always assume that X is the union
of countably many subsets of finite measure.

2) We have no need for abstract measure spaces, so all measures are
assumed to be Borel. That is, when we say u is a measure on a
measure space X, we are assuming that X is a Borel subset of a
complete, separable, metrizable space, and the implied o-algebra

Recall: The Standing Assumptions (B0 on page BT) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥¢, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none.


http://creativecommons.org/publicdomain/zero/1.0/
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on X consists of the subsets of X that are equal to a Borel set,
modulo a set of measure 0.

(14.1.2) Definitions. Let u be a measure on a measure space X.
1) We say u is a finite measure if (X) < o.
2) A subset A of X is:

o null if u(A) =0,
e conull if the complement of A is null.

3) We often abbreviate “almost everywhere” to “a.e”

4) Essentially is a synonym for “almost everywhere! For example, a
function f is essentially constant iff f is constant (a.e.).

5) Two measures g and v on X are in the same measure class if they
have exactly the same null sets:

UA) =0 < v(A) =0.
(This defines an equivalence relation.) Note thatif v = fu, for some
real-valued, measurable function f, such that f(x) + O for a.e.
x € X, then p and v are in the same measure class (see Exercise ).

The Radon-Nikodym Theorem (BE13) implies that the converse is
true.

(14.1.3) Definitions. Suppose H is a Lie group H that acts continuously
on a metrizable space X, u is a measure on X, and A is a subset of X.

1) The set A is invariant (or, more precisely, H-invariant) if hA = A
for all h € H.

2) The measure u is invariant (or, more precisely, H-invariant) if
h,u = uforall h € H. (Recall that the push-forward h u is defined
in (B62).)

3) The measure u is quasi-invariant if h,u is in the same measure
class as u, for all h € H.

4) A (measurable) function f on X is essentially H-invariant if, for
every h € H, we have

f(hx) = f(x) for a.e. x € X.

The Lebesgue measure on a manifold is not unique, but it determines
awell-defined measure class, which is invariant under any smooth action:

(14.1.4) Lemma (see Exercise B). If X is a manifold, and H acts on X by
diffeomorphisms, then Lebesgue measure provides a measure on X that
is quasi-invariant for H.
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Exercises for §14.1.

#1. Suppose pu is a measure on a measure space X, and f is a real-
valued, measurable function on X, such that f > O for a.e. x. Show
that fu is in the measure class of u iff f(x) + 0 for a.e. x € X.

#2. Suppose a Lie group H acts continuously on a metrizable space X,
and y is a measure on X. Show that p is quasi-invariant iff the
collection of null sets is H-invariant. (This means that if Ais a null
set, and h € H, then h(A) is a null set.)

#3. Suppose
e Ais anull setin R™ (with respect to Lebesgue measure), and
e fis a diffeomorphism of some open subset @ of R™.
Show that f(A n @) is a null set.
[Hint: Change of variables.]

#4. Suppose X is a (second countable) smooth, n-dimensional man-
ifold. This means that X can be covered by coordinate patches
(Xj, i) (wWhere @;: X; — R", and the overlap maps are smooth).

a) Show there exists a partition X = [J{, X; into measurable sub-
sets, such that X; c X; for each i.

b) Define a measure p on X by u(X) = A(@i(A n X;)), where A
is the Lebesgue measure on R™. This measure may depend on
the choice of X;, @;, and X;, but show that the measure class
of u is independent of these choices.

[Hint: Exercise B.]

§14.2. Ergodicity

Suppose H acts on a topological space X. If H has a dense orbit on X, then
it is easy to see that every continuous, H-invariant function is constant
(see Exercise B). Ergodicity is the much stronger condition that every
measurable H-invariant function is constant (a.e.):

(14.2.1) Definition. Suppose H acts on X with a quasi-invariant mea-
sure u. We say the action of H is ergodic (or that uis an ergodic measure
for H) if every H-invariant, real valued, measurable function on X is es-
sentially constant.

It is easy to see that transitive actions are ergodic (see Exercise B).
But non-transitive actions can also be ergodic:

(14.2.2) Example (Irrational rotation of the circle). For any «x € R, we may
define a homeomorphism T of the circle T = R/Z by

Ta(x) =x + « (mod Z).
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By considering Fourier series, it is not difficult to show that if « is irra-
tional, then every T,-invariant function in $4(T) is essentially constant
(see Exercise B). This implies that the Z-action generated by Ty is ergodic
(see Exercise [@).

Example T2-22 is a special case of the following general result:

(14.2.3) Proposition. If H is any dense subgroup of a Lie group L, then
the natural action of H on L by left translation is ergodic (with respect to
the Haar measure on L).

Proof. For any measurable f: L — R, its essential stabilizer in L is de-
fined to be:

Stab  (f) ={geL| f(gx)=f(x) fora.e.x € L}.
It is not difficult to show that Stab (f) is closed (see Exercise M). (It is
also a subgroup of L, but we do not need this fact.) Hence, if Stab; (f)
contains a dense subgroup H, then it must be all of L. This implies that
f is constant (a.e.) (see Exercise B). d

It was mentioned above that transitive actions are ergodic; therefore,
G is ergodic on G/I. What is not obvious, and leads to important applica-
tions for arithmetic groups, is that most subgroups of G are also ergodic
on G/I:

(14.2.4) Theorem (Moore Ergodicity Theorem, see Exercise TT2Z11). If
e H is any noncompact, closed subgroup of G, and
o T is irreducible,

then H is ergodic on G/T.

If H is ergodic on G/I, then T is ergodic on G/H (see Exercise [I2).
Hence:

(14.2.5) Corollary. If H and T are as in Theorem IZ2Z4, then T is ergodic
onG/H.

Exercises for §14.2.

#1. Show Staby (f) is closed, for every Lie group L and measurable
f:L—-R
[Hint: If f is bounded, then, for any ¢ € C.(L) and {gn} < Stabr(f), we have
[L9f - @du=[ f-9 'pdu=Tlimf, f -9 @du=lim[ 9nf - @du=], f-@dul

#2. Suppose H acts on a topological space X, and has a dense orbit.
Show that every real-valued, continuous, H-invariant function on X
is constant.

#3. Show that H is ergodic on H/H1, for every closed subgroup H; of H.

[Hint: Every H-invariant function is constant, not merely essentially constant.]



#4.

#5.

#6.

#7.

#8.

#9.

#10.

#11.

#12.
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Suppose H is ergodic on X, and f: X — R is measurable and essen-
tially H-invariant. Show that f is essentially constant.

Our definition of ergodicity is not the usual one, but it is equivalent:
show that H is ergodic on X iff every H-invariant measurable subset
of X is either null or conull.

[Hint: The characteristic function of an invariant set is an invariant function. Con-
versely, the sub-level sets of an invariant function are invariant sets.]

In the notation of Example TZ22, show (without using Proposi-
tion T 23):
a) If « is irrational, then every Ty-invariant function in $4T) is
essentially constant.
b) If xis rational, then there exist Ty-invariant functions in $%(T)
that are not essentially constant.

[Hint: Any f € $%(T) can be written as a unique Fourier series: f = S %__. ane™?.
If fis invariant and « is irrational, then uniqueness implies a,, = 0 for n + 0.]

Suppose u is an H-invariant, finite measure on X. Forall p € [1, o],
show that H is ergodic iff every H-invariant element of $7(X, u) is
essentially constant.

Let H = Z act on X = R by translation, and let u be Lebesgue
measure. Show:
a) H is not ergodic on X, and
b) for every p € [1, ), every H-invariant element of $7(X, u) is
essentially constant.
Why is this not a counterexample to Exercise @7

Let H be a dense subgroup of L. Show that if L is ergodic on X, then
H is also ergodic on X.
[Hint: Exercise [.]

Show that if H acts continuously on X, and u is a quasi-invariant
measure on X, then the support of u is an H-invariant subset of X.

Ergodicity implies that a.e. orbit is dense in the support of y. More
precisely, show that if H is ergodic on X, and the support of u is all
of X (in other words, no open subset of X has measure 0), then a.e.
H-orbit in X is dense. (That is, for a.e. x € X, the orbit Hx of x is
dense in X.

[Hint: The characteristic function of the closure of any orbit is invariant.]

Suppose H is a closed subgroup of G. Show that H is ergodic on
G /T iff T is ergodic on G/H.

[Hint: H X T acts on G (by letting H act on the left and I act on the right). Show H
is ergodic on G /T iff H X I is ergodic on G iff ' is ergodic on G/H.]
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#13. The Moore Ergodicity Theorem has a converse: Assume G is not

compact, and show that if H is any compact subgroup of G, then
H is not ergodic on G/I.
[Hint: T acts properly discontinuously on G/H, so the orbits are not dense.]

#14. Show that if n > 2, then

a) the natural action of SL(n,Z) on R" is ergodic, and
b) the SL(n, Z)-orbit of a.e. vector in R" is dense in R™.

[Hint: Identify R™ with a homogeneous space of G = SL(n, R) (a.e.), by noting that
G is transitive on the nonzero vectors of R™.]

#15. Let

e G =SL(3,R),
e I be alattice in G, and
%
e P = [* * ] cG.
* sk sk
Show:
a) The natural action of I' on the homogeneous space G/P is er-
godic.
b) The diagonal action of T'on (G/P)? = (G/P) x (G/P) is ergodic.
¢) The diagonal action of T on (G/P)3 = (G/P) x (G/P) x (G/P)
is not ergodic.

[Hint: G is transitive on a conull subset of (G/P)¥, for k < 3. What is the stabilizer
of a generic point in each of these spaces?]

#16. Assume I is irreducible, and let H be a closed, noncompact sub-

group of G. Show, for a.e. x € G/T, that Hx is dense in G/T.

#17. Suppose H acts ergodically on X, with invariant measure py. Show

that if u(X) < o and H = R, then some cyclic subgroup of H is
ergodic on X.

[Hint: For each t € R, choose a nonzero, hl-invariant function f; € L2(X), such
that ft 1 1. The projection of f; to the space of h’-invariant functions is invariant
under both h" and h’. Therefore, if + and s are linearly independent over Q, then
fr L fs. This is impossible, because $2(X, u) is separable.]

§14.3. Consequences of a finite invariant measure

Measure-theoretic techniques are especially powerful when the action
has an invariant measure that is finite. One example of this is the
Poincaré Recurrence Theorem (EZ61). Here is another.

We know that almost every orbit of an ergodic action is dense (see Ex-

ercise TZ_Z#11). For the case of a Z-action with a finite, invariant measure,
the orbits are not only dense, but uniformly distributed:

(14.3.1) Definition. Let

e U be a finite measure on a topological space X, and
e T be a homeomorphism of X.
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The (T)-orbit of a point x in X is uniformly distributed with respect to u
if

lim — Zf (T*(x)) (X)Jf u,

for every bounded, continuous function f on X.

(14.3.2) Theorem (Pointwise Ergodic Theorem). Suppose
e L is a finite measure on a second countable, metrizable space X, and
e T is an ergodic, measure-preserving homeomorphism of X.

Then a.e. {T)-orbit in X is uniformly distributed (with respect to ).

It is tricky to show that lim,, . % Sr-1 f(T*(x)) converges pointwise
(see Exercise H). Convergence in norm is much easier (see Exercise Bl).

(14.3.3) Remark. Although the Pointwise Ergodic Theorem was stated
only for actions of a cyclic group, it generalizes very nicely to the ergodic
actions of any amenable group. (The values of f are averaged over an
appropriate Folner set in the amenable group.) See Exercise B for actions
of R.

Exercises for §14.3.

#1. Suppose the (T)-orbit of x is uniformly distributed with respect to
a finite measure py on X. Show that if the support of u is all of X,
then the (T)-orbit of x is dense in X.

#2. Suppose
e U is a unitary operator on a Hilbert space 7,
e v EH, and
e (v |w) =0, for every vector w that is fixed by U.
Show + >7_, Ukv — 0as n — .
[Hint: Apply the Spectral Theorem to diagonalize the unitary operator U.]

#3. (Mean Ergodic Theorem) Assume the setting of the Pointwise Er-
godic Theorem (UZ:IZI) Show that if f € $%(X, u), then

*Zf (T*(x)) _’7(X)J fdu in %2

That is, show

hm

1
‘ Zka( ) fod“

Do not assume Theorem 3.
|Hint: Exercise 2.]
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#4. Assume X, u, and T are as in Theorem ITZ372, and that u(X) = 1.
For f € L'(X, u), define

Sn(x) = f(x)+ f(T(x)) + -+ f(T" 1 (x)).

Prove the Maximal Ergodic Theorem: for every o € R, if we let

Eaz{xeX supS"(X)>o<},
n n

then [; fdu > cu(E).

[Hint: Assume « = 0. Let S}/ (x) = maXg<k<n Sk(x), and En = {x | S;; > 0}, so
E = UpEn. For x € Ep, we have f(x) = S (x) — S5 (T(x)), so [, fdu =0]

#5. Prove the Pointwise Ergodic Theorem (IZ2322).

[Hint: Either { x | imsup S, (x)/n > o} or its complement must have measure 0.
If it is the complement, then Exercise B implies [y f du > o]

#6. Assume the setting of the Pointwise Ergodic Theorem (IZ322). For
every bounded @ € £Y(X, u), show, for a.e. x € X, that

1 < 1
lim — T*(x) =—J du.
nwngm( )= 00 ), @
[Hint: You may assume the Pointwise Ergodic Theorem. Use Lusin’s Theorem (BGH)
to approximate @ by a continuous function.]

#7. (harder) Remove the assumption that @ is bounded in Exercise B.

#8. Suppose
e {a'}is a (continuous) 1-parameter group of homeomorphisms
of a topological space X, and
e uis an ergodic, al-invariant, finite measure on X.
For every bounded, continuous function f on X, show that

t
}HI}O%JO flatx)dt = ﬁjxfdu for a.e. x € X.

[Hint: Apply Theorem &3 to f(x) = [3 f(alx)dt if a' is ergodic (cf. Exer-
cise [EA7#T4).]

§14.4. Ergodic decomposition

In this section, we briefly explain that every group action (with a quasi-
invariant measure) can be decomposed into ergodic actions.

(14.4.1) Example (Irrational rotation of the plane). For any irrational
« € R, define a homeomorphism Ty of C by Ty(z) = e?™®x. Then
|Tx(z)| = |zl, so each circle centered at the origin is invariant under Tj.
The restriction of T, to any such circle is an irrational rotation of the
circle, so it is ergodic (see Example TZ22). Thus, the entire action can
be decomposed as a union of ergodic actions.
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A similar decomposition is always possible, as long as we work with
nice spaces:

(14.4.2) Definition. A topological space X is Polish if it is homeomorphic
to a complete, separable metric space.

(14.4.3) Theorem (Ergodic decomposition). Suppose a Lie group H acts
continuously on a Polish space X, and u is a quasi-invariant, finite measure
on X. Then there exist

e a measurable function C: X — [0, 1], and
e a finite measure u, on C~1(z), for each z € [0, 1],
such that u = f[0,1] Uz dv(z), where v = Cy . For f € C.(X), this means

L(fdﬂ = JZ Jc-lm fdu,dv(z).

Furthermore, for a.e. z € [0, 1],

1) €~ Y(z) is H-invariant, and

2) U is quasi-invariant and ergodic for the action of H.
(14.4.4) Remark. The ergodic decomposition is unique (a.e.). More pre-
cisely, if €’ and p also satisfy the conclusions, then there is a measurable
bijection 1r: [0,1] — [0, 1], such that

1) ' =moCae.,and

2) pr () = M forae. z.

(14.4.5) Definition. In the notation of Theorem IZ23, each set £~ !(z) is
called an ergodic component of the action.

The remainder of this section sketches two different proofs of The-
orem 22473

§14.4(i). First proof. The main problem is to find the function C,
because the following general Fubini-like theorem will then provide the
required decomposition of u into an integral of measures L, on the fibers
of C. (In Probability Theory, each u; is called a conditional measure of p1.)

(14.4.6) Proposition. Suppose
e X and Z are Polish spaces,
e C: X — Z is a Borel measurable function, and
e U is a probability measure on X.

Then there is a Borel map A: Z — Prob(X), such that
1) u=J,A-dv(z), where v = Cyu, and
2) A,(CY(z)) =1, forallz € Z.

Furthermore, A is unique (a.e.).
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The map C is a bit difficult to pin down, since it is not completely
well-defined — it can be changed on an arbitrary set of measure zero. We
circumvent this difficulty by looking not at the value of € on individual
points (which is not entirely well-defined), but at its effect on an algebra
of functions (which is completely well defined).

(14.4.7) Definitions. Assume u is a finite measure on a Polish space X.

1) Let B(X) be the collection of all Borel subsets of X, where two sets
are identified if they differ by a set of measure 0. This is a o-algebra.

2) B(X) is a complete, separable metric space, with respect to the
metric d(A,B) = u(A A B), where AAB=(A~B)U (B~ A)is the
symmetric difference of A and B.

3) If a Lie group H acts continuously on X, we let B(X)H be the set of
H-invariant elements of B(X). This is a sub-o-algebra of B(X).

The map C is constructed by the following result:

(14.4.8) Lemma. Suppose
e L is a finite measure on a Polish space X, and
e Bis a sub-c-algebra of B(X).
Then there is a Borel map C: X — [0, 1], such that
B = {C Y (E) | E is a Borel subset of [0,1]}.

Idea of proof. Let
o {E,} be a countable, dense subset of B,
¢ X, be the characteristic function of E,, for each n, and

T = Y e

n=1

Itis clear from the definition of € that if Iis any open intervalin [0, 1],
then £~1(I) is a Boolean combination of elements of {E,}; therefore, it
belongs to B. Since Bis a o-algebra, this implies that =1 (E) € B for
every Borel subset E of [0, 1].

Conversely, it is clear from the definition of T that each E,, is the
inverse image of a (one-point) Borel subset of [0, 1]. Since {E, } generates
‘B as a o-algebra (see Exercise @), this implies that every element of Bis
the inverse image of a Borel subset of [0, 1]. O

We will use the following very useful fact:

(14.4.9) Theorem (von Neumann Selection Theorem). Let
e X andY be Polish spaces,
e U be a finite measure on X,
e F be a Borel subset of X X Y, and
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* Xy be the projection of F to X.

Then there is a Borel function ®: X — Y, such that (x,®(x)) € F, for a.e.
X € Xj:.

The first proof of Theorem ITZ&43. We wish to show that u_ is er-
godic (a.e.). If not, then there is a set E of positive measure in [0, 1],
such that, for each z € E, the action of H on (' (z), u;) is not ergodic.
This means there exists an H-invariant, measurable, {0, 1}-valued func-
tion @, € £*(C"'(z), u.) that is not constant (a.e.). There are technical
problems that we will ignore, but, roughly speaking, the von Neumann
Selection Theorem (IZ2-29) implies that the selection of . can be done
measurably, so we have a Borel subset A of X, defined by

A={xeX|C(x)€eEand p,(x) =1}.

Since @ is not constant on the fiber £~!(z), we know that A is not
of the form C~!(E), for any Borel subset E of [0,1]. On the other hand,
we have A € B(X)H (since each @, is H-invariant). This contradicts the
choice of the function C. O

§14.4(ii). Second proof. We now describe a different approach. In-
stead of obtaining the decomposition of u from the map C, we reverse
the argument, and obtain the map ¢ from a direct-integral decomposi-
tion of u. For simplicity, however, we assume that the space we are acting
on is compact. We consider only invariant measures, instead of quasi-
invariant measures, so we do not have to keep track of Radon-Nikodym
derivatives.

(14.4.10) Definitions. Suppose C is a convex subset of a vector space V.

1) A point ¢ € C is an extreme point of C if there do not exist
co,c1 €C~{ctandt € (0,1), such thatc =tcy + (1 — t)c;.

2) Let ext C be the set of extreme points of C.

(14.4.11) Example. Suppose H acts continuously on a compact, separable
metric space X, and let

Prob(X)H = { u € Prob(X) | u is H-invariant }.

This is a closed, convex subset of Prob(X), so Prob(X)H is a compact,
convex subset of C(X)* (with the weak* topology). The extreme points
of this set are precisely the H-invariant probability measures that are
ergodic (see Exercise B).

The well-known Krein-Milman Theorem states that every compact,
convex set C is the closure of the convex hull of the set of extreme points
of C. (So, in particular, if C is nonempty, then there exists an extreme
point.) We will use the following strengthening of this fact:
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(14.4.12) Theorem (Choquet’s Theorem). Suppose
e V is a locally convex topological vector space over R,
o C is a metrizable, compact, convex subset of V, and
e o (.

Then there is a probability measure v on ext C, such that

co = J xdv(x).
extC

We will also need a corresponding uniqueness result.

(14.4.13) Definitions (Choquet). Suppose V and C are as in the statement
of Theorem 2412,

1) Let2C ={tc|te[0,0), ceC}cV.
2) Define a partial order <on3XCbya < biff b —a € 3C.

3) Two elements a1, a» € XC have a least upper bound if there exists
b € 2C, such that
e aj<bfori=1,2, and
e forall c € 3C,such thata; <cfori=1,2 we have b < c.

(14.4.14) Example. Any two elements of XProb(X) have a least upper
bound (see Exercise B), so the same is true for Prob(X)*.

(14.4.15) Theorem (Choquet). Suppose V, C, and cy are as in the state-
ment of Theorem IZZIA. If every two elements of >C have a least upper
bound, then the measure v provided by Theorem is unique.

The second proof of Theorem TZ&43. Assume, for simplicity, that y
is H-invariant, and that X is compact. By normalizing, we may assume
U(X) =1,s0 u € Prob(X). Then Choquet’s Theorem (IZZ212) provides a
probability measure v, such that

odv(o).

JextProb(X)H
By identifying ext Prob(X) with a Borel subset of [0, 1], we may rewrite
this as:

U= J Hzdv(z),
[0,1]

where v is a probability measure on [0, 1]. Furthermore, Exercise B tells
us that each o € extProb(X)H is ergodic, so u; is an ergodic H-invariant
measure for a.e. z.

All that remains is to define a map C: X — [0, 1], such that p; is
concentrated on £~'(z). For each Borel subset E of extProb(X)H, let
Ug = [ o dv(o). Then pg is absolutely continuous with respect to g, so
we may write ug = fru, for some measurable fg: X — [0, ). Then

YE)={xeX| fe(x)#0}
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is a well-defined element of B(X). Therefore, we have defined a map
w: B([0,1]) — B(X), and it can be verified that this is a homomorphism
of o-algebras. Hence, there is a measurable function C: X — [0, 1], such
that w(E) = C1(F), for all E (see Exercise H). By using the uniqueness
of v, it can be shown that u,(~'(z)) = 1 for a.e. z. O

Exercises for §14.4.

#1. Let Bbe a (nonempty) subset of B(X) that is closed under comple-
ments and finite unions. Show that B is closed under countable
unions (so Bis a sub-c-algebra of B(X)) if and only if Bis a closed
set with respect to the topology determined by the metric on B(X).
[Hint: (<) If E = Ui~ E;, then UX | E; — E in the topology on B(X).

(=) If d(E;,E) <27 then E = ;-1 Uj>,, E; (up to a set of measure 0.]

#2. Show that if Z is dense in a sub-o-algebra B of B(X), then Z is not

contained in any proper sub-o-algebra of B.
[Hint: If Ey, — E, then Uy _, (En N E) = E (up to a set of measure 0).]

#3. Prove that a measure u € Prob(X)H is ergodic iff it is an extreme
point.
[Hint: If E is an H-invariant set, then p is a convex combination of the restrictions to
E and its complement. Conversely, if yu =t yy + (1 —t) p2, then the Radon-Nikodym
Theorem implies y; = f u for some (H-invariant) function f.]

#4. Show that any two elements of X Prob(X) or X Prob(X)* have a least
upper bound.
[Hint: Write v = f u+ v, (uniquely), where v is concentrated on a set of measure 0.]

#5. Suppose @: B(Z) — B(X) is a function that respects complements
and countable unions (and (&) = &). Show there is a Borel func-
tion C: X — Z, such that w(E) = £~ (E), for every Borel subset E
of Z.

[Hint: Assume, for simplicity, that Z = {3 ax37 % | ax € {0,1}} c [0,1]. Then
c=3 X5k3‘k for an appropriate collection {Ej} of Borel subsets of X.]

§14.5. Mixing

It is sometimes important to know that a product of group actions is
ergodic. To discuss this issue (and related matters), let us fix some no-
tation.
(14.5.1) Notation. Throughout this section, we assume:

1) X;is a Polish space, for every i,

2) His a Lie group that acts continuously on Xj, for each i, and

3) u; is an H-invariant probability measure on Xj, for each i.
Furthermore, we use X and u as abbreviations for X, and g, respectively.
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(14.5.2) Definitions.

1) The product action of H on X; X X» is the H-action defined by
h(x1,x2) = (hx1,hxy). The product measure p X t» is an invariant
measure for this action.

2) The action on X is said to be weak mixing (or weakly mixing) if
the product action on X x X is ergodic.

We have the following very useful characterizations of weakly mixing
actions:

(14.5.3) Theorem. The action of H on X is weak mixing if and only if
the (one-dimensional) space of constant functions is the only nontrivial,
finite-dimensional, H-invariant subspace of $%(X, ).

Proof. We prove the contrapositive of each direction.

(=) Suppose V is a nontrivial, finite-dimensional, H-invariant sub-
space of $4(X). If the functions in V are not all constant (a.e.), then we
may assume (by passing to a subspace) that V 1 1. Choose an orthonor-
mal basis {@1,...,p;} of V, and define @: X x X — Chy

-
Px,¥) = > @ilx) i) (14.5.4)
i=1
Then @ is an H-invariant function that is not constant (see Exercise B),
so H is not ergodic on X X X.
(<) Suppose @ is a nonconstant, H-invariant, bounded function on
X X X. We may assume @(x,y) = @(y,x) by replacing @ with either
@(x,y) + @(y,x) or /-1 (@(x,v) — @(y,x)). Therefore, we have a
compact, self-adjoint operator on $2(X, u), defined by

(Mmm=Lmewwmmw.

The Spectral Theorem (BEZT4l) implies T has an eigenspace V that is finite-
dimensional (and contains a nonconstant function). This eigenspace is
H-invariant, since T commutes with H (because @ is H-invariant). O

We often have the following stronger condition:

(14.5.5) Definition. The action of H on X is said to be mixing (or, alterna-
tively, strongly mixing) if H is noncompact, and, for all @,y € $3(X, u),
such that @ L 1, we have

pllim(h(p | @) =0.

(We are using 1 to denote the constant function of value 1, and, as usual,
(h@)(x) = p(h~'x) (see Example [I13).)

(14.5.6) Proposition (see Exercise B). If H is not compact, then the follow-
ing are equivalent:
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1) The action of H on X is mixing.
2) Forall o,y € $AX,u), we have
Enm(p ly)={(@ | 1)1 ]|y).

3) For all Borel subsets A and B of X, we have
}llim u(hAnB) = u(A) u(B).

(14.5.7) Remark. Condition (B) is the motivation for the choice of the
term “mixing:” as h — oo, the space X is getting so stirred up (or well-
mixed) that hA is becoming uniformly distributed throughout the entire
space.

When G is simple, decay of matrix coefficients (IT=22) implies that
every action of G (with finite invariant measure) is mixing. In fact, we can
say more.

(14.5.8) Definition. Generalizing Definition TZ 51, we say that the action
of H on X is mixing of ovder r if H is not compact, and, for all Borel
subsets Aq,..., A, of X, we have

-
lim pu (ﬂ hiAi) = u(Ap) u(Az) - - - p(Ay).
hi’lhj—wc i=1
In particular,
e every action of H is mixing of order 1 (if H is not compact), and
e “mixing” is the same as “mixing of order 2

(14.5.9) Warning. Some authors use a different numbering, for which this
is “mixing of order » — 1} instead of “mixing of order »”

Ledrappier constructed an action of 72 that is mixing of order 2, but
not of order 3. However, there are no such examples for semisimple
groups:

(14.5.10) Theorem. Every mixing action of G (with finite invariant mea-
sure) is mixing of all orders.

In the special case where H = 7, we mention the following addi-
tional characterizations, some of which are weaker versions of Proposi-
tion IZ5H(B):

(14.5.11) Theorem. If H = (T) is an infinite cyclic group, then the follow-
ing are equivalent:
1) H is weak mixing on X.

2) Every eigenfunction of T in $%(X,u) is constant (a.e.). That is, if
f € $4X, ), and there is some A € C, such that f(Tx) = A f(x)
a.e., then f is constant (a.e.).
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3) The spectral measure of T has no atoms other than 1, and the
eigenvalue 1 is simple (that is, the corresponding eigenspace is 1-
dimensional).

4) The action of H on X X X is ergodic, whenever the action of H on X
is ergodic.
5) For all Borel subsets A and B of X,

I
lim — 3 [u(T*ANB) - p(A) u(B)| = 0.
k=1
6) There is a subset N of full density in Z*, such that, for all Borel
subsets A and B of X, we have
U(T*ANB) — u(A)u(B)  ask — o withk € N.
To say N has full density means
lim #V N 11,2,3,....n})
Nn—oo n
7) If Ay, Aq,..., A, are any Borel subsets of X, then there is a subset N’
of full density in Z*, such that
lim p(AoNT*A NT?* Ay NT™ Ay) = u(Ao) H(AL) - - H(Ay).
keN

=1.

Sketch of proof. (I < B) By Theorem ITZ3233, it suffices to observe
that every finite-dimensional representation contains an irreducible sub-
representation, and that the irreducible representations of Z (or, more
generally, of any abelian group) are one-dimensional.

(2 < B) These are two different ways of saying the same thing.

(B = B) Since $AX x X1) = $4X) ® $%(X;), the spectral measure v
of $4(X x X;) is the product v; x v» of the spectral measures of £4(X)
and $%(X1). Therefore, any point mass in v is obtained by pairing a point
mass in v; with a point mass in vs.

@ = m Take X; = X.

(I = B) For simplicity, let a = u(A) and b = u(B). By Exercise
(the Mean Ergodic Theorem), ergodicity on X implies

Nn—oo

1 n
= > u(T*An B) =% ab.
n
k=1
For the same reason, ergodicity on X x X implies

n

D (uxu)(TFAX T*A) N (B x B)) "= (u x ) (A x A) - (1 x ) (B x B).
k=1
By simplifying both sides, we see that

1 n
= > u(T*An B)? "= a?b.
nk=1
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Therefore, simple algebra yields

1 & oo
- S u(T*A N B) — u(A) u(B)|* "= a? b? - 2(ab)(ab) + (ab)? = 0.
k=1
Exercise B implies that we have the same limit without squaring the ab-
solute value.
(8 = P) Approximating by linear combinations of characteristic func-
tions implies

n
lile|(qu9|q9)|=0 forall L 1.
neen o
However, if @ is an eigenfunction for an eigenvalue + 1, then it is easy to
see that the limit is nonzero (either directly, or by applying Exercise ).
(B = B) Exercise B implies that the two assertions are equivalent, up
to reversing the order of the quantifiers in (). To reverse the quantifiers,
note that a variant of Cantor diagonalization provides a set N of full
density that works for all A and B in a countable dense subset of B(X).
(@ = B) Take r = 1.
(B = @) The proof proceeds by induction on v (with (B) as the starting
point), and is nontrivial. We have no need for this result, so we omit the
proof. O

Exercises for §14.5.

#1. Show (directly from the definitions) that if the action of H on X is
weak mixing, then it is ergodic.

#2. Let @: X x X — Cbe as in (TZ54) of the proof of Theorem ITZ 3.
a) Show @ is H-invariant (a.e.).
b) Show @ is not constant (a.e.).
[Hint: (a) Write h @; = X; j h; j@j, and observe that [h; ;] is a unitary matrix.
@) @(x,x) > 0,but [ @(x,y)du(y) =0l

#3. Prove Proposition TZ58.
[Hint: (I = B) For ¢ = (@ | 1), we have ((¢ —c¢) | 1) = 0. Now calculate
limy, . (h(@ —¢) | ) in two ways.
(2 = B) Let @ and ¢ be the characteristic functions of A and B.
(B = P) Approximate @ and y by linear combinations of characteristic functions.]

#4. For every bounded sequence {ar} C [0, «), show
n
%151010% Z ay =0 < ay — 0as k — o in some set of full density.
k=1
[Hint: (=) For each m > 0, the set Ay, = {k | ax > 1/m} has density 0, so there
exists Ny, > Niy—1, such that, for all n > Ny, we have
Nm-1+#(Am n{1,2,...,n}) <n/m.

Let N be the complement of U, (Am N [Nm, Nm+1)).]
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Notes

The focus of classical Ergodic Theory is on actions of Z and R (or
other abelian groups). A few of the many introductory books on this
subject are [I, 4, 5, I2]. They include proofs of the Poincaré Recurrence
Theorem (BE61) and the Pointwise Ergodic Theorem (IZ322).

Some basic results on the Ergodic Theory of noncommutative groups
can be found in [I3, §2.1].

The Moore Ergodicity Theorem (IIZ=24) is due to C.C.Moore [8].

See [[1] for a very nice version of the Pointwise Ergodic Theorem that
applies to all amenable groups (Remark TZ373).

See [B, Thm. 1.1 (and Thm. 5.2)] for a proof of the ergodic decompo-
sition (IZZ3), using Choquet’s Theorem as in Subsection [4.4{i). Propo-
sition T2Z@ can be found in [0, §3]. See [T, §5.5] for a proof of Theo-
rem 449,

See [B, Prop. 1, pp. 157-158] for a proof of Proposition TZ52A.

The standard texts on ergodic theory only prove Proposition 258
for the special case H = Z, but the same arguments apply in general.

Theorem TZ5T0 is due to S.Mozes [9]. Ledrappier’s counterexample
for 72 is in [B].

Theorem ITZ57TT is in the standard texts on ergodic theory, except
for Part (), which is a “multiple recurrence theorem” that plays a key role
in Furstenberg’s proof of Szemeredi’s theorem that there are arbitrarily
long arithmetic progressions in every set of positive density in Z*. For a
proof of (8 = @), see [0, Prop. 7.13, p. 191] or [, Thm. 4.10].

A proof of Exercise IZ5#4 is in [0, Lem. 2.41, p. 54].

References

[1] M. Einsiedler and T.Ward: Ergodic Theory With a View Towards
Number Theory. Springer, London, 2011. ISBN 978-0-85729-020-5,

MR 27233725

[2] H. Furstenberg: Recurrence in Ergodic Theory and Combinatorial
Number Theory. Princeton University Press, Princeton, N.J., 1981.

[3] G. Greschonig and K. Schmidt, Ergodic decomposition of
quasi-invariant probability measures, Collog. Math. 84/85 (2000),
part 2, 495-514. MR 1784710, http://eudml.org/doc/210829

[4] P.R.Halmos: Lectures on Ergodic Theory. Chelsea, New York, 1960.
MR OITIRIT/

[5] A.Katok and B.Hasselblatt: Introduction to the Modern Theory of
Dynamical Systems. Cambridge University Press, Cambridge, 1995.
ISBN 0-521-34187-6, MR 1376374


http://www.ams.org/mathscinet-getitem?mr=2723325
http://www.ams.org/mathscinet-getitem?mr=0603625
http://www.ams.org/mathscinet-getitem?mr=1784210
http://eudml.org/doc/210829
http://www.ams.org/mathscinet-getitem?mr=0111817
http://www.ams.org/mathscinet-getitem?mr=1326374

REFERENCES 303

[6] F. Ledrappier: Un champ markovien peut étre d’entropie nulle et
mélangeant, C. R. Acad. Sci. Paris Sér. A-B 287 (1978), no. 7,
A561-A563. MR 0517106

[7] E.Lindenstrauss: Pointwise theorems for amenable groups, Invent.
Math. 146 (2001), no. 2, 259-295. MR 186539/,
http://dx.doi.org/10.1007/s002220100162

[8] C.C.Moore: Ergodicity of flows on homogeneous spaces, Amer. J.
Math. 88 1966 154-178. MR 0193188,
http://www.jstor.orq/stable/2373052

[9] S.Mozes: Mixing of all orders of Lie groups actions, Invent. Math.
107 (1992), no. 2, 235-241. (Erratum 119 (1995), no 2, 399.)

MR 1144473, MR 1312506, http://eudml.org/doc/ 143965,
http://eudml.org/doc/251560

[10] V. A.Rohlin: On the fundamental ideas of measure theory, Amer.
Math. Soc. Transl. (1) 10 (1962), 1-54. (Translated from Mat.
Sbornik N.S. 25(67), (1949), 107-150.) MR 004 /744

[11] S.M. Srivastava: A Course on Borel Sets. Springer, New York, 1998.
ISBN 0-387-98412-7, MR 1619545

[12] P.Walters: An Introduction to Ergodic Theory. Springer, New York,
1982 ISBN 0-387-90599-5, MR 0648108

[13]R.]J.Zimmer: Ergodic Theory and Semisimple Groups. Birkhauser,
Basel, 1984. ISBN 3-7643-3184-4, MR 0./ /6417


http://www.ams.org/mathscinet-getitem?mr=0512106
http://www.ams.org/mathscinet-getitem?mr=1865397
http://dx.doi.org/10.1007/s002220100162
http://www.ams.org/mathscinet-getitem?mr=0193188
http://www.jstor.org/stable/2373052
http://www.ams.org/mathscinet-getitem?mr=1144423
http://www.ams.org/mathscinet-getitem?mr=1312506
http://eudml.org/doc/143965
http://eudml.org/doc/251560
http://www.ams.org/mathscinet-getitem?mr=0047744
http://www.ams.org/mathscinet-getitem?mr=1619545
http://www.ams.org/mathscinet-getitem?mr=0648108
http://www.ams.org/mathscinet-getitem?mr=0776417

This page intentionally left blank.




This page intentionally left blank.


Part IV

Major Results
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Chapter 15

Mostow Rigidity Theorem

§15.1. Statement of the theorem

In its simplest form, the Mostow Rigidity Theorem says that a single
group I' cannot be a lattice in two different semisimple groups G; and G»
(except for minor modifications involving compact factors, the center,
and passing to a finite-index subgroup):

(15.1.1) Theorem (Weak version of the Mostow Rigidity Theorem). As-
sume

e G and G, are connected, with trivial center and no compact factors,
and
e I is a lattice in G4, fori =1, 2.
If Ty =1y, then G = Go.

In other words, if there is an isomorphism from I to I, then there
is also an isomorphism from G; to G». In fact, it is usually the case that
something much stronger is true:

(15.1.2) Mostow Rigidity Theorem. Assume

e G1 and G, are connected, with trivial center and no compact factors,

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).
You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: Quasi-isometries (Chapter I0).
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308 15. MOSTOW RIGIDITY THEOREM

o I is a lattice in G, fori = 1,2, and

e there does not exist a simple factor N of G1, such that N = PSL(2,R)
and N N1 is a lattice in N.

Then any isomorphism from I to I» extends to a continuous isomorphism
from G1 to Go.

(15.1.3) Remarks.

1) Assume G is connected, and has no simple factors that are either
compact or isogenous to SL(2,R). Then the Mostow Rigidity The-
orem implies that lattices in G have no nontrivial deformations.
More precisely, if I} is a continuous family of lattices in G, then I
is conjugate to Iy, for every t (see Exercise [).

This is not always true when G is isogenous to SL(2, R) (see Sec-
tion I23)), which explains why the statement of the Mostow Rigidity
Theorem must forbid factors that are isogenous to SL(2, R).

2) In geometric terms, the Mostow Rigidity Theorem tells us that the
topological structure of any irreducible finite-volume locally sym-
metric space of noncompact type completely determines its geo-
metric structure as a Riemannian manifold (up to multiplying the
metric by a scalar on each irreducible factor of the universal cover),
if the manifold is not 2-dimensional (cf. Exercise B).

3) Assume I' is cocompact in G. Then, as a strengthening of Theo-
rem 517, it can be shown that if I' is a cocompact lattice in some
Lie group H (not assumed to be semisimple), then H must be either
G or I' (modulo the usual minor modifications involving compact
groups). In fact, this remains true even if we allow H to be any
locally compact group, not necessarily a Lie group.

Exercises for §15.1.

#1. Suppose
e G has trivial center and no compact factors,
e G #PSL(2,R), and
e I'is irreducible.
Show that every automorphism of I" extends to a continuous auto-
morphism of G.

#2. Show that Theorem 511 is a corollary of Theorem T2
[Hint: This is obvious when no simple factor of G is isomorphic to PSL(2, R). The
problem can be reduced to the case where G1 and G? are irreducible.]

#3. Assume G; and G» are isogenous. Show that if K is any compact
group, then some lattice in G; is isomorphic to a lattice in G, X K
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(even though G may not be isomorphic to G X K). This is why The-
orem 511 assumes G; and G» are connected, with trivial center
and no compact factors

[Hint: Any torsion-free lattice in Gy is isomorphic to a lattice in G2 X K.]

#4. For i = 1,2, suppose
e I;is alattice in G4, and
e (jis connected and has no compact factors.
Show that if I is isomorphic to I», then G is isogenous to Go.

#5. Let I; be a lattice in G; for i = 1, 2. Show that if I} = I), then there
is a compact, normal subgroup K; of Gy, for i = 1,2, such that
G /K1 = G /Ko.

#6. Let G = PSL(2, R). Find an automorphism ¢ of some lattice I' in G,
such that @ does not extend to an automorphism of G.
Why is this not a counterexample to Theorem I T2?

#7. Assume there is a continuous function p: I'x [0, 1] — G, such that,

if we let pt(y) = p(y, t), then:

e p; is a homomorphism, for all t,

e p¢(T') is a lattice in G, for all t, and

e po(y) =y, forall y eT.
Show that if G is as in the first sentence of Remark IS T3(), then
I; is conjugate to I, for every t.
[Hint: Reduce to the case where G has trivial center. You may use, without proof,
the fact that the identity component of the automorphism group of G consists of
inner automorphisms (see Remark B&3).]

#8. (Requires some familiarity with locally symmetric spaces) Assume,

fori=1,2:

e (jis connected and simple, with trivial center,

e K;is a maximal compact subgroup of G,

e [ is a torsion-free, irreducible lattice in G,

e X; = K;\G;/I; is the corresponding locally symmetric space of

finite volume,

e the metric on X; is normalized so that vol(X;) = 1, and

. dile > 3.
Show that any homotopy equivalence from X; to X» is homotopic
to an isometry.

[Hint: Since the universal cover K;\G; is contractible, a homotopy equivalence is
determined, up to homotopy, by its effect on the fundamental group.]

§15.2. Sketch of the proof for SO(1, n) (optional)

In most cases, the conclusion of the Mostow Rigidity Theorem (Ix122) is
an easy consequence of the Margulis Superrigidity Theorem, which will
be discussed in Chapter 8. More precisely, if we assume, for simplicity,
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that the lattices Iy and I; are irreducible (see Exercise ), then the Margulis
Superrigidity Theorem applies unless G; and G; are isogenous to either
SO(1,n) or SU(1,n) (see Exercise TG Z#I). To illustrate the main ideas
involved in completing the proof, we discuss a special case:

Proof of Mostow Rigidity Theorem for cocompact lattices in SO(1, n).
Assume, fori =1, 2:

e G; = PSO(1,n;), for some n; = 3,
e I;is cocompact in G;, and
e p: I — I is an isomorphism.

In order to show that p extends to a continuous homomorphism from
G1 to Gy, we take a geometric approach that uses the action of G; on
its associated symmetric space, which is the hyperbolic space $"i. This
assumes some understanding of hyperbolic space (and other matters)
that is not required elsewhere in this book.

Claim. We haven; = n,. By passing to subgroups of finite index, we may
assume I7 and I are torsion free, so I acts freely on $"i. The action is
also properly discontinuous, so, since hyperbolic space is contractible,
this implies that X; = I;\$H™ is a K(I3, 1)-space. Since X; is a compact
manifold of dimension n;, we conclude that the cohomological dimen-
sion of Ij is n;. However, the groups I} and I, are isomorphic, so they
must have the same cohomological dimension. This completes the proof
of the claim. O

Therefore, I'1 and I are two lattices in the same group G = PSO(1, n).
To simplify matters, let us assume n = 3.

Since TI; is cocompact in G; (so I; is quasi-isometric to $)3), it is not
difficult to construct a quasi-isometry @: $° — $3, such that

@(yx) = p(y) - p(x) forall y eI} and x € H° (15.2.1)

(see Exercise D).

Consider the ball model of $3, whose boundary 95)° is the round
2-sphere S2. It is easy to see that any isometry ¢ of $)° induces a well-
defined homeomorphism ¢ of 9$)3. Furthermore, it is well known that
this boundary map is conformal (i.e., it is angle-preserving). This implies
that if C is a very small circle in 8533, then ¢ (C) is very close to being a
circle; more precisely, if we let S, (p) be the sphere of radius r around
the point p, then

lim sup SUDxes, (p) A(P(x), P (p)) _,

r—-0+ infyesr(p) d(a(y);%(p))
With this background in mind, it should not be difficult to believe (and
it is not terribly difficult to prove) that the quasi-isometry @ induces a
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well-defined homeomorphism @ of 953, such that

P(yp) =p(y) - @(p) foraly eI and p € 0H°. (15.2.2)
Furthermore, this boundary map is quasi-conformal, which means that
if Cis a very small circle in 0$)3, then @ (C) is approximated by an ellipse

of bounded eccentricity; more precisely, there is some constant Kk > 0,
such that, for all p € 953, we have

. SUPyes, (p) A(@(x), P(p))

lim sup - — —

r—o0-  infyes, (n d(@ (), P(p))

It is a fundamental, but highly nontrivial, fact that quasi-conformal

maps are differentiable almost everywhere. Therefore, if C, is a circle

(centered at the origin) in the tangent plane at almost any point p € 95)3,

then @ (C,) is an ellipse in the tangent plane at @ (p). Furthermore, since

multiplying all the vectors in a tangent plane by a scalar does not change

the eccentricity of any ellipse in the plane, we see that the eccentricity

ey of this ellipse is independent of the choice of the circle Cp. So ey is a
well-defined, measurable function on (almost all of) 053.

Case 1. Assume e, = 1 for almost all p € 0$3. This implies that the
quasi-conformal map @ is actually conformal. So there is an isometry «

of $3, such that ® = ¢. Then, for y € I} and p € 353, we have

x(yp) = @(yp) =ply) - ®(p) = p(y) - x(p).
On the other hand, since G is the identity component of Isom($)3), it is
normalized by «, so there is an automorphism & of G, such that, for all
g € Gand p € 03, we have

a(gp) = a(g) - a(p).
By comparing the displayed equations (and letting g = y), we see that
x(y) = p(y) for all y € I. Therefore, & is the desired extension of p to
an isomorphism defined on all of G.

Case 2. Assume e,, is not almost always equal to 1. Since p(y) is conformal
(because p(y) is an isometry), we see from (I5-Z2) that ey, = e, for
all y € I and (almost) all p € 9$3. However, since G is transitive on
0$3 with noncompact point-stabilizers, the Moore Ergodicity Theorem
(rZ233) implies that I is ergodic on 953, so we conclude that the function
ep is constant (a.e).

Thus, the assumption of this case implies that, for almost every p,
the ellipse @(Cp) is not a circle, and therefore has a well-defined major
axis ¢p, which is a line through the origin in the tangent plane at @ (p).
Hence, {{,} is a (measurable) section of a certain bundle P$)3, namely,
the RP'-bundle over $3 whose fiber at each point is the projectivization
of the tangent space. Furthermore, since I» = p(I1) is conformal, we see
from (I522) that this section is [-invariant. In fact, if we rotate {£,}
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by any angle 60, then the resulting section {#f,} is also invariant (since I>

is conformal). Then Up<g<r/2 {#f,} is a measurable, [>-invariant subset of
P$H3. However, the Moore Ergodicity Theorem (IZ23) implies there are
no such (nontrivial) subsets, since G is transitive on P$)3 with noncompact
point-stabilizers. This contradiction completes the proof, by showing
that this case does not occur. O

(15.2.3) Remarks.

1)

2)

3)

The above proof makes the simplifying assumption that n = 3.
Essentially the same proof works for larger values of n, but @ (C,)
will be an ellipsoid, rather than an ellipse, so the space £, of major
directions may be a higher-dimensional subspace of the tangent
space, instead of just being a line.

Mostow was able to modify the proof to deal with SU(1, n), instead
of SO(1,n), by developing a theory of maps that are quasiconfor-
mal over C. (In fact, replacing C with the quaternions and octonions
yields proofs for lattices in the other simple groups of real rank one,
namely, Sp(1,n) and F4;. However, this is not necessary, because
the Margulis Superrigidity Theorem applies to these groups.)

For lattices in SO(1,n) that are not cocompact, it is not at all ob-
vious that an isomorphism I'1 = I> should yield a quasi-isometry
H" — H". This was proved by G.Prasad, by using the “Siegel set”
description of a coarse fundamental domain for the action of I; on
H" (cf. Chapter T9). The same method also works for noncocom-
pact lattices in SU(1, n), or, more generally, whenever rankq I = 1.

Exercises for §15.2.

#1.

#2.

Show that the proof of Theorem I T2 can be reduced to the special
case where the lattices I} and I are irreducible in G, and G», respec-
tively. In other words, assume the conclusion of Theorem IS T2
holds whenever I; is irreducible in G;, for i = 1,2, and show that
this additional hypothesis can be eliminated.

Construct a quasi-isometry @: $° — $3 that satisfies (I521).

[Hint: Let F be a precompact strict fundamental domain for the action of I'1 on 3,
and choose some xg € £33. For x € £33, let p(x) = p(y)xo, where x € y - F.]

§15.3. Moduli space of lattices in SL(2, R)

Suppose T is a torsion-free, cocompact lattice in SL(2, R). In contrast to
the Mostow Rigidity Theorem (I512), we will see that an isomorphism
I' = I" need not extend to an automorphism of SL(2,R). In fact, there
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are uncountably many different embeddings of I' in SL(2, R) that are not
conjugate to each other.

To see this, we take a geometric approach. Since SL(2,R) acts tran-
sitively on the hyperbolic plane $?2 (by isometries), the quotient I'\$? is
a compact surface M. We will show there are uncountably many differ-
ent possibilities for M (up to isometry). The proof is based on the fact
that the hyperbolic plane has uncountably many different right-angled
hexagons.

(15.3.1) Lemma. The hyperbolic plane $)° has uncountably many different
right-angled hexagons (no two congruent to each other).

Proof. Fix a basepoint p € $?, and a starting direction 7. For 5 € (R*)S,
construct the piecewise-linear path L = L(S ) in $)2 determined by:
e The path starts at the point p. es ey
e The path consists of 6 geodesic
segments (or “edges”) eq,..., e,
of lengths s, ..., sg, respectively.
e The first edge e; starts at p and
heads in the direction .
e Fori> 2, edge e; makes a p
(clockwise) right angle with e;_;.

en es

e

The variables s1,..., sg provide 6 degrees of freedom in the construction
of L. Requiring that L be a closed path (i.e., that the terminal endpoint
of L is equal to p) takes away two degrees of freedom (because $? is
2-dimensional). Then, requiring the angle between eg and e; to be right
angle takes away one more degree of freedom. Hence (from the Implicit
Function Theorem), we see that there are 3 degrees of freedom in the
construction of a right-angled hexagon in $)2. O

(15.3.2) Remark. In fact, calculations using the trigonometry of triangles
in $)2 yields the much more precise fact that, for any s, s4, s¢ € R*, there
exists a unique right-angled hexagon, with edges e, ..., eg, such that the
length of edge ey; is exactly s»;, for i = 1,2,3. (That is, the lengths of
the three edges e», e4, and eg can be chosen completely arbitrarily, and
they uniquely determine the lengths of the other three edges in the right-
angled hexagon.)

(15.3.3) Definition. A hyperbolic surface is a compact Riemannian mani-
fold (without boundary) whose universal cover is the hyperbolic plane $)2.

(15.3.4) Corollary. There are uncountably many non-isometric hyperbolic
surfaces of any given genus g > 2.
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Proof. Choose a right-angled hexagon P in $2. Call its edges ej,...,eq,
and let s; be the length of e;. Make a copy P’ of P, and form a surface P
by gluing e,; to the corresponding edge e5; of P’, for i = 1,2,3. (Topo-
logically, this surface P is a disk with two holes, and is usually called a
“pair of pants?)

Since P is right-angled, the three boundary curves of 2 are geodesics.
Their lengths are 2s;, 253, and 2ss.

Construct a closed surface M of
genus 2 from two copies of P, by glu-
ing corresponding boundary compo-
nents to each other. (For a discussion
of higher genus, see Remark I533.)
Since the only curves that have been
glued together are geodesics, it is easy
to see that each point in M has a neigh-
borhood that is isometric to an open
subset of $2. Therefore, the universal
cover of M is $)? (since M is complete).
So M is a hyperbolic surface.

Furthermore, from the construction, we see that M has a closed geo-
desic of length 2s;. (Infact, there is a geodesic of length 2s;, for1 < i < 6.)
Since a single closed surface has closed geodesics of only countably many
different lengths, but Lemma I53 implies that there are uncountably
many possible values of 51, this implies there must be uncountably many
different isometry classes of surfaces. O

A surface of genus 2 can be
made from two pairs of pants.

(15.3.5) Remark. A hyperbolic surface M of any genus g > 2 can be con-
structed by gluing together 2g — 2 pairs of pants:

The lengths of the three boundary curves of each pair of pants can be
varied independently (cf. Remark I5372), except that curves that will be
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glued together need to have the same length. The surface can also be
modified by rotating any boundary curve through an arbitrary angle 6
before it is glued to its mate. This yields 6g — 6 degrees of freedom in the
construction of M. It can be shown that this is precisely the dimension
of the space of hyperbolic surfaces of genus g. In other words, 6g — 6 is
the dimension of the moduli space of hyperbolic surfaces of genus g.

(15.3.6) Corollary. If T is any lattice in SL(2,R), then there are uncount-
ably many nonconjugate embeddings of T as a lattice in SL(2, R).

Proof. Let us assume SL(2, R)/T'is compact. (Otherwise, I'is a free group,
so it is easy to find embeddings.) Let us also assume, for simplicity, that
I is torsion free, so it is the fundamental group of the hyperbolic surface
I'\$?, which has some genus g. Then I’ is isomorphic to the fundamental
group I"” of any hyperbolic surface I''\$)? of genus g. However, if T'\ $)?
is not isometric to I''\$?, then I cannot be conjugate to I in the isome-
try group of $°. Therefore, Corollary I532 implies that there must be
uncountably many different conjugacy classes of subgroups I'’ that are
isomorphic to I. O

§15.4. Quasi-isometric rigidity

The Mostow Rigidity Theorem’s weak form (IS1-1) tells us (under mild
hypotheses) that lattices in two different semisimple Lie groups cannot
be isomorphic. In fact, they cannot even be quasi-isometric (see Defini-
tion MOI13):

(15.4.1) Theorem. Assume

e G and G» are connected, with trivial center and no compact factors,
and

e I is an irreducible lattice in G;, fori =1, 2.
If T 2 Db, then Gy = Go.

Although nothing more than Theorem 521 can be said about quasi-
isometric lattices that are cocompact (see Corollary IOT4), there is a
much stronger conclusion for noncocompact lattices. Namely, not only
are the Lie groups G; and G» isomorphic, but the isomorphism can be
chosen to make the lattices commensurable (unless G; = G» = PSL(2, R)):
(15.4.2) Theorem. Assume

e G1 and G, are connected, with trivial center and no compact factors,
and

e [ is an irreducible lattice in G;, fori =1, 2.
ThenT; X Ib if and only if G1 = G, and either
1) both G /I and G, /I» are compact, or
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2) there is an isomorphism ¢: G; — G, such that ¢ (I) is commensu-
rable to I», or

3) G and G» are isomorphic to PSL(2,R), and neither G /I nor G2 /T>
is compact.

One of the key ingredients in the proof of this theorem is the fact that
any group quasi-isometric to a lattice is isomorphic to a lattice, modulo
finite groups:

(15.4.3) Theorem. If A is a finitely generated group that is quasi-isometric
to an irreducible lattice T in G, then there are

e a finite-index subgroup A’ of A, and
e a finite, normal subgroup N of A,
such that A’ /N is isomorphic to a lattice in G.

Sketch of proof of a special case. Assume G = SO(1,3) and I is co-
compact. The group A acts on itself by translation. Since A = T % §3,
this provides an action of A by quasi-isometries on $3. Let A be the
corresponding group of quasiconformal maps on 35)3. Note that the
quasiconformality constant « is uniformly bounded on A.

Let (053)3 be the space of ordered triples of distinct points in 953,
and define p: (0$3)3 — $3 by letting p(a, b, c) be the point on the geo-
desic ab that is closest to c. It is not difficult to see that p is compact-
to-one. Since the action of A is cocompact on $)3, this implies that the
action of A is cocompact on (95)3)3.

The above information allows us to apply a theorem of Tukia to con-
clude that A is quasiconformally conjugate to a subgroup of SO(1,n).
Hence, after conjugating the action of A by a quasi-isometry, we may
assume A < SO(1,n). Furthermore, if we fix a basepoint x(, then the
map A — Axg is a quasi-isometry from A to $3. This implies that A is a
cocompact lattice in SO(1, n). O

Many additional ideas are needed to prove Theorem 522, but this
suffices for the weaker version:

Proof of Theorem I5:Z1. Theorem tells us that I is isomorphic
to a lattice in G; (if we ignore some finite groups). So I» is a lattice in
both G and G». Therefore, the Mostow Rigidity Theorem (I—1-1) implies
G1 = Gy, as desired. O

From the Mostow Rigidity Theorem, we know that every automor-
phism of I' extends to an automorphism of G (if G is not isogenous to
SL(2,R) and we ignore compact factors and the center). The following
analogue of this result for quasi-isometries is another key ingredient in
the proof of Theorem 542
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(15.4.4) Theorem. Assume

e T is irreducible, and not cocompact,

e G has trivial center and no compact factors,

e G is not isogenous to SL(2,R), and

o f:T —>T.
Then f is a quasi-isometry if and only if it is at bounded distance from
some automorphism of G.

Exercises for §15.4.

#1. Assume the hypotheses of Theorem 5T, and also assume G /I
is not compact. Show that the conclusion of Theorem 512 can
be obtained by combining Theorem 522 with Theorem 524,

Notes

The Mostow Rigidity Theorem (I 1-2) is a combination of (overlap-
ping) special cases proved by three authors:

e Mostow: I'is cocompact (case where G = SO(1,n) [4], general case
[5]),

e Prasad: rankqgI' = 1 (which includes the case where T’ is not cocom-
pact and rankg G = 1) [],

e Margulis: rankg G = 2 (and I'is irreducible) (see Subsection [[6.2{)).

In recognition of this, many authors call Theorem 512 the Mostow-
Prasad Rigidity Theorem, or the Mostow-Prasad-Margulis Rigidity Theo-
rem.

The results described in Remark I T3(B) are due to A. Furman [B].

See the exposition in [4, §5.9, pp. 106-112] for more details of the
proof in Section I52. A different proof of this special case was found
by Gromov, and is described in [[4, §6.3, pp. 129-130]. Yet another nice
proof (which applies to cocompact lattices in any groups of real rank one)
appears in [, §5.2].

Regarding Remark Io-Z3(2), see [5, §21, esp. (21,18)] for a discussion
of the notion of maps that are quasiconformal over C (or H, or Q).

Regarding Remark I523(B), see [B] for Prasad’s proof of Mostow
rigidity for lattices of Q-rank one.

Regarding Section I3, see [[4, Thm. 5.3.5] for a more complete dis-
cussion of “pairs of pants” and the dimension of the space of hyper-
bolic metrics on a surface of genus g. (The calculations to justify Re-
mark I3 can be found in [[4, §2.6].)

The results on quasi-isometric rigidity in Section I54 include work
of A.Eskin, B.Farb, B.Kleiner, B.Leeb, P.Pansu, R.Schwarz, and others.
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See the survey [] for references, discussion of the proofs, and other
information.
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Chapter 16

Margulis Superrigidity
Theorem

Roughly speaking, the Margulis Superrigidity Theorem tells us that ho-
momorphisms defined on I' can be extended to be defined on all of G
(unless G is either SO(1,n) or SU(1,n)). In cases where it applies, this
fundamental theorem is much stronger than the Mostow Rigidity Theo-
rem (IT2). It also implies the Margulis Arithmeticity Theorem (=21
or I[H3T).

§16.1. Statement of the theorem

It is not difficult to see that every group homomorphism from 7* to R"
can be extended to a continuous homomorphism from R¥ to R” (see Ex-
ercise M). Noting that Z¥ is a lattice in RX, it is natural to hope that,
analogously, homomorphisms defined on I' can be extended to be de-
fined on all of G. The Margulis Superrigidity Theorem shows this is true
if G has no simple factors isomorphic to SO(1,m) or SU(1,m), except
that the conclusion may only be true modulo finite groups and up to a

Recall: The Standing Assumptions (B0 on page BT) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none, except that the proof of the
main theorem requires real rank (Chapter B), amenability (Furstenberg’s
Lemma (IZ&61)), and the Moore Ergodicity Theorem (Section I122).


http://creativecommons.org/publicdomain/zero/1.0/
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bounded error. Here is an illustrative special case that is easy to state,
because the bounded error does not arise.
(16.1.1) Theorem (Margulis). Assume
e G =SL(k,R), withk > 3,
e G/T is not compact, and
e @:I — GL(n,R) is any homomorphism.
Then there exist:
e a continuous homomorphism @ : G — GL(n, R), and
e a finite-index subgroup I’ of T,
such that (y) = @(y) forally €T".

Proof. See Exercise IHZZ2. O

Here is a much more general version of the theorem that has a slightly
weaker conclusion. To simplify the statement, we preface it with a defi-
nition.

(16.1.2) Definition. G is algebraically simply connected if (for every £)
every Lie algebra homomorphism g — sl(#, R) is the derivative of a well-
defined Lie group homomorphism G — SL(¥, R).

(16.1.3) Remark. Every simply connected Lie group is algebraically sim-
ply connected, but the converse is not true (see Exercise B). In general, if
G is connected, then some finite cover of G is algebraically simply con-
nected. Therefore, assuming that G is algebraically simply connected is
just a minor technical assumption that avoids the need to pass to a finite
cover.

(16.1.4) Theorem (Margulis Superrigidity Theorem). Assume

i) G is connected, and algebraically simply connected,

ii) G is not isogenous to any group that is of the form SO(1,m) x K or
SU(1,m) X K, where K is compact,

iii) T is irreducible, and
iv) @: T — GL(n,R) is a homomorphism.
Then there exist:
1) a continuous homomorphism @: G — GL(n, R),
2) a compact subgroup C of GL(n,R) that centralizes $(G), and
3) a finite-index subgroup T’ of T,
such that (y) € (y)C, forally €T'.

Proof. See Section I&3. O
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(16.1.5) Remarks.

1) Since @(y) € @(y) C, we have ¢(y) ! @(y) € C for all y. There-
fore, although @ (y) might not be exactly equal to @ (y), the error
is an element of C, which is a bounded set (because C is compact).
Hence, the size of the error is uniformly bounded on all of I".

2) Assumption (d) cannot be removed. For example, if G = PSL(2, R),
then the lattice I can be a free group (see Remark BE1H). In this case,
there exist many, many homomorphisms from I' into any group G’,
and many of them will not extend to G (see Exercise H).

If we make an appropriate assumption on the range of ¢, then there
is no need for the compact error term C or the finite-index subgroup I':
(16.1.6) Corollary. Assume

i) G is not isogenous to any group that is of the form SO(1,m) x K or
SU(1,m) X K, where K is compact,

ii) T is irreducible, and

iii) G and G’ are connected, with trivial center, and no compact factors.
If : T — G’ is any homomorphism, such that @ (I') is Zariski dense in G’,
then @ extends to a continuous homomorphism @: G — G'.

Proof. See Exercise B. O

Because of our standing assumption (BEZ0I0) that G’ is semisimple,
Corollary 618 implicitly assumes that the Zariski closure @ (I') = G’ is

semisimple. In fact, that is automatically the case:
(16.1.7) Corollary. Assume

i) G is not isogenous to any group that is of the form SO(1,m) x K or
SU(1,m) X K, where K is compact,
ii) T is irreducible, and
iii) @: T — GL(n, R) is a homomorphism.

Then @ (I') is semisimple.

Proof. See Exercise O. O

Exercises for §16.1.

#1. Suppose @ is ahomomorphism from Z* to R™. Show that @ extends
to a continuous homomorphism from R¥ to R™.

[Hint: Let @: RX — R™ be a linear transformation, such that ¢ (¢&;) = @ (&;), where
{€1,..., &k} is the standard basis of RK]
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#2.

#3.

#4.

#5.

#6.
#7.

#8.

#9.
#10.
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Show that SL(n, R) is algebraically simply connected. (On the other
hand, SL(n, R) is not simply connected, because its fundamental
group is nontrivial.)

[Hint: By tensoring with C, any homomorphism s[(n,R) — s[(£,R) extends to a
homomorphism sl(n,C) — sl(¥,C), and SL(n, C) is simply connected.]

Assume

e G is notisogenous to SO(1,n) or SU(1,n), for any n,

e I'isirreducible, and

e G has no compact factors.
Use the Margulis Superrigidity Theorem to show that the abelian-
ization I'/[I,T'] of T is finite. (When G is simple, this was already
proved from Kazhdan’s property (T) in Corollary I3Z23(2). We will
see yet another proof in Exercise IZT#]1l.)

Assume G, T, @, @, C, and I are as in Theorem I&a14. Show there
is a homomorphism €: I’ — C, such that @ (y) = @(y) - €(y), for
ally eTI’.

Suppose G = PSL(2,R) and T is a free group. Construct a homo-
morphism @: T — GL(n, R) (for some n), such that, for every con-
tinuous homomorphism @: G — GL(n, R), and every finite-index
subgroup I" of T, the set {®(y) ' @(y) | y € I } is not precom-
pact.

[Hint: @ may have an infinite kernel.]

Prove Corollary I61T8 from Theorem TG 14.

Show that the extension ¢ in Corollary 61 H is unique.
[Hint: Borel Density Theorem.]

In each case, find
e alatticeI' in G and
e a homomorphism @: T — G/,
such that
e @(I')is Zariski dense in G, and
¢ @ does not extend to a continuous homomorphism @: G — G'.
Also explain why they are not counterexamples to Corollary I61T8.
a) G = G =PSL(2,R) x PSL(2,R).
b) G = PSL(4,R) and G" = SL(4, R).
¢) G =S0(2,3) and G' = SO(2,3) x SO(5).

Prove Corollary I6-14 from Theorem I614.

Derive Theorem I6T4 from the combination of Corollary IGTH
and Corollary I6T4. (This is a converse to Exercises B and B.)
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§16.2. Applications

We briefly describe a few important consequences of the Margulis Super-
rigidity Theorem.

§16.2(i). Mostow Rigidity Theorem. The special case of the Mar-
gulis Superrigidity Theorem (I6IH) in which the homomorphism @ is
assumed to be an isomorphism onto a lattice I’ in G’ is very important:

(16.2.1) Theorem (Mostow Rigidity Theorem, cf. (I:-1T2)). Assume
e G and G, are connected, with trivial center and no compact factors,
e G1 #PSL(2,R),
e [ is an irreducible lattice in G;, fori = 1,2, and
o @: I — I is a group isomorphism.
Then @ extends to a continuous isomorphism from G; to Go.

This theorem has already been discussed in Chapter I5. In most
cases, it follows easily from the Margulis Superrigidity Theorem (see Ex-
ercise ). However, since the superrigidity theorem does not apply when
G, is either SO(1,m) or SU(1,m), a different argument is needed for
those cases; see Section I22 for a sketch of the proof.

§16.2(ii). Triviality of flat vector bundles over G/TI.

(16.2.2) Definition. For any homomorphism @:T' — GL(n, R), there is a
diagonal action of T on G x R™, defined by

(x,v) -y = (xy,p(y Hv).
Let £p = (G X R™)/I be the space of orbits of this action. Then there is
a well-defined map
m: €p — G/T, defined by ([ x,v]) = xT,
and this makes & into a vector bundle over G/T (with fiber R™) (see Ex-

ercise B). A vector bundle defined from a homomorphism in this way is
said to be a flat vector bundle.

The Margulis Superrigidity Theorem implies (in some cases) that ev-
ery flat vector bundle over G/T is nearly trivial. Here is an example:

(16.2.3) Proposition. Let G = SL(n,R) and I = SL(n, Z). If £y is any flat
vector bundle over G /T, then there is a finite-index subgroup I'' of T, such
that the lift of €y to the finite cover G /T is trivial.

In other words, if we let @’ be the restriction of @ to1’, then the vector
bundle € is isomorphic to the trivial vector bundle (G/T") x R™.
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Proof. From Theorem I 11, we may choose I’ so that the restriction @’
extends to a homomorphism @: G — GL(n,R). Define a continuous
function T: G x R" — G x R" by

T(g,v) =(9,9@)v).
Then, for any y € I", a straightforward calculation shows
T((g,v)-y)=T(g,v) *xy, where (g,v) xy = (gy,v) (16.2.4)
(see Exercise ). Therefore T factors through to a well-defined bundle
isomorphism & 2 (GJT") X R™. O

§16.2(iii). Embeddings of locally symmetric spaces from embed-
dings of lattices. Let M =I'\G/K and M’ = I"\G'/K’. Roughly speaking,
the Mostow Rigidity Theorem (I5122) tells us that if I'is isomorphic to I,
then M is isometric to M’. More generally, superrigidity implies that if T
is isomorphic to a subgroup of I'’, then M is isometric to a submanifold
of M’ (modulo finite covers).

(16.2.5) Proposition. Suppose

e M =T\G/K and M’ = T'\G'/K’ are irreducible locally symmetric
spaces with no compact factors,

e I is isomorphic to a subgroup of T’, and

o the universal cover of M is neither the real hyperbolic space $H™ nor
the complex hyperbolic space CH™.

Then some finite cover of T'\G /K embeds as a totally geodesic submanifold
of a finite cover of T'\G'/K'.

Idea of proof. There is no harm in assuming that G and G’ have trivial
center and no compact factors. After passing to a finite-index subgroup
of T (and ignoring a compact group C), the Margulis Superrigidity Theo-
rem tells us that the embedding I' — I extends to a continuous embed-
ding @: G = G'. Conjugate @ by an element of G’, so that ¢ (K) < K’,
and @ (G) is invariant under the Cartan involution of G’ corresponding
to the maximal compact subgroup K’. Then ¢ induces an embedding
I'\G/K — I''"\G’/K’ whose image is a totally geodesic submanifold. O

Exercises for §16.2.

#1. Prove the Mostow Rigidity Theorem (I6=2T]) under the additional
assumption that G, is neither PSO(1, n) nor PSU(1, n).

#2. The statement of the Mostow Rigidity Theorem in Theorem I5T2
is slightly different from Theorem IGZ1. Show that these two the-
orems are corollaries of each other.

[Hint: Exercise [5Z#1l.|
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#3. In the notation of Definition I6Z2:
a) Show the map 17 is well defined.
b) Show &, is a vector bundle over G/T with fiber R™.

#4. Verify (IhzZ4) for all y € T".

§16.3. Why superrigidity implies arithmeticity

Recall the following major theorem that was stated without proof in The-
orem B2

(16.3.1) Margulis Arithmeticity Theorem. Every irreducible lattice in G
is arithmetic, except, perhaps, when G is isogenous to SO(1,m) x K or
SU(1,m) x K, for some compact group K.

This important fact is a consequence of the Margulis Superrigidity
Theorem, but the implication is not at all obvious. In this section, we will
explain the main ideas that are involved.

In addition to our usual assumption that G < SL(#, R), let us also
assume, for simplicity:

e G = SL(3,R) (or, more generally, G is algebraically simply con-

nected; see Definition I61-2), and

e G/I'is not compact.

We wish to show that I is arithmetic. It suffices to show I' = Gz, that is,
that every matrix entry of every element of I is an integer, for then I is
commensurable to Gz (see Exercise E_TFI11).

Here is a loose description of the 4 steps of the proof:

1) The Margulis Superrigidity Theorem (IG1—1) implies that every ma-
trix entry of every element of I' is an algebraic number.

2) By restriction of scalars, we may assume that these algebraic num-
bers are rational; that is, I' < Gq.

3) For every prime p, a “p-adic” version of the Margulis Superrigidity
Theorem provides a natural number N, such that no element of T
has a matrix entry whose denominator is divisible by pNv.

4) This implies that some finite-index subgroup I'' of T is contained
in Gz.

Step 1. Every matrix entry of every element of T is an algebraic number.
Suppose some y; ; is transcendental. Then, for any transcendental num-
ber «, there is a field automorphism ¢ of Cwith ¢ (y; j) = «. Applying ¢

to all the entries of a matrix induces an automorphism q§ of SL(¢, C). Let
@ be the restriction of dN> torl,

so @ is a homomorphism from I' to SL(#, C). The Margulis Superrigidity
Theorem implies there is a continuous homomorphism @: G — SL(¥¢, ©),
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such that $ = @ on a finite-index subgroup of T (see Exercise I6.4#2). By
passing to this finite-index subgroup, we may assume @ = @ on all of I.

Since there are uncountably many transcendental numbers «, there
are uncountably many different choices of ¢, so there must be uncount-
ably many different n-dimensional representations @ of G. However,
it is well known from the the theory of “roots and weights” that G (or,
more generally, any connected, simple Lie group) has only finitely many
non-isomorphic representations of any given dimension, so this is a con-
tradiction.®

Step 2. We have T < SL(¢,Q). Let F be the subfield of C generated by
the matrix entries of the elements of I', so I' < SL(¢, F). From Step [, we
know that this is an algebraic extension of Q. Furthermore, because I is
finitely generated (see Theorem BE—ZT11), we see that this field extension
is finitely generated. Therefore, F is finite-degree field extension of Q
(in other words, F is an algebraic number field). This means that F is
almost the same as Q, so it is only a slight exaggeration to say that we
have proved I' = SL(¥, Q).

Indeed, restriction of scalars (R5-8) provides a way to change F
into Q: there is a representation p: G — SL(7, C), for some 7, such that
p(G nSL({, F)) < SL(r, Q) (see Exercise M). Therefore, after replacing G
with p(G), we have the desired conclusion (without any exaggeration).

Step 3. For every prime p, there is a natural number N, such that no
element of T has a matrix entry whose denominator is divisible by p™Nr. The
fields R and C are complete (that is, every Cauchy sequence converges),
and they obviously contain Q. For any prime p, the p-adic numbers Q,
are another field that has these same properties.

As we have stated it, the Margulis Superrigidity Theorem deals with
homomorphisms into SL(¢, F), where F = R, but Margulis also proved
a version of the theorem that applies when F is a p-adic field (see The-
orem I6E37). Now G is connected, but p-adic fields are totally discon-
nected, so every continuous homomorphism from G to SL(¢, Q) is triv-
ial. Therefore, superrigidity tells us that @ is trivial, after we mod out a
compact group (cf. Theorem IGE1T4). In other words, the closure of @ (I')
is compact in SL(£, Qp).

This conclusion can be rephrased in more elementary terms, without
any mention of p-adic numbers. Namely, it says that there is a bound on

3Actually, this is not quite a contradiction, because it is possible that two different
choices of @ yield the same representation of I', up to isomorphism; that is, after a change
of basis. The trace of a matrix is independent of the basis, so the preceding argument
really shows that the trace of @ (y) must be algebraic, for every y € I. Then one can use
some algebraic methods to construct some other matrix representation ¢’ of T, such that
the matrix entries of @’(y) are algebraic, for every y € I.
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the highest power of p that divides the denominator of any matrix entry
of any element of I. This is what we wanted.

Step 4. Some finite-index subgroup I" of T is contained in SL(¥,7Z). Let
D < N be the set consisting of the denominators of the matrix entries of
the elements of @ (T').

We claim there exists N € N, such that every element of D is less
than N. Since I is known to be finitely generated, some finite set of
primes {p1,..., p,} contains all the prime factors of every element of D.
(If p is in the denominator of some matrix entry of y;y», then it must
appear in a denominator somewhere in either y; or y».) Therefore, every
element of D is of the form p{*' - - - p;/'", for some my,...,m, € N. From
Step B, we know m; < Ny, for every i. Thus, every element of D is less

than pf]’” s p]yv r. This establishes the claim.

From the preceding paragraph, we see that I' < % Matyx¢(Z). Note
thatif N = 1, then I’ = SL(¢, Z). In general, N is a finite distance from 1,
so it should not be hard to believe (and it can indeed be shown) that some
finite-index subgroup of I' must be contained in SL(¥, Z) (see Exercise D).
Therefore, a finite-index subgroup of I' is contained in Gz, as desired. [

For ease of reference, we officially record the key fact used in Step B

(16.3.2) Theorem (Margulis superrigidity over p-adic fields). Assume

i) G is not isogenous to any group that is of the form SO(1,m) x K or
SU(1,m) x K, where K is compact,

ii) T is irreducible,
iii) Qp is the field of p-adic numbers, for some prime p, and
iv) @: T — GL(n,Qp) is a homomorphism.

Then @ (T') is compact.

In other words, there is some N € Z, such that every matrix entry of
every element of @ (T) is in pN Z,, where 7, is the ring of p-adic integers.

The Margulis Arithmeticity Theorem (II63l) does not apply to lat-
tices in SO(1,n) or SU(1,n), but, for those groups, Margulis proved the
following characterization of the lattices that are arithmetic:

(16.3.3) Commensurability Criterion for Arithmeticity (Margulis). As-
sume

e G is connected, with no compact factors, and

o I is irreducible.
Then T is arithmetic if and only if the commensurator Commg (I') of T is
dense in G.

As was already mentioned in Remark 6223(), the direction (=) fol-
lows from the simple observation that Commg (Gz) contains Ggq.



328 16. MARGULIS SUPERRIGIDITY THEOREM

The proof of (<) is more difficult. It is the same as the proof of the
Margulis Arithmeticity Theorem, but replacing the Margulis Superrigidity
Theorem (I616) with the following superrigidity theorem (and also re-
placing the p-adic superrigidity theorem with a suitable commensurator
analogue):

(16.3.4) Theorem (Commensurator Superrigidity). Assume
i) I is irreducible,
ii) Commyg (T') is dense in G, and
iii) G and G' are connected, with trivial center, and no compact factors.

If : Commg([I') — G’ is any homomorphism whose image is Zariski
dense in G', then @ extends to a continuous homomorphism : G — G'.

Exercises for §16.3.

#1. Suppose
e G < SL(¥,0Q),
e I c SL(¢, F), for some algebraic number field F, and
¢ G has no compact factors.
Show there is a continuous homomorphism p: G — SL(7, C), for
some 7, such that p(G N SL(¢, F)) < SL(r, Q).
[Hint: Apply restriction of scalars (§6-3) after noting that the Borel Density Theorem
(§E3) implies G is defined over F.]

#2. Show that if A is a subgroup of SL(#,Q), and A < % Matx(Z), for
some N € N, then SL(#,Z) contains a finite-index subgroup of A.
[Hint: The additive group of Qe contains a A-invariant subgroup V, such that we
have 2/ c v ¢ %Z”. Choose g € GL(#,Q), such that g(V) = z’. Then g commen-
surates SL(#,Z) and we have gAg’1 c SL(4,7).]

#3. Assume, as usual, that
e (isnotisogenous to any group that is of the form SO(1, m) xK
or SU(1,m) X K, where K is compact, and
e I'is irreducible.
Use the proof of the Margulis Arithmeticity Theorem to show that
if @: T — SL(n, C) is any homomorphism, then every eigenvalue of
every element of @ (I') is an algebraic integer.

§16.4. Homomorphisms into compact groups

The Margulis Superrigidity Theorem (It1-3) does not say anything about
homomorphisms whose image is contained in a compact subgroup of
GL(n, R). (This is because all of @ (I') can be put into the error term C, so
the homomorphism & can be taken to be trivial.) Fortunately, there is a
different version that completely eliminates the error term (and applies
very generally). Namely, from the Margulis Arithmeticity Theorem (5221,
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we know that the lattice I must be arithmetic (if no simple factors of G
are SO(1,m) or SU(1,m)). This means that if we add some compact
factors to G, then we can assume that I' is commensurable to Gz. In this
situation, there is no need for the error term C:

(16.4.1) Corollary. Assume
e G is connected, algebraically simply connected, and defined over Q,

e G is not isogenous to any group that is of the form SO(1,m) X K or
SU(1,m) x K, where K is compact,

o I is irreducible, and

e @:I — GL(n,R) is a homomorphism.
If T is commensurable to Gz, then there exist:

1) a continuous homomorphism @: G — GL(n, R), and

2) a finite-index subgroup I of T,
such that (y) = @(y), forally €T".

Here is a less precise version of Corollary I62-1 that may be easier
to apply in situations where the lattice I' is not explicitly given as the

Z-points of G. However, it only applies to the homomorphism into each
simple component of «(I'), not to the entire homomorphism all at once.

(16.4.2) Corollary. Assume
e G is connected, and algebraically simply connected,

G is not isogenous to any group that is of the form SO(1,m) x K or
SU(1,m) x K, where K is compact,

I is irreducible,
@:T — GL(n,C) is a homomorphism, and
o @(I) is simple.
Then there exist:
1) a continuous homomorphism ¢ : G — GL(n, C),
2) a finite-index subgroup I of T, and
3) a Galois automorphism o of C,
such that (y) = o (p(y)), forally €T".

Proof. We may assume @ (I') is compact, for otherwise Corollary I6TH
applies (after modding out the centers of G and x(I')). Then every ele-
ment of @ (I') is semisimple.

Choose some h € @(I'), such that h has infinite order (see Exer-
cise EB#T?). Then the conclusion of the preceding paragraph implies
that some eigenvalue A of h is not a root of unity. On the other hand, if
A is algebraic, then p-adic superrigidity (I3~2) implies that A is an alge-
braic integer (see Exercise IE3#3). So there is a Galois automorphism o
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of C, such that |o(A)| = 1 (see Exercise B). Then {o(A)* | k € Z} is
an unbounded subset of C, so (o (h)) is not contained in any compact
subgroup of GL(n, C).

Now, let

e @' be the composition o o @, and

e G’ be the Zariski closure of @'(I').

Then G’ is simple, and the conclusion of the preceding paragraph implies
that G’ is not compact (since o (h) € G’). After passing to a finite-index
subgroup (so G’ is connected), Corollary 618 provides a continuous
homomorphism @: G — G’, such that ¢’(y) = @(y), for all y in some
finite-index subgroup of I. O

(16.4.3) Warning. Assume I is irreducible, and G is not isogenous to
any group of the form SO(1,m) x K or SU(1,m) x K. Corollary 622
implies that if there exists a homomorphism ¢ from I' to a compact Lie
group (and @ (I') is infinite), then G /T must be compact (see Exercise ).
However, the converse is not true. Namely, Corollary 62T tells us that
if T is commensurable to Gz, where G is defined over QQ, and Gg has no
compact factors, then I does not have any homomorphisms to compact
groups (with infinite image). It does not matter whether G/T is compact
or not.

Exercises for §16.4.

#1. Assume, as usual, that the lattice I'is irreducible, that G is notisoge-
nous to any group of the form SO(1,m) x K or SU(1,m) x K, and
that @: I' - GL(n,R) is a homomorphism. If G/I' is not compact,

show the semisimple group ¢ (I') has no compact factors.
[Hint: Godement’s Criterion (6=3).]

#2. Assume
e G is algebraically simply connected,
e Gisnotisogenous to any group thatis of the form SO(1, m) xK
or SU(1,m) x K, where K is compact,

e I'is irreducible,

e G /T is not compact, and

e @:I - SL(n,R)is a homomorphism.
Show there is a continuous homomorphism @: G — SL(n, R), such
that @ (y) = @(y) for all y in some finite-index subgroup of T.
[Hint: Theorem IGT4, Corollary 14, and Exercise .]

#3. AssumeT isirreducible, and G has no factorsisogenous to SO(1,m)
or SU(1,m). Show that if N is an infinite normal subgroup of T,
such that I'/N is linear (i.e., isomorphic to a subgroup of GL(¥, C),
for some ¥), then I'/N is finite.
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#4. (Kronecker’s Theorem) Assume A is an algebraic integer. Show that
if |o(A)]| = 1 for every Galois automorphism o of C, then A is a root
of unity.

[Hint: The powers of A form a set that (by restriction of scalars) is discrete in

Xges» FF. Alternate proof: there are only finitely many polynomials of degree n
with integer coefficients that are all < C in absolute value.]

§16.5. Proof of the Margulis Superrigidity Theorem

In order to establish Corollary 618, it suffices to prove the following
special case (see Exercise M):

(16.5.1) Theorem. Suppose

e G is connected, and it is not isogenous to any group that is of the
form SO(1,m) x K or SU(1,m) X K, where K is compact,

the lattice T is irreducible in G,

H is a connected, noncompact, simple subgroup of SL(n,R), for
some n (and H has trivial center),

@: I — H is a homomorphism, and
@ (I') is Zariski dense in H.
Then @ extends to a continuous homomorphism : G — H.

Although it does result in some loss of generality, we assume:
(16.5.2) Assumption. rankg G > 2.

The case where rankg G = 1 requires quite different methods — see
Section &R for a very brief discussion.

§16.5(i). Geometric reformulation. To set up the proof of Theo-
rem IG5, let us translate the problem into a geometric setting, by re-
placing the homomorphism @ with the corresponding flat vector bun-
dle &, over G/T (see Definition T6E22).

(16.5.3) Remark. The sections of the vector bundle €y, are in natural one-
to-one correspondence with the right I'-equivariant maps from G to R"
(see Exercise D).

(16.5.4) Lemma. @ extends to a homomorphism @: G — GL(n, R) if and
only if there exists a G-invariant subspace V < Sect(€y), such that the
evaluation map V — Vi, Is bijective.

Proof. (<) Since V is G-invariant, we have a representation of G on V;
let us say m: G — GL(V). Therefore, the isomorphism V — Vi,; = R"
yields a representation 7T of G on R”. It is not difficult to verify that 7
extends @ (see Exercise B).
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(=)Forv e R"and g € G, let
Eu(9) = ®(g Hv.
It is easy to verify that &, : G — R" is right I'-equivariant (see Exercise H),
so we may think of &, as a section of £, (see Remark TE53). Let
V={& |lveR"}cSect(&p).
Now the map v — &, is linear and G-equivariant (see Exercise H), so V is
a G-invariant subspace of Sect(&y). Since

&v(le]) =PV =v,
it is obvious that the evaluation map is bijective. O

In fact, if we assume the representation @ is irreducible, then it is not
necessary to have the evaluation map V — V[.] be bijective. Namely, in
order to show that @ extends, it suffices to have V be finite dimensional
(and nonzero):

(16.5.5) Lemma (see Exercise B). Assume that the representation @ is irre-
ducible. If there exists a (nontrivial) G-invariant subspace V of Sect(€y)
that is finite dimensional, then @ extends to a continuous homomorphism
®:G — GL(n,R).

§16.5(ii). The need for higher real rank. We now explain how As-
sumption 652 comes into play.

(16.5.6) Notation. Let A be a maximal R-split torus of G. For example, if

G = SL(3, R), we let
[*00]
A=[0*x0].

00 *
By definition, the assumption that rankg G > 2 means dim A > 2.

It is the following result that relies on our assumption rankg G > 2.
It is easy to prove if G has more than one noncompact simple factor
(see Exercise [@), and is not difficult to verify for the case G = SL(¥, R) (cf.
Exercise B). Readers familiar with the structure of semisimple groups
(including the theory of real roots) should have little difficulty in gener-
alizing to any semisimple group of real rank > 2 (see Exercise H).

(16.5.7) Lemma. If rankg G > 2, then, for some v € N, there exist closed
subgroups L1, Lo, ..., L, of G, such that
l) G = L,L, q---Ly, and
2) both H; and H;" are noncompact, where
e Hi=L,NA, and
e H} = Ca(L;) (so L; centralizes H}).
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§16.5(iii). Outline of the proof. The idea for proving Theorem IG5
is quite simple. We begin by finding a (nonzero) A-invariant section of &;
this section spans a (1-dimensional) subspace Vj of €, that is invariant
under A. Since (by definition) the subgroup H; of Lemma I6E54 is con-
tained in A, we know that Vj is invariant under H;, so Lemma 6538
below provides a subspace of Sect(£y) that is invariant under a larger
subgroup of G, but is still finite dimensional. Applying the lemma repeat-
edly yields finite-dimensional subspaces that are invariant under more
and more of G. Eventually, the lemma yields a finite-dimensional sub-
space that is invariant under all of G. Then Lemma 6535 implies that @
extends to a homomorphism that is defined on G, as desired.

(16.5.8) Lemma. If

e H is a closed, noncompact subgroup of A, and

e V is an H-invariant subspace of Sect(€y) that is finite dimensional,
then {Cg(H) - V) is finite dimensional.

Idea of proof. To illustrate the idea of the proof, let us assume that
V = Ro is the span of an H-invariant section (see Exercise [3). Since H is
noncompact, the Moore Ergodicity Theorem (IZ—23) tells us that H has
a dense orbit on G/T (see Exercise TZ2#Td). (In fact, almost every orbit
is dense.) This implies that any continuous H-invariant section of £, is
determined by its value at a single point (see Exercise M), so the space
of H-invariant sections is finite-dimensional (see Exercise ). Since this
space contains (Cg(H) - V) (see Exercise [2), the desired conclusion is
immediate. O

Here is a more detailed outline:

Idea of the proof of Theorem I6.5.1. Assume there exists a nonzero
A-invariant section o of €. Let

Hy=Aand Vy = (o).

Thus, Vj is a 1-dimensional subspace of Sect(€y) that is Hp-invariant.
Now, fori=1,...,7, let
Vi={Li-A-Li_1-A---Li-A-Vy).
Since L,L,_1---Ly = G, it is clear that V, is G-invariant. Therefore, it
will suffice to show (by induction on i) that each V; is finite dimensional.
Since H;_; < L;_1, it is clear that V;_; is H;_;-invariant. Therefore,
since A centralizes H; 1, Lemma I658 implies that (A - V;_1) is finite
dimensional. Now, since H;" = A, we know that (A - V;_;) is H;-invariant.
Then, since L; centralizes H;", Lemma implies that the subspace
Vi=(L;i-A-V;_1)is finite dimensional. O



334 16. MARGULIS SUPERRIGIDITY THEOREM

Therefore, the key to proving Theorem IG5 is finding a nonzero
A-invariant section o of €. Unfortunately, the situation is a bit more
complicated than the above would indicate, because we will not find
a continuous A-invariant section, but only a measurable one (see Key
Fact TE®T). Then the proof appeals to Lemma IB5T10 below, instead of
Lemma I658. We leave the details to the reader (see Exercise IQ).

(16.5.9) Definition. Let Sectmeas(Eg) be the vector space of measurable
sections of £y, where two sections are identified if they agree almost
everywhere.

(16.5.10) Lemma (see Exercises & and I3). If

e H is a closed, noncompact subgroup of A, and

o V is a finite-dimensional, H-invariant subspace of SeCtmeas(Ep),
then (Cg(H) - V) is finite dimensional.

Exercises for §16.5.

#1. Derive Corollary 614 as a corollary of Theorem IG5
#2. Suppose £: G — R™. Show that &: G/T — &y, defined by
gD = [(9,8@)],

is a well-defined section of & if and only if § is right I'-equivariant;
ie, E(gy) =@y H)E9).

#3. In the notation of the proof of Lemma I652(<), show 7T (y) = @ (y)
for every y €T.

#4. In the notation of the proof of Lemma I654(=), show that we have
Ev(gh) = P(h1) & (g). Since P(y 1) = (y 1) forall y €T, this
implies that &, is right I-equivariant.

#5. In the notation of the proof of Lemma I6524(=), show that we have
E3(g)v = 9 - v, where the action of G on Sect(€y) is defined by
(g - &) (x) =& (g 'x), as usual.

#6. Prove Lemma G55,

[Hint: By choosing V of minimal dimension, we may assume it is an irreducible
G-module, so the evaluation mabp is either O or injective. It cannot be 0, and then it
must also be surjective, since @ is irreducible.]

#7. Prove Lemma IG5 under that additional assumption that we have
G = G1 X G2, where G; and G, are noncompact (and semisimple).
[Hint: Let L; = G;fori =1,2]

#8. Prove the conclusion of Lemma 652 for G = SL(3, R).

[Hint: A unipotent elementary matrix is a matrix with 1’s on the diagonal and only
one nonzero off-diagonal entry. Every element of SL(3,R) is a product of < 10
unipotent elementary matrices, and any such matrix is contained in a subgroup
isogenous to SL(2, R) that has a 1-dimensional intersection with A.]



#9.

#10.

#11.

#12.

#13.

#14.

#15.

#16.
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Prove Lemma I654.

Let H be a subgroup of G. Show that if 0, and o> are H-invariant,
continuous sections of €y, and there is some x € G/I, such that

e Hx is dense in G/I' and

e 01(x) = 02(x),
then o; = o».

Let H be a subgroup of G, and assume H has a dense orbit in G/I.
Show the space of H-invariant, continuous sections of £y has finite
dimension.

Let H be a subgroup of G. Show that if o is an H-invariant section
of €y, and c is an element of G that centralizes H, then o - c is also
H-invariant.

Prove Lemma I6E58 without assuming that V is 1-dimensional.

[Hint: Fix x € G. Forc € Cg(H) and 0 € V, define T: V — R" by T(§) = &(x), and
note that (co)(hx) = T(h~! - o) for all h € H. If HxT is dense, this implies that
co is determined by ¢ and T. So dim(Cg (H) - V) < (dimV) - (dimHom(V, R")).]

Prove Lemma 6510 in the special case where V = Ro is the span
of an H-invariant measurable section.
[Hint: This is similar to Lemma IB53, but use the fact that H is ergodic on G/I.]

Prove Lemma 06510 (without assuming dimV = 1).
[Hint: This is similar to Exercise [3.]

Prove Theorem IH5T.

§16.6. An A-invariant section

This section sketches the proof of the following result, which completes
the proof of Theorem IG5 (under the assumption that rankg G > 2).

(16.6.1) Key Fact. For some n, there is an embedding of H in SL(n,R),
such that

1) the associated representation : I’ — H < SL(n,R) is irreducible,

and

2) there exists a nonzero A-invariant & € SeCtmeas (Eg).

Remark allows us to restate this as follows:

(16.6.1") Key Fact. For some embedding of H in SL(n,R),
1) H acts irreducibly on R", and

2) there exists a I'-equivariant, measurable function &: G/A — R" (and

& is nonzero).
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In this form, the result is closely related to the following consequence
of amenability (from Chapter I[2). For simplicity, it is stated only for the
case G = SL(3, R).

(12.6.2') Proposition (Furstenberg). If
e G =SL(3,R),

* %k ok
e P = *x % | C G, and
k
e I acts continuously on a compact metric space X,

then there is a Borel measurable map @ : G/P — Prob(X), such that y is
essentially T-equivariant.

For convenience, let W = R". There are 3 steps in the proof of Key
Fact 66T

1) (amenability) Letting X be the projective space P(W), which is com-
pact, Proposition 2621 provides a I-equivariant, measurable map
E: G/P — Prob(P(W)).

2) (proximality) The representation of I' on W induces a representation
of I' on any exterior power /\k W. By replacing W with an appropri-
ate subspace of such an exterior power, we may assume there is
some y € I, such that y has a unique eigenvalue of maximal ab-
solute value (see Exercise M). Therefore, the action of y on P(W)
is “proximal” (see Lemma I6—73). The theory of proximality (dis-
cussed in Section IB7) now tells us that the I'-equivariant random
map é must actually be a well-defined map into P(W) (see Corol-
lary I6—Z10).

3) (algebra trick) We have a I'-equivariant map §A: G/P — P(W). By the
same argument, there is a [-equivariant map é*: G/P — P(WH*),
where W* is the dual of W. Combining these yields a I-equivariant
map

E:G/PXG|P - P(W e W*) = P(End(W)).
We can lift & to a well-defined map
E:G/P X G/P — End(W),
by specifying that trace(€(x)) = 1 (see Exercise D). Since the action
of I on End (W) is by conjugation (see Exercise B) and the trace of
conjugate matrices are equal, we see that & is I-equivariant (see Ex-
ercise B).

Finally, note that there is a G-orbitin G/P X G/P whose comple-
ment is a set of measure 0, and the stabilizer of a point is (conjugate
to) the group A of diagonal matrices (see Exercises B and B). There-
fore, after discarding a set of measure 0, we may identify G/P X G /P
with G/A, so &: G/A — End(W).
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Exercises for §16.6.

#1.

#2.

#3.

#4.
#5.

#0.

Let
e y be a semisimple element of I, such that some eigenvalue of y
is not of absolute value 1.
e Ap,...,Ag be the eigenvalues of y (with multiplicity) that have
maximal absolute value.
o« W = Nw.
Show that, in the representation of I on W’, the element y has a
unique eigenvalue of maximal absolute value.

Let S: G/P — W and 8*: G/P — W* be well-defined, measurable
lifts of gand é*
a) Show, for a.e. x,y € G/P, that EN(X) is not in the kernel of the
linear functional 8* (y).
b) Show, for a.e. x, y € G/P, that, under the natural identification
of W ® W* with End (W), we have

trace(g(x) ® g*(y)) + 0.

c) Show & can be lifted to a well-defined measurable function
&:G/P x G/P — End(W), such that trace(&(x,y)) = 1, for
a.e.x,y € G/P.

[Hint: T acts irreducibly on W, and ergodically on G/P x G/P.]

Show that the action of I' on End(W) = W ® W* is given by conju-
gation: ()T = @(y) T@(y)~L

Show that € is I'-equivariant.

Recall that a flag in R3 is a pair (£,II), where
e ¢ is aline through the origin (in other words, a 1-dimensional
linear subspace), and
e [lis a plane through the origin (in other words, a 2-dimensional
linear subspace), such that
o ¢/ CIL
Show:
a) SL(3,R) acts transitively on the set of all flags in R3, and
b) the stabilizer of any flag is conjugate to the subgroup P of
Proposition T26277.
Therefore, the set of flags can be identified with G/P.

Two flags (¢1,11) and (¥2,I1>) are in general position if
0y ¢ IIp, and £, ¢ 11 .

Letting G be the subset of G/P x G /P corresponding to the pairs of
flags that are in general position, show:
a) SL(3,R) is transitive on G,
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b) the stabilizer of any point in G is conjugate to the group of
diagonal matrices, and
¢) the complement of G has measure zero in G/P x G/P.

[Hint: For (@) and (B), identify G with the set of triples ({1, ¢2, ¢3) of lines that are
in general position, by letting ¢3 = I1; N I1.]

§16.7. A quick look at proximality

(16.7.1) Assumption. Assume
1) T c SL(¥4,R),
2) every finite-index subgroup of T is irreducible on R?, and

3) there exists a semisimple element y € I, such that y has a unique
eigenvalue A of maximal absolute value (and the eigenvalue is sim-
ple, which means the corresponding eigenspace is 1-dimensional).

(16.7.2) Notation.
1) Let U be an eigenvector associated to the eigenvalue A.
2) For convenience, let W = R’.

(16.7.3) Lemma (Proximality). The action of T on P(W) is proximal. This
means that, for every [w:],[w2] € P(W), there exists a sequence {yy}
inT, such that d([yn(w1)], [yn(w2)]) = 0asn — .

Proof. Assume, to simplify the notation, that all of the eigenspaces of y
are orthogonal to each other. Then, for any w € W ~ v*, we have
y'[w] - [V], as n — oo (see Exercise ). Since the finite-index subgroups
of T act irreducibly, there is some y € I, such that y(w,),y(w) ¢ 7+
(see Exercise Bl). Therefore,

ay"y(wi),y"y((w2])) — d([v],[v]) =0,
as desired. O

In the above proof, it is easy to see that the convergence y"[w] — [V]
is uniform on compact subsets of W \ U* (see Exercise B). This leads to
the following stronger assertion (see Exercise B):

(16.7.4) Proposition (Measure proximality). Let u be any probability mea-
sure on P(W). Then there is a sequence {y,} in I, such that (y,)«u con-
verges to a delta-mass supported at a single point of P(W).

Itis obvious from Proposition 674 that there is no I-invariant prob-
ability measure on P(W). However, it is easy to see that there does exist a
probability measure that is invariant “on average; in the following sense
(see Exercise B):
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(16.7.5) Definition.
1) Fix a finite generating set S of I, such that S~! = S. A probability
measure y on P(W) is stationary for S if
1
#S
2) More generally, let v be a probability measure on I. A probability

measure y on P(W) is v-stationary if v x u = y. More concretely,
this means

D yel = M.
yes

D V) vl = p
yel

(Some authors call y “harmonic; rather than “stationary’’)

(16.7.6) Remark. A random walk on P(W) can be defined as follows:
Choose a sequence Y1, y>,... of elements of I', independently and with
distribution v. Also choose a random xy € P(W), with respect to some
probability distribution y on P(W). Then x;,, € P(W) is defined by
Xn =Yy1¥2 - - yn(Xo),

S0 {xy,} is a random walk on P(W). A stationary measure represents
a “stationary state” (or equilibrium distribution) for this random walk.
Hence the terminology.

If the initial distribution u is stationary, then a basic result of proba-
bility (the “Martingale Convergence Theorem”) implies, for almost every
sequence {yy}, that the resulting random walk {x;} has a limiting dis-
tribution; that is,

for a.e. {yn}, (¥Y1y2 - ¥n)«u converges in Prob(P(W)).

This theorem applies to stationary measures on any space, with no need
for Assumption I6Z1. By using measure proximality, we will now show
that the limiting distribution is almost always a point mass.

(16.7.7) Definition. A closed, nonempty, I-invariant subset of P(W) is
minimal if it does not have any nonempty, proper, closed, I-invariant
subsets. (Since P(W) is compact, the finite-intersection property implies
that every nonempty, closed, I-invariant subset of P(W) contains a min-
imal set.)
(16.7.8) Theorem (Mean proximality). Assume

e Vv is a probability measure onT, such that v(y) > 0 forall y €T,

e C is a minimal closed, T-invariant subset of P(W), and

e U is a v-stationary probability measure on C.
Then, for a.e. {y,} € '™, there exists c € P(W), such that

(Y1y2 - - yn)x () — 6. asm — oo,
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Proof. It was mentioned above that the Martingale Convergence Theorem
implies (y1y2 - - - ¥n)«(u) has a limit (almost surely), so it suffices to
show there is (almost surely) a subsequence that converges to a measure
of the form 6..

Proposition 624 provides a sequence {gi} of elements of I', such
that (gik)«H — J¢,, for some ¢y € C. To extend this conclusion to a.e.
sequence {y;,}, we use equicontinuity: we may write I' is the union of
finitely many sets Eq, ..., E;, such that each E; is equicontinuous on some
nonempty open subset U; of C (see Exercise B).

The minimality of C implies T'U; = C for every i. Then, by compact-
ness, there is a finite subset F = {f1,..., fs} of I, such that FU; = C
for each i. Since v(y) > O for every y € I, there is (almost surely) a
subsequence {yy,} of {yy}, such that, for every k, we have

Yne+1¥Ynme+2 " " Ynp+j = fj_l gk forl <j<s.
By passing to a subsequence, we may assume there is some i, such that
YiY2 - ¥Yn, € E;, for all k.
To simplify the notation, let us assume i = 1.
Since FU; = C, we may write ¢co = fju, for some f; € F and u € U,.
Then
Y 1¥mes2 - Ymerj) 5V = (fj_lgk)*v - (fj_l)*5c0 = 5f;1c0 =0y.

By passing to a subsequence, we may assume (y1yz - - - ¥n,)U CONverges
to some ¢ € C. Then, since y1y> - - - yn, € E1, and E; is equicontinuous
on Uy, this implies

1Yz Y «V = V1Y2 - Yn) s (Vs == Ymsj) V) = 0¢. O

In order to apply this theorem, we need a technical result, whose
proof we omit:
(16.7.9) Lemma. There exist:

e a probability measure v on I, and

e a v-stationary probability measure p on G/P,
such that

1) the support of v generates I', and

2) p is in the class of Lebesgue measure. (That is, u has exactly the

same sets of measure 0 as Lebesgue measure does.)

Also note that if C is any nonempty, closed, I-invariant subset of
P (W), then Prob(C) is a nonempty, compact, convex I'-space, so Fursten-
berg’s Lemma (IZ6.1) provides a I-equivariant map £: G/P — Prob(C).
This observation allows us to replace P(W) with a minimal subset.

We can now fill in the missing part of the proof of Key Fact I6 & T
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(16.7.10) Corollary. Suppose

o C is a minimal closed, I'-invariant subset of P(W), and

e £: G/P — Prob(C) is -equivariant.
Then E(x) is a point mass, for a.e. x € G/P.

Hence, there exists &: G/P — P(W), such that E(x) = 5é<x)’ for a.e.
x € G/P.

Proof. Let
e Opaw) = {0x | x € P(W) } be the set of all point masses in the space
Prob(P(W)), and
e L be a v-stationary probability measure on G/P that is in the class
of Lebesgue measure (see Lemma I6Z9).
We wish to show E(x) e dpw), for a.e. x € G/P. In other words, we wish
to show that &, (u) is supported on Spy).
Note that:
e Sp(w) is a closed, I-invariant subset of Prob(P(W)), and

e because £ is I-equivariant, we know that £, (u) is a v-stationary

probability measure on Prob(P(W)).

Roughly speaking, the idea of the proof is that almost every trajec-
tory of the random walk on Prob(P(W)) converges to a point in dpgy)
(see IEZR). On the other hand, being stationary, £, () is invariant un-
der the random walk. Therefore, we conclude that €, (u) is supported
on dpaw), as desired.

We now make this rigorous. Let

pp(w) = JG/P E(x) du(x),

SO Up(w) 1S a stationary probability measure on P(W). By mean proximal-
ity (I=Z8), we know, for a.e. (y1,y2,...) € I'®, that

n—oo

d((yiy2- - -y« Wpw)), dpaw)) — O.
For any € > 0, this implies, by using the definition of ppy), that

n—oo

IJ({X eG/P ‘ d(yryz - yn(8(x)),8pmw)) > G}) — 0.
Since E is I-equivariant, we may

replace y1y2 - - -yn(€(x)) with E(y1y2- - - ynx).
Then, since the measure y on G /P is stationary, we can delete y1y> - - - yn,
and conclude that

pix eGP | dEx),opm) >ef = 0 (16.7.11)
(see Exercise [). Since the left-hand side does not depend on n, but tends
to 0 as n — oo, it must be 0. Since € > 0 is arbitrary, we conclude that
E(x) € Spqw) for a.e. x, as desired. O
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Exercises for §16.7.

#1.

#2.

#3.

#4.

#5.

#6.

#7.

#8.

In the notation of Lemma 673, show, for every w € W ~. 7+, that
Y'[w] - [V],as n — 0.

Show, for any nonzero w;,w, € W, that there exists y € I, such
that neither yw; nor yw: is orthogonal to v.

[Hint: Let H be the Zariski closure of I' in SL(¢, R), and assume, by passing to a
finite-index subgroup, that H is connected. Then W; = {h € H | hw; € v+ } is
a proper, Zariski-closed subset. Since I' is Zariski dense in H, it must intersection
the complement of Wy U W».]

Show that the convergence in Exercise 0 is uniform on compact
subsets of W ~ 7.

Prove Proposition I&—74.

[Hint: Show max,, cpy)yerp V(W) = 11

Show there exists a stationary probability measure on P(W).
[Hint: Kakutani-Markov Fixed-Point Theorem (cf. Z2Z1).]

Let C be a subset of P(R"), and assume that C is not contained
in any (n — 1)-dimensional hyperplane. Prove that GL(#n, R) is the
union of finitely many sets Ej, ..., E,, such that each E; is equicon-
tinuous on some nonempty open subset U; of C.

[Hint: Each matrix T € Mat,xn (R) induces a well-defined, continuous function

T: (P(R™) < P(kerT)) — P(R™). If By is a small ball around T in P(Maty,x, (R)),
then Bt is equicontinuous on an open set. A compact set can be covered by finitely
many balls.]

Establish (I6=Z1T).
[Hint: Since p is stationary, the map

I xXG/P — G/P: ((y1,¥2,.-.),X) = y1¥2 - - - ¥nX
is measure preserving.]

Show that if P(W) is minimal, then the I-equivariant measurable
map &: G/P — P(W) is unique (a.e.).
[Hint: If g is another I-equivariant map, then define £: G/P — Prob(P(W)) by

E(x) = %(55(95) + Sy(x))]

§16.8. Groups of real rank one

The Margulis Superrigidity Theorem (I514) was proved for groups of
real rank at least two in Section IE3. Suppose, now, that rankg G = 1
(and G has no compact factors). The classification of simple Lie groups
tells us that G is isogenous to the isometry group of either:

o real hyperbolic space $",
e complex hyperbolic space CH",
e quaternionic hyperbolic space H$", or
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« the Cayley hyperbolic plane ©$)? (where O is the ring of “Cayley
numbers” or “octonions”)

(cf. Theorem B3XT). Assumption I&TA(H) rules out $H" and CH", so,
from the connection of superrigidity with totally geodesic embeddings
(cf. Subsection [[6:2(iii]), the following result completes the proof:

(16.8.1) Theorem. Assume

e X = HH" or 052,

o I is a torsion-free, discrete group of isometries of X, such that T'\X

has finite volume,

e X' is an irreducible symmetric space of noncompact type, and

e @:I — Isom(X')° is a homomorphism whose image is Zariski dense.
Then there is a map f: X — X', such that

1) f(X) is totally geodesic, and

2) f is @-equivariant, which means f(yx) = @ (y) - f(x).

Brief outline of proof. Choose a (nice) fundamental domain F for the
action of T on X. For any @-equivariant map f: X — X', define the en-
ergy of f to be the L?-norm of the derivative of f over ‘F. Since f is
@-equivariant, and the groups I' and @ (I') act by isometries, this is inde-
pendent of the choice of the fundamental domain F.

It can be shown that this energy functional attains its minimum at
some function f. The minimality implies that f is harmonic. Then, by
using the geometry of X and the negative curvature of X', it can be shown
that f must be totally geodesic. O

Notes

This chapteris largely based on [B, Chaps. 6 and 7]. (However, we usu-
ally replace the assumption that rankg G > 2 with the weaker assumption
that G is not SO(1,m) X K or SU(1,m) X K. (See [I0, Thm. 5.1.2, p. 86]
for a different exposition that proves version (ItI8) for rankg G > 2.)
In particular:

e For rankg G > 2, our statement of the Margulis Superrigidity The-

orem (IBTM) is a special case of [6, Thm. 7.5.6, p. 228].

e For rankg G > 2, Corollary 614 is stated in [B, Thm. 9.6.15(i)(a),
p- 332].

e Forrankg G > 2, Theorem IS 12 is stated in [6, Thm. 7.7.5, p. 254].
(See [8, Thm. B] for the general case, which does not follow from
superrigidity.)

e Lemma 6571 is a version of [B, Prop. 4.6, p. 222]

e Lemma I654 is a version of [B, Lem. 7.5.5, p. 227].
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Lemma I65T0 is [6, Prop. 7.3.6, p. 219].

Key Fact 6611 is adapted from [B, Thm. 6.4.3(b)2, p. 209].
Theorem 623 is based on [B, Prop. 6.2.13, pp. 202-203].
Lemma 679 is taken from [6, Prop. 6.4.2, p. 209].
Corollary I6Z11 is based on [B, Prop. 6.2.9, p. 200].
Exercise Ib—ZZ4 is (B, Lem. 6.3.2, p. 203].

Long before the general theorem of Margulis for groups of real rank
> 2, it was proved by Bass, Milnor, and Serre [2, Thm. 61.2] that the
Congruence Subgroup Property implies SL(n, Z) is superrigid in SL(n, R).

“Geometric superrigidity” is the study of differential geometric ver-
sions of the Margulis Superrigidity Theorem, such as Proposition IG2Z3.
(See, for example, [[2].)

Details of the derivation of arithmeticity from superrigidity (Sec-
tion MB3) appear in [B, Chap. 9] and [I0, §6.1].

Proofs of the Commensurability Criterion (IE33) and Commensura-
tor Superrigidity (IE3) can be found in [1], [B, §9.2.11, pp. 305ff, and
Thm. 7.5.4, pp. 226-227], and [0, §6.2].

Much of the material in Section I654 is due to Furstenberg [4].

The superrigidity of lattices in the isometry groups of H$)" and Q)2
(see Section M6ER) was proved by Corlette [3]. The p-adic version (Iz3=2)
for these groups was proved by Gromov and Schoen [5].
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Chapter 17

Normal Subgroups of T

This chapter presents a contrast between the lattices in groups of real
rank 1 and those of higher real rank:

e If rankg G = 1, then I' has many, many normal subgroups, so I’ is
very far from being simple.

e If rankg G > 1 (and T is irreducible), then I is simple modulo finite
groups. More precisely, if N is any normal subgroup of I, then
either N is finite, or I'/N is finite.

§17.1. Normal subgroups in lattices of real rank > 2

(17.1.1) Theorem (Margulis Normal Subgroups Theorem). Assume
e rankg G = 2,
e T is an irreducible lattice in G, and
e N is a normal subgroup of T.

Then either N is finite, or I'/N is finite.

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥¢, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: amenability (Furstenberg’s Lemma
(ZHB)) and Kazhdan’s Property (T) (Chapter I3). Also used: the
o-algebra of Borel sets modulo sets of measure 0 (Section IZ3) and
manifolds of negative curvature.


http://creativecommons.org/publicdomain/zero/1.0/
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(17.1.2) Example. Every lattice in SL(3, R) is simple, modulo finite groups.
In particular, this is true of SL(3,7).

(17.1.3) Remarks.

1) The hypotheses on G and I are essential:
(@) If rankg G = 1, then every lattice in G has an infinite normal
subgroup of infinite index (see Theorem IZZT).
(b) If T is reducible (and G has no compact factors), then I has an
infinite normal subgroup of infinite index (see Exercise B).

2) The finite normal subgroups of I' are easy to understand (if T is
irreducible): the Borel Density Theorem implies that they are the
subgroups of the finite abelian group I'n Z(G) (see Corollary E54).

3) If T'is infinite, then I has infinitely many normal subgroups of finite
index (see Exercise ), so I' is not simple.

4) In most cases, the subgroups of finite index are described by the
“Congruence Subgroup Property” For example, if I' = SL(3, Z), then
the principal congruence subgroups are obvious subgroups of fi-
nite index (see Exercise BEE8#3). More generally, any subgroup of T’
that contains a principal congruence subgroup obviously has finite
index. The Congruence Subgroup Property is the assertion that ev-
ery finite-index subgroup is one of these obvious ones. It is true
for SL(n, Z), whenever n > 3, and a similar (but slightly weaker)
statement is conjectured to be true whenever rankg G > 2 and I' is
irreducible.

The remainder of this section presents the main ideas in the proof
of Theorem IZI1. In a nutshell, we will show that if N is an infinite,
normal subgroup of I, then

1) T'/N has Kazhdan’s property (T), and
2) T'/N is amenable.
This implies that I'/N is finite (see Corollary I3139).

In most cases, it is easy to see that I'/N has Kazhdan’s property (be-
cause I has the property), so the main problem is to show that I'/N is
amenable. This amenability follows easily from an ergodic-theoretic re-
sult that we will now describe.

(17.1.4) Assumption. To minimize the amount of Lie theory needed, let
us assume
G = SL(3,R).

(17.1.5) Notation. Let

c SL(3,R) = G.

k
P=|x*
* *

*
*
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Hence, P is a (minimal) parabolic subgroup of G.

Note that if Q is any closed subgroup of G that contains P, then the
natural map G/P — G/Q is G-equivariant, so we may say that G/Q is a
G-equivariant quotient of G/P. Conversely, it is easy to see that spaces
of the form G/Q are the only G-equivariant quotients of G/P. In fact,
these are the only quotients even if we only assume that quotient map is
equivariant almost everywhere (see Exercise B).

Furthermore, since I' is a subgroup of G, it is obvious that every G-
equivariant map is I-equivariant. Conversely, the following surprising
result shows that every I-equivariant quotient of G/P is G-equivariant
(up to a set of measure 0):

(17.1.6) Theorem (Margulis). Suppose

rankg G = 2,

P is a minimal parabolic subgroup of G,

I is irreducible,

I' acts by homeomorphisms on a compact, metrizable space Z, and

Y: G/P — Z is essentially T-equivariant (and measurable).

Then the action of T on Z is measurably isomorphic to the natural action
of T on G/Q (a.e.), for some closed subgroup Q of G that contains P.

(17.1.7) Remark.

1) Perhaps we should clarify the choice of measures in the statement
of Theorem IZTH. (A measure class on G/P is implicit in the as-
sumption that y is essentially I-equivariant. Measure classes on Z
and G/Q are implicit in the “(a.e.)” in the conclusion of the theo-
rem.)

(@) Because G/P and G/Q are C* manifolds, Lebesgue measure
supplies ameasure class on each of these spaces. The Lebesgue
class is invariant under all diffeomorphisms, so, in particular,
it is G-invariant.

(b) There is a unique measure class on Z for which  is measure-
class preserving (see Exercise [).

2) The proof of Theorem 714 will be presented in Section IZ3. It
may be skipped on a first reading.

Proof of Theorem IZT1. Let N be a normal subgroup of I', and as-
sume N is infinite. We wish to show I'/N is finite. Let us assume, for
simplicity, that I' has Kazhdan’s Property (T). (For example, this is true
if G = SL(3, R), or, more generally, if G is simple (see Corollary I37222).)
Then I'/N also has Kazhdan’s Property (T) (see Proposition I31-7), so it
suffices to show that I'/N is amenable (see Corollary I313).
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Suppose I'/N acts by homeomorphisms on a compact, metrizable
space X. In order to show that I'/N is amenable, it suffices to find an
invariant probability measure on X (see Theorem IZ3T(3)). In other
words, we wish to show that I' has a fixed point in Prob(X).

e Because P is amenable, there is an (essentially) I-equivariant mea-
surable map ¢ : G/P — Prob(X) (see Corollary Z52).

e From Theorem IZTH, we know there is a closed subgroup Q of G,
such that the action of I on Prob (X) is measurably isomorphic (a.e.)
to the natural action of I' on G/Q.

Since N acts trivially on X, we know it acts trivially on Prob(X) = G/Q.
Hence, the kernel of the G-action on G/Q is infinite (see Exercise IT).
However, G is simple (modulo its finite center), so this implies that the
action of G on G/Q is trivial (see Exercise [I). (It follows that G/Q is a
single point, so Q = G, but we do not need quite such a strong conclu-
sion.) Since I' € G, then the action of I' on G/Q is trivial. In other words,
every point in G/Q is fixed by I. Since G/Q = Prob(X) (a.e.), we conclude
that almost every point in Prob(X) is fixed by I; therefore, I' has a fixed
point in Prob(X), as desired. O

(17.1.8) Remark. The proof of Theorem IZT1 concludes that “almost ev-
ery point in Prob(X) is fixed by I} so it may seem that the proof provides
not just a single I-invariant measure, but many of them. This is not the
case: The proof implies that y is essentially constant (see Exercise I2).
This means that the I'-invariant measure class [« u] is supported on a
single point of Prob(X), so “a.e’ means only one point.

Exercises for §17.1.

#1. Assume

e (G is notisogenous to SO(1,n) or SU(1,n), for any n,

e I'is irreducible, and

e G has no compact factors.
In many cases, Kazhdan’s property (T) implies that the abelian-
ization I'/[T,T'] of T is finite (see Corollary I3ZZ3(?)). Use Theo-
rem [ZI1 to prove this in the remaining cases. (We saw a different
proof of this in Exercise IT61F3l)

#2. Verify Remark TZT3(IH).
[Hint: Proposition BE33.]

#3. Suppose I is a lattice in SL(3,R). Show that I' has no nontrivial,
finite, normal subgroups.

#4. SupposeI'is anirreducible lattice in G. Show that I has only finitely
many finite, normal subgroups.



#5.

#0.

#7.

#8.

#9.

#10.

#11.
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Show that if I' is infinite, then it has infinitely many normal sub-
groups of finite index.
[Hint: Exercise BE-8#4.|

Suppose
e H is a closed subgroup of G,
e G acts continuously on a metrizable space Z, and
e : G/H — Z is essentially G-equivariant (and measurable).
Show the action of G on Z is measurably isomorphic to the action
of Gon G/Q (a.e.), for some closed subgroup Q of G that contains H.
More precisely, show there is a measurable ¢: Z — G/Q, such that:
a) ¢ is measure-class preserving (i.e., a subset A of G/Q has mea-
sure 0 if and only if its inverse image ¢~1(A) has measure 0),
b) ¢ is one-to-one (a.e.) (i.e., ¢ is one-to-one on a conull subset
of Z), and
¢) ¢ is essentially G-equivariant.

[Hint: See Remark IZIA(0) for an explanation of the measure classes to be used on
G/H,G/Q,and Z. Foreach g € G,theset {x € G/H | ¢ (gx) = g- @ (x) } is conull.
By Fubini’s Theorem, there is some xo € G/H, such that ¢/(gxo) = g - ¢(xp) for
a.e. g. Show the G-orbit of @ (xp) is conull in Z, and let Q = Stabg (@ (x0)).]

Suppose
e :Y — Zis measurable, and
e 1p and pp are measures on Y that are in the same measure
class.
Show:
a) The measures . (u;) and @4 (u2) on Z are in the same mea-
sure class.
b) For any measure class on Y, there is a unique measure class
on Z for which  is measure-class preserving.

In the setting of Theorem 18, show that y is essentially onto.
That is, the image @ (G/P) is a conull subset of Z.

[Hint: By choice of the measure class on Z, we know that y is measure-class pre-
serving.]

Let G = SL(3,R) and I' = SL(3, Z). Show that the natural action of T

on R3/73 = T3 is a I-equivariant quotient of the action on R3, but
is not a G-equivariant quotient.

In the proof of Theorem IZ 11, we know that Prob(X) = G/Q (a.e.),
so each element of N fixes a.e. point in G/Q. Show that N acts
trivially on G/Q (everywhere, not only a.e.).

[Hint: The action of N is continuous.]

In the notation of the proof of Theorem IZZ1, show that the action
of G on G/Q is trivial.
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[Hint: Show that the kernel of the action of G on G/Q is closed. You may assume,
without proof, that G is an almost simple Lie group. This means that every proper,
closed, normal subgroup of G is finite.]

#12. In the setting of the proof of Theorem IZ11, show that  is con-
stant (a.e.).

[Hint: The proof shows that a.e. point in the image of y is fixed by G. Because  is
G-equivariant, and G is transitive on G/P, this implies that ( is constant (a.e.).]

§17.2. Normal subgroups in lattices of rank one

Theorem [Z11 assumes rankg G > 2. The following result shows that
this condition is necessary:

(17.2.1) Theorem. If rankg G = 1, then I has a normal subgroup N, such
that neither N nor I'/N is finite.

Proof (assumes familiarity with manifolds of negative curvature). For
simplicity, assume:
e I'is torsion free, so it is the fundamental group of the locally sym-
metric space M = I'\G/K (where K is a maximal compact subgroup
of G).

e M is compact.

e The locally symmetric metric on M has been normalized to have
sectional curvature < —1.
e The injectivity radius of M is > 2.
e There are closed geodesics y and A in M, such that length(A) > 21
and dist(y,A) > 2.
The geodesics y and A represent (conjugacy classes of) nontrivial ele-
ments y and A of the fundamental group I' of M. Let N be the smallest
normal subgroup of I' that contains A
It suffices to show that y” is nontrivial in I'/N, for every n € 7*
(see Exercise M). Construct a CW complex M by gluing the boundary of a
2-disk D, to M along the curve A, so the fundamental group of M is I'/N.
We wish to show that y" is not null-homotopic in M. Suppose there
is a continuous map f: D> — M, such that the restriction of f to the
boundary of D?is y™. Let

D§ = f1(M),
SO D% is a surface of genus 0 with some number k of boundary curves.
We may assume f is minimal (i.e., the area of D? under the pull-back

metric is minimal). Then D is a surface of curvature k(x) < —1 whose
boundary curves are geodesics. Note that f maps

e one boundary geodesic onto y", and
e the other k — 1 boundary geodesics onto multiples of A.
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This yields a contradiction:

2m(k —2) = =21 X(D3) (see Exercise D)
= - J , K(x)dx (Gauss-Bonnet Theorem)
DO
> | ldx
D§
> (k — 1) length(A) (see Exercise B)
> 21(k — 1). O

(17.2.2) Remark. Perhaps the simplest example of Theorem IZZ1 is
when G = SL(2,R) and I is a free group (see Remark 618). In this case,
it is easy to find a normal subgroup N, such that N and I'/N are both
infinite. (For example, we could take N = [I',T’].)

There are numerous strengthenings of Theorem IZZ1 that provide
infinite quotients of I' with various interesting properties (if rankg G = 1).
We will conclude this section by briefly describing just one such example.

A classical theorem of Higman, Neumann, and Neumann states that
every countable group can be embedded in a 2-generated group. Since
2-generated groups are precisely the quotients of the free group F, on
2 generators, this means that F; is “SQ-universal” in the following sense:

(17.2.3) Definition. T is SQ-universal if every countable group is iso-
morphic to a subgroup of a quotient of I. (The letters “SQ” stand for
“subgroup-quotient?”’)

More precisely, the SQ-universality of I' means that if A is any count-
able group, then there exists a normal subgroup N of I, such that A is
isomorphic to a subgroup of I'/N.

(17.2.4) Example. F,, is SQ-universal, for any n > 2 (see Exercise B).

SQ-universality holds not only for free groups, which are lattices in
SL(2,R) (see Remark E18), but for any other lattice of real rank one:

(17.2.5) Theorem. If rankg G = 1, then I' is SQ-universal.

(17.2.6) Remark. Although the results in this section have been stated
only for I', which is a lattice, the theorems are valid for a much more gen-
eral class of groups. This is because normal subgroups can be obtained
from an assumption of negative curvature (as is illustrated by the proof
of Theorem ITZZT). Indeed, Theorems IZ21 and IZZ3 remain valid
when T’ is replaced with any group that is Gromov hyperbolic (see Defini-
tion MIZTI), or even “relatively” hyperbolic (and not commensurable to
a cyclic group).
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Exercises for §17.2.

#1. Suppose
e y and A are nontrivial elements of T,
e I'is torsion free,
e N is a normal subgroup of T,
e AeN, and
e y" ¢ N, for every positive integer n.
Show that neither N nor I'/N is infinite.

#2. Show that the Euler characteristic of a 2-disk with k — 1 punctures
is 2 — k.

#3. In the notation of the proof of Theorem IZZ1, show

, 1dx = (k — 1) length(A).

D

[Hint: All but one of the boundary components are at least as long as A, and a
boundary collar of width 1 is disjoint from the collar around any other boundary
component.]

#4. Justify Example IZ24.

[Hint: You may assume the theorem of Higman, Neumann, and Neumann on em-
bedding countable groups in 2-generated groups.]

§17.3. I'-equivariant quotients of G/P (optional)

In this section, we explain how to prove Theorem IZZTH. However, we
will assume G = SL(2, R) x SL(2, R), for simplicity.

The space Z is not known explicitly, so it is difficult to study directly.
Instead, as in the proof of the ergodic decomposition in Section ITZ=4, we
will look at the o-algebra B(Z) of Borel sets, modulo the sets of mea-
sure 0. (We will think of this as the set of {0,1}-valued functions in
¥*(Z), by identifying each set with its characteristic function.) Note that
y induces a I'-equivariant inclusion

Wy*: B(Z) - B(G/P)
(see Exercise ). Via the inclusion ¢*, we can identify B(Z) with a sub-
o-algebra of B(G/P):
B(Z) < B(G/P).
In order to establish that Z is a G-equivariant quotient of G /P, we wish to

show that B(Z) is G-invariant (see Exercise P1). Therefore, Theorem IZ1 8
can be reformulated as follows:

(17.1.6") Theorem. If Bis any I'-invariant sub-o-algebra of B(G/P), then
B is G-invariant.

To make things easier, let us settle for a lesser goal temporarily:
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(17.3.1) Definition. The trivial Boolean sub-c-algebra of B(G/P)is {0,1}
(the set of constant functions).

(17.3.2) Proposition. If B is any nontrivial, T-invariant sub-o-algebra of
B(G/P), then B contains a nontrivial G-invariant Boolean algebra.
(17.3.3) Remark.
1) To establish Proposition [Z32, we will find a characteristic func-
tion f € B(G/P) \ {0, 1}, such that G f = B.

2) The proof of Theorem [ZT&1is similar: let B¢ be the (unique) max-
imal G-invariant Boolean subalgebra of B. If B; + B, we will find
some f € B(G/P)\ Bg, such that G f < B. (This is a contradiction.)

(17.3.4) Assumption. To simplify the algebra in the proof of Proposi-
tion IZ32, let us assume G = SL(2,R) x SL(2, R).
(17.3.5) Notation.
e G = G1 X Gy, where G; = G» = SL(2,R),
P = P; X P, where P; = [i *] c Gi,

U = Uy X Up, where U; = [i 1] C P,

V =V; X Vo, where V; = [1 ’f] C Gi,

e I' = some irreducible lattice in G, and

e B=some [-invariant sub-o-algebra of B(G/P) .
(17.3.6) Remark. We have G/P = (G1/P;) X (G2/P;). Here are two useful,
concrete descriptions of this space:

e G/P = RP! x RP! = R2 (a.e.), and

e G/P = Vi x Vs (a.e.) (see Exercise H).

Note that, if we identify G/P with R? (a.e.), then, for the action of G;
on G/P, we have

. [k k‘l] (x,y) = (k?x,y), and

. [1 ﬂ (x,¥) = (x +1,7)
(see Exercise Bi).

The proof of Proposition IZ3=2 employs two preliminary results. The
first is based on a standard fact from first-year analysis:
(17.3.7) Lemma (Lebesgue Differentiation Theorem). Let

o fePURM),

e A be the Lebesgue measure on R", and

e By (p) be the ball of radius r centered at p.
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For a.e. p € R™, we have

. 1 _
115% NGB () J'By(p)fdi\ = f(p). (17.3.8)

Letting n = 1 and applying Fubini’s Theorem yields:

(17.3.9) Corollary. Let
o f€Z2(R?,

o a= [k kl] € Gy, for some k > 1, and

e 1: R? = {0} X R be the projection onto the y-axis.
Then, for a.e.v € V1,
a™v f converges in measure to (v f) o 1, asn — .

Proof. Exercise B. U

The other result to be used in the proof of Proposition IZ32 is a
consequence of the Moore Ergodicity Theorem:

(17.3.10) Proposition. For a.e.v € Vi, Tv-'a=N is dense in G.

Proof. Taking inverses, we wish to show aNvT = G; i.e., the (forward)
a-orbit of vI is dense in G/T, for a.e. v € V5. We will show that
aNgTl' = G, for a.e. g € G,

and leave the remainder of the proof to the reader (see Exercise [2).

Given a nonempty open subset @ of G/T, let

E=Jamo.
n>0

Clearly, a 'F c E. Since u(a='E) = u(E) (because the measure on G/I is
G-invariant), this implies E is a-invariant (a.e.). Since the Moore Ergodic-
ity Theorem ([Z—23) tells us that a is ergodic on G/T, we conclude that
E = G/T (a.e.). This means that, for a.e. g € G, the forward a-orbit of g
intersects (.

Since @ is an arbitrary open subset, and G /T is second countable, we
conclude that the forward a-orbit of a.e. g is dense. O

Proof of Proposition IZ32 for G = SL(2, R) x SL(2, R). Identify G/P
with R?, as in Remark IZ3®H. Since B is nontrivial, it contains some
nonconstant f. Now f cannot be essentially constant both on almost
every vertical line and on almost every horizontal line (see Exercise B), so
we may assume there is a non-null set of vertical lines on which it is not
constant. This means that

vev (v f) o 12 is not
1| essentially constant

} has positive measure.
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Corollary IZZ349 and Proposition IZZ311 tell us we may choose v in this
set, with the additional properties that

e a"vf — (vf) o 12, and

e T'v~'aNis dense in G.
Let f = (Vf) o 112, SO

a*vf - f.
Now, for any g € G, there exist y; € I'and n; — oo, such that
gi=yiv la™—g.
Then we have
gia"v =y; €T,
so the I'-invariance of Bimplies
B3 yif =gia“vf - gf

(see Exercise ). Since B is closed (see Exercise [[T), we conclude that
g f € B. Since g is an arbitrary element of G, this means G f < B. Also,

from the choice of v, we know that f = (vf) o T is not essentially
constant. 0

Combining the above argument with a list of the G-invariant Boolean
subalgebras of B(G/P) yields Theorem IZT&:

Proof of Theorem IZ161 for G = SL(2, R) x SL(2, R). Let Bg; be the
largest G-invariant subalgebra of B, and suppose B + Bg. (This will lead
to a contradiction.)

It is shown in Exercise [ that the only G-invariant subalgebras of
B(G/P) = B(R?) are

« B(R?),

¢ {functions constant on horizontal lines (a.e.) },

o {functions constant on vertical lines (a.e.) }, and

e {0,1}.

So B; must be one of these 4 subalgebras.

We know B; # B(R?) (otherwise B = B¢). Also, we know B is non-
trivial (otherwise B = {0,1} = Bg), so Proposition IZ32 tells us that
B + {0,1}. Hence, we may assume, by symmetry, that

Be = {functions constant on vertical lines (a.e.) }. (17.3.11)
Since B # Bg, there is some f € B, such that f is not essentially constant

on vertical lines. Applying the proof of Proposition I732 yields f, such
that

e Gf<BsofeBg;and
o fis not essentially constant on vertical lines.
This contradicts (ICZ3-11). O
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Very similar ideas yield the general case of Theorem IZ1H, if one
is familiar with real roots and parabolic subgroups. To illustrate this,
without using extensive Lie-theoretic language, let us explicitly describe
the setup for G = SL(3, R).

Modifications for SL(3, R).

* 1 % * 1 % 1
.P:{** } V:[ 1*], Vlz[ 1 ] VZ:[ 1*}.
* ok % 1 1 1
Note that V = (Vq, V).
e There are exactly four subgroups containing P, namely,

* % *
P, G, P= [* * } =(V,P), Pr= [* * *] = (Vp, P).
* %k ok * ok ok

Hence, there are precisely four G-invariant subalgebras of B(G/P).
Namely, if we identify B(G/P) with B(V), then the G-invariant sub-
algebras of B(V) are

o B(V),

o {0,1},

o right Vj-invariant functions,

o right Vo-invariant functions.

(17.3.12) Remark. The homogeneous spaces G/P; and G/P; are
RP? and the Grassmannian G 3 of 2-planes in R3 (see Exercise 3J).
Hence, in geometric terms, the G-invariant Boolean subalgebras of
B(G/P) are B(G/P), {0,1}, B(RP?), and B(G>,3).

e Let 12 be the projection onto V7 in the natural semidirect product

1 %
V:V21><V2L,wherev2l=[ 1 T]

k
e Fora = [ k } € G, Exercise 4 tells us
1/k?

1 x z 1 x k3z
a 1 y|P= 1 k3y|P. (17.3.13)
1 1

e A generalization of the Lebesgue Differentiation Theorem tells us,
for f € B(G/P) = B(V) and a.e. v € Vy, that
a™v f converges in measure to (v f) o .

With these facts in hand, it is not difficult to prove Theorem I'ZT &lunder
the assumption that G = SL(3, R) (see Exercise [3).
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Exercises for §17.3.

#1.

#2.

#3.

#4.

#5.

#0.

#7.

#8.

#9.

In the setting of Theorem IZT4, define y*: B(Z) — B(G/P) by
Y*(f) = f o Y. Show that @* is injective and I-equivariant.
[Hint: Injectivity relies on the fact that y is measure-class preserving.]

In the setting of Theorem IZTH, show that if the sub-o-algebra
@*(B(Z)) of B(G/P) is G-invariant, then Z is a G-equivariant quo-
tient of G/P (a.e.).

[Hint: To reduce problems of measurability, you may pretend that G is countable.
More precisely, use Exercise IZZ#3 to show that if H is any countable subgroup
of G that contains I, then the I-action can be extended to an action of H on Z by
Borel maps, such that, for each h € H, we have @/ (hx) = h ¢ (x) for a.e. x € G/P.]
Let G; and P; be as in Notation IZ33. Show that choosing appro-
priate coordinates on RP! = R U {o} identifies the action of G; on
G;/P;with the action of G; = SL(2, R) on RU{o} by linear-fractional

transformations:
a b (x) = ax +b
c d Cex+d’
In particular,

[k kl] (x) =k’x  and [1 i] (x) =x +t.

[Hint: Map a nonzero vector (x1,x2) € R? to its reciprocal slope x1 /x> € RU{}.]

Let G;, P;, and V; be as in Notation IZ35. Show that the map
Vi — G;i/P;: v — v P; injective and measure-class preserving.
[Hint: Exercise B.]

Show that Equation (I'Z38) is equivalent to

. 1 X B
RO (v+ ?) dA(X) = f(p).

[Hint: A change of variables maps Bj (0) onto By (p) with v = 1/k.]
Prove Corollary IZ39.

[Hint: Exercise B.]

Complete the proof of Proposition IZ310: assume, for a.e. g € G,
that aVgT is dense in G, and show, for a.e. v € Vj, that aMNvT is
dense in G.

[Hint: If aNgT is dense, then the same is true when g is replaced by any element
of Cg(a) U1 g.]

Let f € B(R?). Show that if f is essentially constant on a.e. vertical
line and on a.e. horizontal line, then f is constant (a.e.).

Assume Notation IZ3H. Show that the only subgroups of G con-
taining P are P, G; X P>, P; X G», and G.
[Hint: P is the stabilizer of a point in RP! x RP!, and has only 4 orbits.]
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#10. Assume Notation IZ3H. Show that the only G-equivariant quo-
tients of G/P are G/P, G /P>, G1/P1, and G/G.

[Hint: Exercise @.]

#11. Suppose B is a sub-o-algebra of B(G/P). Show that B is closed
under convergence in measure.

More precisely, fix a probability measure u in the Lebesgue
measure class on G/P, and show that B is a closed in the topol-
ogy corresponding to the metric on B(G/P) that is defined by
d(A1,Az) = u(A; A Az).

#12. Show that the action of G on B(G/P) is continuous.
[Hint: Suppose gn — e and pu(Ay A A) — 0. The Radon-Nikodym derivative
d(gn)xp/du tends uniformly to 1, so pu(gnAn A gnA) — 0. To bound p(gnA A A),
note that [, 4 @ dp — [4 @dp, for every @ € Cc(G/P).]

#13. In the notation of Remark IZ312, show that G/P; and G/P, are
G-equivariantly diffeomorphic to RP? and G5 3, respectively.
[Hint: Verify that the stabilizer of a point in RP? is Pj, and the stabilizer of a point
in G2 3is P>.]

#14. Verify Equation (IZ313).
[Hint: Since a € P, we have agP = (aga~!)P, for any g € G.]

#15. Prove Theorem [ZT &1 under the assumption that G = SL(3, R).

[Hint: You may assume (without proof) the facts stated in the “Modifications for
SL(3,R)7]

Notes

The Normal Subgroups Theorem (IZZ1) is due to G. A.Margulis [5),
B, [4]. Expositions of the proof appear in [8, Chap. 4] and [Z, Chap. 8].
(However, the proof in [I2] assumes that G has Kazhdan’s property (T).)

When I is not cocompact, the Normal Subgroups Theorem can be
proved by algebraic methods derived from the proof of the Congruence
Subgroup Problem (see [9, Thms. A and B, p. 109] and [10, Cor. 1, p. 75]).
On the other hand, it seems that the ergodic-theoretic approach of Mar-
gulis provides the only known proof in the cocompact case.

Regarding Remark IZT3(@), see [I1] for an introduction to the Con-
gruence Subgroup Property.

Theorem IZTHis stated for general G of real rank > 2in [8, Cor. 2.13]
and [2, Thm. 8.1.4]. Theorem IZI&1 is in [8, Thm. 4.2.11] and [I2,
Thm. 8.1.3]. See [I2, §8.2 and §8.3] and [B, §4.2] for expositions of the
proof.

The proof of Theorem 221 is adapted from [B, 5.5.F, pp. 150-152].

The Higman-Neumann-Neumann Theorem on SQ-universality of Fp
(see p. B53) was proved in [2]. A very general version of Theorem IZ73
that applies to all relatively hyperbolic groups was proved in [D]. (The
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notion of a relatively hyperbolic group was introduced in [3], and gener-
alized in [2].)
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Chapter 18

Arithmetic Subgroups
of Classical Groups

This chapter will give a quite explicit description (up to commensurabil-
ity) of all the arithmetic subgroups of almost every classical Lie group G
(see Theorem I853). (Recall that a simple Lie group G is “classical” if
it is either a special linear group, an orthogonal group, a unitary group,
or a symplectic group (see Definition BZ1).) The key point is that all
the Q-forms of G are also classical, not exceptional, so they are fairly
easy to understand. However, there is an exception to this rule: some 8-
dimensional orthogonal groups have Q-forms of so-called “triality type”
that are not classical and will not be discussed in any detail here (see Re-
mark I[Z5T10).

Given G, which is a Lie group over R, we would like to know all of
its Q-forms (because, by definition, arithmetic groups are made from Q-
forms). However, we will start with the somewhat simpler problem that
replaces the fields Q and R with the fields R and C: finding the R-forms
of the classical Lie groups over C.

Recall: The Standing Assumptions (10 on page BT) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: Restriction of Scalars (Section B3)
and examples of arithmetic subgroups (Chapter B).


http://creativecommons.org/publicdomain/zero/1.0/
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§18.1. R-forms of classical simple groups over C

To set the stage, let us recall the classical result that almost all complex
simple groups are classical:

(18.1.1) Theorem (Cartan, Killing). All but finitely many of the simple Lie
groups over C are isogenous to either SL(n,C), SO(n,C), or Sp(2n,C),
for some n.

(18.1.2) Remark. Up to isogeny, there are exactly five simple Lie groups
over C that are not classical. They are the “exceptional” simple groups,
and are called Eg, E7, Eg, F4, and Go.

Now, we would like to describe the R-forms of each of the classical
groups. For example, finding all the R-forms of SL(n,C) would mean
making a list of the (simple) Lie groups G, such that the “complexifica-
tion” of G is SL(n, C). This is not difficult, but we should perhaps begin
by explaining more clearly what it means.

It has already been mentioned that, intuitively, the complexification
of G is the complex Lie group that is obtained from G by replacing real
numbers with complex numbers. For example, the complexification of
SL(n,R)is SL(n, C). In general, G is (isogenous to) the set of real solutions
of a certain set of equations, and we let G¢ be the set of complex solutions
of the same set of equations:

(18.1.3) Notation. Assume G < SL(¢,R), for some ¥ Since G is al-
most Zariski closed (see Theorem BEZ), there is a certain subset Q of
R[x1,1,--.,Xge], such that G° = Var(Q)°. Let

Gc = Varc(Q) = {g € SL({,0) | Q(g) =0, forall Q € Q}.
Then G is a (complex, semisimple) Lie group.

(18.1.4) Example.
1) SL(n,R)c = SL(n, C).
2) SO(n)c = SO(n, O).
3) SO(m,n)c = SO(m + n, C) (see Exercise M).

(18.1.5) Definition. If G¢ is isomorphic to H, then we say that
e H is the complexification of G, and that
e G is an R-form of H.

The following result lists the complexification of each classical group.
It is not difficult to memorize the correspondence. For example, it is
obvious from the notation that the complexification of Sp(m, n) should
be symplectic. Indeed, the only case that really requires memorization
is the complexification of SU(m, n) (see Proposition [RTG(AI)).
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(18.1.6) Proposition. Here is the complexification of each classical Lie
group.

A) Real forms of special linear groups:
(i) SL(n,R)¢c = SL(n, C),
(ii) SL(n,C)c = SL(n,C) x SL(n, Q),
(iii) SL(n,H)¢c = SL(2n, C),
(iv) SU(m,n)c = SL(m + n, C).

B) Real forms of orthogonal groups:
(i) SO(m,n)c =z SO(m + n,C),
(ii) SO(n,C)c = SO(n,C) x SO(n, C),
(iii) SO(n, H)¢c = SO(2n, C).

C) Real forms of symplectic groups:
i) Sp(n,R)c = Sp(n,C),
(ii) Sp(n,C)c = Sp(n,C) x Sp(n, C),
(iii) Sp(m,n)c = Sp(2(m + n), C).

Some parts of this proposition are more-or-less obvious (such as
SL(n,R)c = SL(n, C)). A few other examples appear in Section 82 be-
low, and the methods used there can be applied to all of the cases. In fact,
all of the calculations are straightforward adaptations of the examples,
except perhaps the determination of SO(n, H)c (see Exercise [8Z#d).

Nothing in Proposition I8TH is very surprising. What is not at all
obvious is that this list of real forms is complete:

(18.1.7) Theorem (E.Cartan). Every real form of SL(n,C), SO(n,C), or
Sp(n, C) appears in Proposition [[EL@ (up to isogeny).

We will discuss a proof of this theorem in Section I[Z3.

(18.1.8) Remarks.

1) From Proposition I8 1T H, we see that a single complex group may
have several different real forms. However, there are always only
finitely many (even for exceptional groups).

2) The Lie algebra of G¢ is the tensor product g ® C (see Exercise B).
This is independent of the embedding of G in SL(¥,C), so, up to
isogeny, G¢ is independent of the embedding of G in SL(¥, C).

3) We ignored a technical issue in Notation I813: there may be many
different choices of 9 (having the same set of real solutions), and it
may be the case that different choices yield different sets of com-
plex solutions. (In fact, a bad choice of Q can yield a set of complex
solutions that is not a group.) To eliminate this problem, we should
insist that Q be maximal; that is,

9 ={Q eR[x11,...,x0¢] 1 Q(g) =0, forall g € G }.
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Then G is the Zariski closure of G (over the field C), from which it
follows that G, like G, is a semisimple Lie group.

(18.1.9) Example. Because the center of SL(3, R) is trivial, we see that
SL(3, R) is the same Lie group as PSL(3,R). On the other hand, we have
SL(3,R)c = SL(3,C) # PSL(3,C) = PSL(3,R)c.

This is a concrete illustration of the fact that different embeddings of
G can vyield different complexifications. Note, however, that SL(3,C) is
isogenous to PSL(3, C), so the difference between the complexifications

is negligible (cf. Remark IRTR(2)).

Exercises for §18.1.

#1. Show that SO(m,n)c = SO(m + n,C).

[Hint: SO(m,n)c is conjugate to SO(m + n,C) in SL(m + n,C), because —1 is a
square in C.]

#2. Show that the Lie algebra of G¢is g ® C.

§18.2. Calculating the complexification of G

This section justifies Proposition I81H, by calculating the complexifica-
tion of each classical group.

Let us start with SL(n,C). This is already a complex Lie group, but
we can think of it as a real Lie group of twice the dimension. As such, it
has a complexification:

(18.2.1) Proposition. SL(n,C)c = SL(n,C) x SL(n, C).

Proof. We should embed SL(n,C) as a subgroup of SL(2n,R), find the
corresponding set @ of defining polynomials, and determine the com-
plex solutions. However, it is more convenient to sidestep some of these
calculations by using restriction of scalars, the method described in §51.

Define A: C - C® Cby A(z) = (z,Z). Then the vectors A(1) = (1,1)
and A(i) = (i, —1i) are linearly independent (over C), so they form a basis
of C ® C. Thus, A(C) is the R-span of a basis, so itis a R-form of C & C.
Therefore, letting V = C2", we see that

Ve =AC") ={(v,D) |v e}

is a real form of V. Let

(SL(n,C) xSL(n,C))g = {g € SL(n,C) xSL(n,C) | g(Vg) = Vg }.
Then we have an isomorphism

A: SL(n,C) = (SL(n,C) x SL(n,C))g,
defined by A(g) = (g,9), so
SL(n,C)¢ = ([SL(n,C) x SL(n,C)Ig)¢ = SL(n,C) xSL(n,C). O
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(18.2.2) Remarks.

1) Generalizing Proposition I8, one can show that if G is isogenous
to a complex Lie group, then G is isogenous to G X G.

2) From Proposition I8, we see that G¢ need not be simple, even
if G is simple. However, this only happens when G is complex: if
G is simple, and G is not isogenous to a complex Lie group, then
G is simple.

Although not stated explicitly there, the proof of Proposition [T
is based on the fact that C g C = C & C. Namely, the map
CorC - Ce Cdefinedbyv oA — A(v)A

is an isomorphism of C-algebras. Analogously, understanding the com-
plexification of a group defined from the algebra H of quaternions will
be based on a calculation of H @ C.

(18.2.3) Lemma. The tensor product H ®g C is isomorphic to Maty o (C).

Proof. Define an R-linear map ¢: H — Matax2 (C) by
$(1) =1, (i) = [5 _Oi] P = [_01 (1)] EEGE [(l’ (‘)] .

It is straightforward to verify that ¢ is an injective ring homomorphism.
Furthermore, ¢ ({1, 1, j, k}) is a C-basis of Matyw2 (C). Therefore, the map

<,13: H ® C — Matyx2 (C) defined by ql3(v ® A) = ¢p(v) A is a ring isomor-
phism (see Exercise ). O

(18.2.4) Proposition. SL(n,H)¢c = SL(2n, C).

Proof. From Lemma I8 73, we have
SL(n, H)¢ = SL(n,Maty«2(C)) = SL(2n,C)
(see Exercises P and Bl). O

As additional examples, let us look at the complexifications of the
classical simple Lie groups that are compact, namely, SO(n), SU(n), and
Sp(n). As observed in Example IZT42), we have SO(n)c = SO(n, C).
The other cases are not as obvious.

(18.2.5) Proposition. SU(n)c = SL(n, C).

Proof. Let
e 0:C-C
. :C" - C" and

o
0: SL(n,C) — SL(n,C)
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be the usual complex conjugations o(z) =z, 0 (v) =V, and 0 (g) = g.
We have

SUn) ={geSLn,C) | g*g =1d}
={geSLn,C) | o(ghHg=1d},

so, in order to calculate SU(n)c, we should determine the map #j on
SL(n,C) x SL(n,C) that corresponds to ¢ when we identify C"* with
(C" ® C")g under the map A.

First, let us determine 77. That is, we wish to identify C" with R2",
and extend o to a C-linear map on C2"*. However, as usual, we use the

R-form A (C"), in place of R2". It is obvious that if we
define n: "o C" - C"e C"by 17 (x,y) = (v, x),
then 7 is C-linear, and the following diagram commutes:

4

(o e C"
|z |7
cn E» C" o C".

Thus, it is fairly clear that rj(g, h) = (h, g). Hence
SU(n)c = {(g,h) € SL(n,C) x SL(n,C) | §(g",h")(g,h) = (1d,1d) }
={(g,h) € SL(n,C) x SL(n, Q) | (hT,g")(g,h) = (1d,1d) }

={(g,@"H ) 1geSL(n,O}
= SL(n, C). O

(18.2.6) Proposition. Sp(n)c = Sp(2n, C).
Proof. Let

e ¢: H — Matyx2 (C) be the embedding that is described in the proof
of Lemma IB23,

e T be the usual conjugation on H,

o J = [_01 é},and

e n: Matyyx2(C) — Matoyo (C) be defined by n(x) = J~1xTJ.

Then n is C-linear, and the following diagram commutes:
n % Mato 2 (C)
[ [

H i Matoy2 (C).



18.3. HOW TO FIND THE REAL FORMS OF COMPLEX GROUPS 369

Hence, because
Sp(2) = {g € SL(2,H) | g*g =1d}

a b T(a) T(c)||la b
e A esen | [76) TE[E 8] )

we see that

Sp(2)¢ = {[? Z] € SL(2, Matyx2(C)) ' [ZEZ; ,’77((2;] [i‘ Z} zld}

T T
:SL[? Z]eSL(z,Mathz«o)'rl [ZT }]J{Z Z]:Id}

={gesL@,0 | JgTyg=1d}

={gesL4,0 | g"1g=J}
= Sp4, C).
Similarly, letting

J
R J
Jn = . € SL(2n,C),
J
the same calculations show that
Sp(n)c = {g €SL22n,C) | gTJug = Jn} = Sp(2n, Q). O

Exercises for §18.2.

#1. In the proof of Lemma I8ZZ3, verify:
a) ¢ is an injective ring homomorphism,
b) (]?({1, i,7,k}) is a C-basis of Matox»(C), and
¢) ¢ is an isomorphism of C-algebras.

#2. Show SL(n, H)c = SL(n,Matax, (C)).

[Hint: Define ¢ as in the proof of Lemma IBZ3. Use the proof of Proposition [T,
with ¢ in the place of A/]

#3. Show SL(n,Matyx4(C)) = SL(dn, Q).

#4. Show that SO(n,H)c = SO(2n, C).

[Hint: Similar to (IZ=ZH). To calculate T, ® C, note that T,(x) = j~! T(x) j, for
x € H.]

§18.3. How to find the real forms of complex groups

In this section, we will explain how to find all of the possible R-forms
of SL(n, C). (Similar techniques can be used to justify the other cases of
Theorem I8BT4, but additional calculations are needed, and we omit the
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details.) We take an algebraic approach, based on Galois theory, and we
first review the most basic terminology from the theory of (nonabelian)
group cohomology.

§18.3(i). Definition of the first cohomology of a group.

(18.3.1) Definitions. Suppose a group X acts (on the left) by automor-
phisms on a group M. (For x € X and m € M, we write *m for the image
of m under x.)

1) A function «: X — M is a 1-cocycle (or “crossed homomorphism”)
if

x(xy) = a(x) - *x(y) forall x,y € X.

2) Two 1-cocycles & and f8 are equivalent (or “cohomologous”) if there
is some m € M, such that

x(x)=m='-B(x)-¥m forall x € X.

3) #(X;M) is the set of equivalence classes of all 1-cocycles. It is
called the first cohomology of X with coefficients in M.

4) A 1-cocycle is a coboundary if it is cohomologous to the trivial
1-cocycle defined by T(x) = e for all x € X.

(18.3.2) Warning. In our applications, the coefficient group M is some-
times nonabelian. In this case, #!(X; M) is a set with no obvious algebraic
structure. However, if M is an abelian group (as is often assumed in text-
books on group cohomology), then #!(X; M) is an abelian group.

§18.3(ii). How Galois cohomology comes into the picture. For con-
venience, let G¢ = SL(n, C). Suppose p: G¢ — SL(N, C) is an embedding,
such that p (G¢) is defined over R. We wish to find all the possibilities for
the group p(Gc)r = p(Gc) NSL(N, R) that can be obtained by considering
all the possible choices of p.

Let o denote complex conjugation, the nontrivial Galois automor-
phism of Cover R. Since R = {z € C| o(z) = z}, we have

SL(N,R) ={g € SLIN,O) | 0(g9) =g},

where we apply o to a matrix by applying it to each of the matrix entries.
Therefore

p(Go)r = p(Gc) NSLIN,R) = {g € p(Ge) | o(g) =g}.

Since p(G¢) is defined over R, we know that it is invariant under o, so
we have

-1
Ge £ p(Ge) < p(Go) &= Ge.
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Let & = p~lop: Gc — G¢ be the composition. Then the real form corre-
sponding to p is

Gr = p ' (p(Gc) NSLIN,R)) = {g €Gc | T(g) =g}.
To summarize, the obvious R-form of G¢ is the set of fixed points of
the usual complex conjugation, and any other R-form is the set of fixed

points of some other automorphism of Gc.
Now let

x(0) =001 Gc — Ge. (18.3.3)
It is not difficult to see that
e (o) is an automorphism of G¢ (as an abstract group), and
e (o) is holomorphic (since p~!' and opo~! are holomorphic — in
fact, they can be represented by polynomials in local coordinates).

So x(o) € Aut(Gc). Thus, by defining «x(1) to be the trivial automor-
phism, we obtain a function «: Gal(C/R) — Aut(Gc).
Let Gal(C/R) act on Aut(Gc), by defining
‘p =opo~! for p € Aut(Go).
Then x(o) = @ 1%, so x(0) - “x(0) = «(1) (since g2 = 1). This
means that «is 1-cocycle of group cohomology, and therefore defines an
element of the cohomology set #(Gal(C/R), Aut(Gc)). In fact:
This construction provides a one-to-one correspondence

between ¥#'(Gal(C/R),Aut(G¢)) and the set of R-forms of G¢
(see Exercise M). Thus, finding all of the R-forms of G¢ amounts to cal-
culating the cohomology of a Galois group, or, in other words, “Galois
cohomology”

(18.3.4)

(18.3.5) Observation. The above discussion is an example of a fairly gen-
eral principle: if X is an algebraic object that is defined over R, then
#'(Gal(C/R),Aut(Xc)) is in one-to-one correspondence with the set of
R-isomorphism classes of R-defined objects whose C-points are isomor-
phic to Xc.

(18.3.6) Example. Suppose V; and V> are two vector spaces over R, and
they are isomorphic over C. (I.e., V; ® C = Vb ® C.) Then the two vector
spaces have the same dimension, so elementary linear algebra tells us
that they are isomorphic over R. This means that the R-form of any
complex vector space V¢ is unique (up to isomorphism), so the general
principle (IB3X) tells us

% (Gal(C/R), Aut(V¢)) = 0.
In other words, we have
%'(Gal(C/R),GL(n,C)) = 0.
A similar argument shows %!(Gal(C/R), SL(n,C)) = 0 (see Exercise D).
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(18.3.7) Warning. The “fairly general principle” (IZ33) is not completely
general. Although almost nothing needs to be assumed in order to con-
struct a well-defined, injective map from the set of Q-forms to the co-
homology set (cf. Exercise @), this map might not be surjective. That is,
there might be cohomology classes that do not come from Q-forms, un-
less some (fairly mild) hypotheses are imposed on the class of algebraic
objects.

(18.3.8) Warning. Up to now, we have usually ignored finite groups
in this book: an answer up to isogeny or commensurability was good
enough. However, such sloppiness is unacceptable when calculating Ga-
lois cohomology groups. For example, even though SL(n,C) is isoge-
nous to PSL(n, C), the two groups have completely different cohomology.
Namely:

o we saw in Example I8 38 that %'(Gal(C/R), SL(n, C)) is trivial, but
e Subsection will show %!(Gal(C/R),PSL(n,C)) is infinite.

§18.3(iii). Constructing explicit R-forms from cohomology classes.
Given x € %(Gal(C/R),Aut(Gc)), we will now see how to find the cor-
responding R-form Gg.

It is known that the outer automorphism group of G¢ = SL(n, C) has
only one nontrivial element, namely, the “transpose-inverse” automor-
phism, defined by w(g) = (g7)~L. So

Aut(Gc) = PSL(n, C) x {(w).
We consider two cases.

Case 1. Assume « € #'(Gal(C/R),PSL(n,C)). It is a fundamental fact
in the theory of finite-dimensional algebras that every C-linear automor-
phism of the matrix algebra Mat,,«,, (C) is inner (see Exercise B). Since the
center acts trivially, this means Aut(Mat,x, (C)) = PSL(n, C). Therefore,
%'(Gal(C/R),PSL(n,C)) = #'(Gal(C/R), Aut(Mat,x, (C))),

so, by the general principle (IZ335), we can identify this cohomology
set with the set of R-forms of Mat;,«, (C). More precisely, it is the set of
algebras A over R, such that A® C = Mat, «, (C). Such an algebra must be
simple (since Mat;, x5 (C) is simple), so, by Wedderburn’s Theorem (B=85),
it is a matrix algebra over a division algebra: A = Maty (D), where D is
a division algebra over R. The corresponding R-form Gg is SL(k, D). It
is well known that the only division algebras over R are R, C, and H
(see Exercise H), so the real form must be either SL(k,R), SL(k,C), or
SL(k, H), all of which are on the list in Proposition [ETH(A).

Case 2. Assume the image of « is not contained in PSL(n, C). In this case,
we have x (o) = (conjugation by A) w for some A € GL(n, R). Hence, for



18.3. HOW TO FIND THE REAL FORMS OF COMPLEX GROUPS 373

every g € Gg,

9= = (x(a)0)(g) = Aw(o(@) A = A((T)") AT,

which means g A (°g)T = A. In other words, g is in the unitary group
SU(A, o) corresponding to the Hermitian form on C" that is defined by
the matrix A. Since every Hermitian form on C" is determined (up to
isometry) by the number of positive and negative eigenvalues of A, we
conclude that Gg = SU(m,n) for some m and n. So Gg is listed in
Proposition BT H(A).

Exercises for §18.3.

#1.

#2.

#3.

#4.

Suppose p1(Gc)r and p2(Gc)g are two R-forms of SL(n, C), with
corresponding 1-cocycles «; and .

a) Show that if p1 (Gc)r = p2(Ge)R, then & and «p are cohomol-
ogous. (So the correspondence in (I834) is well-defined.)

b) Conversely, show that if «; is cohomologous to oy, then we
have p1 (Gc)r = p2(Gc)r. (So the correspondence in (IB34) is
one-to-one.)

In Subsection [8.30ii), a real form of SL(n,C) is constructed for
each cohomology class «. This shows that the correspondence is
onto, and therefore completes the proof of (I834).

[Hint: In (@), you may assume, without proof, that every isomorphism from p1 (G¢c)r
to p2 (Gc)Rr extends to an isomorphism from p; (Gc¢) to p2(Gc).]

Show #!(Gal(C/R),SL(n,C)) = 0, by identifying SL(n, C) with the
automorphism group of a pair (V, &), where V is an n-dimensional
vector space and & is a nonzero element of the exterior power A" V.

The short exact sequence

1 —SL(n,C) - GL(n,C) & ¢x ~1

gives rise to the following long exact sequence of cohomology:
#°(Gal(C/R),GL(n, C)) — %#°(Gal(C/R),C*)
— %(Gal(C/R),SL(n,C)) — #'(Gal(C/R),GL(n, C)).

Show that the first map in this sequence is surjective, and combine
this with the vanishing of the last term to provide another proof
that #'(Gal(C/R),SL(n,C)) = 0.

[Hint: The Oth cohomology group is the set of fixed points of the action.]

Show that if n is odd, then every R-form of SO(n, C) is isogenous
to SO(p, q), for some p and q.

[Hint: You may assume, without proof, that every automorphism of SO(n,C) is
inner. Also note that SO(n,C) = PSO(n,C) (why?). Both of these observations
require the assumption that »n is odd.]
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#5. Show that if «is any C-linear automorphism of the ring Mat;, »;, (C),
then there exists T € GL(n, C), such that @(X) = TXT! for all
X € Mat,xu, (O).

[Hint: For A = Mat;;x, (C), make C" into a simple A-module via a * v = «(a)v.
However, the usual action on C" is the unique simple A-module (up to isomor-
phism), because A is a direct sum of submodules that are isomorphic to C".]
#6. Show:
a) Cis the only finite field extension of R (other than R itself).
b) H is the only division algebra over R that is not commutative.

[Hint: (m) You may assume, without proof, that C is algebraically closed. This
implies that every irreducible real polynomial is either linear or quadratic. (B) If
x € D~ R, then R[x]is a field extension of R; identify it with C. Then conjugation
by iis a C-linear map on D. Choose j to be in the —1-eigenspace, and let b = j2.

Show b € Rand D = H{Rl’h.]

§18.4. The Q-forms of SL(n, R)

To illustrate how the method of the preceding section is used to find
Q-forms, instead of R-forms, we prove the following result that justifies
the claims made in Chapter B about arithmetic subgroups of SL(n, R):

(18.4.1) Theorem (cf. Section bR). Every Q-form Gq of SL(n, R) is either a
special linear group or a unitary group (perhaps over a division algebra).

(18.4.2) Remark. More precisely, Gq is isomorphic to either:
1) SL(m, D), for some m and some division algebra D over Q, or
2) SU(A,T;D) = {g € SL(k,D) | gA("g)T = A}, where
e D is a division algebra over Q,
e T is an anti-involution of D that acts nontrivially on the center
of D, and
e Ais a matrix in Matgxx (D) that is Hermitian (i.e., (A)T = A).

The proof is based on the following connection with Galois cohomol-
ogy. We will work with G¢, instead of G, because algebraically closed
fields are much more amenable to Galois Theory. (That is, we are replac-
ing SL(n, R) with SL(n, C) to avoid technical issues.)

(18.4.3) Proposition. There is a one-to-one correspondence between the
Q-forms of G¢ and the Galois cohomology set 3'(Gal(C/Q), Aut(Gc¢)).

Proof. We assume familiarity with the proof in Section I&3, and highlight
the changes that need to be made.

Suppose we have an embedding p: G¢ — SL(N, C), such that p(Gc¢)
is defined over Q. The main difference from Section is that, un-
like Gal(C/R), the Galois group Gal(C/Q) has infinitely many nontrivial
elements, and we need to consider all of them: since

Q={zeC|o(z)=2z Vo e€Gal(C/Q)},
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we have

p(Gcla =19 € pc(Ge) | 0(g) =g, Yo € Gal(C/Q) }.
For each o € Gal(C/Q), let
0=plop:Gc— Gc and x(0) =F o~ ': Gc — Ge.

Then

Go={g€Gcld(g) =g, Vo eGa(C/Q)},
and x(0) € Aut(Gc). Furthermore, since x(o) = p~lopo~! = p~ 1% is
formally a 1-coboundary, it is easily seen to be a 1-cocycle, and therefore
represents a cohomology class in #!(Gal(C/Q), Aut(G¢)).

This defines the desired map from the set of Q-forms to the Galois
cohomology set. It can be proved to be well-defined and injective by
replacing R with Q in Exercise I83#1. That the map is surjective will
be established in the proof of Theorem IZZ1 below, where we explicitly
describe the Q-form corresponding to each cohomology class. O

More generally, we have the following natural analogue of Observa-
tion 833

(18.4.4) Observation. If X is an algebraic object that is defined over Q
(and satisfies mild hypotheses; cf. Warning I83-4), then the Galois coho-
mology set #(Gal(C/Q), Aut(Xc)) is in one-to-one correspondence with
the set of Q-isomorphism classes of Q-defined objects whose C-points
are isomorphic to Xc.

(18.4.5) Corollary (cf. Example [E3H).
%'(Gal(C/Q),GL(n,C)) = 0 and #(Gal(C/Q),SL(n,C)) = 0.

Proof of Theorem IRZA1. Let G¢ = SL(n, C). As in Subsection [8.3(ii),
we have

Aut(G¢) = PSL(n,C) x (w),
where w(g) = (g7)~L. Given « € #'(Gal(C/Q), Aut(Gc¢)), corresponding
to a Q-form Ggq, we consider two cases.

Case 1. Assume x € #'(Gal(C/Q),PSL(n,C)). By arguing exactly as in
Case M of Subsection (but with Q in the place of R), we see that
Gq = SL(k, D), for some k and some division algebra D over Q.

Case 2. Assume the image of « is not contained in PSL(n,C). Since the
outer automorphism group Out(Gc) is of order 2, it has no nontrivial
automorphisms. Therefore, the action of the Galois group Gal(C/Q) on
Out(G¢) must be trivial. Hence, if we let &: Gal(C/Q) — Out(Gc) be the
1-cocycle obtained from « by modding out PSL(n, C), then & is an actual
homomorphism (not merely a “crossed homomorphism”).

By the assumption of this case (and the fact that |Out(G¢)| = 2), the
kernel of « is a subgroup of index 2 in Gal(C/Q). This means that the
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fixed field of ker & is a quadratic extension L = Q[/¥] of Q. Then, by
construction, we have Gal(C/L) = ker «.

For any o € Gal(C/L), the conclusion of the preceding paragraph
tells us that & (o) is trivial. For simplicity, let us assume that the bar
can be removed, so «(o) is trivial (see Correction IZZB(M)). Since, by
definition, we have x(o) = 0 o' (see (I833)), this implies o = 7.
Therefore, for any g € Gg, we have g7 = g% = g. Since this holds for all
o € Gal(C/L), we conclude that g € SL(n, L).

Now, for the unique nontrivial T € Gal(L/Q), we have T ¢ ker &, so
(1) = (conj by A) w for some A € GL(n, R). Hence, for any g € Gg, we
have

g=%9) = (x(1)7)(@) = Aw(T(@) A =A((g)") A7,
so gA("g)T = A, which means g € SU(A, T;L). Furthermore, the equa-
tion T2 = 1 provides an equation that can be used to show A is Hermitian
(or, more precisely, can be chosen to be Hermitian) (see Exercise M). [

(18.4.6) Corrections.

1) Mixed case. We seem to have shown that all Q-forms of SL(n, R)
can be constructed from either division algebras (Case M) or uni-
tary groups (Case B). However, the discussion in Case B assumes
that (o) is trivial, when all we actually know is that (o) is triv-
ial. Removing this assumption means that « can map a part of
the Galois group into PSL(n, C). In other words, in addition to the
homomorphism &, there is a nontrivial cocycle from Gal(C/L) to
PSL(n,C). By the argument of Case [, this cocycle yields a divi-
sion algebra D over L. The resulting Q-form Gqo = SU(A, T;D) is
obtained by combining division algebras with unitary groups.

2) C vs. Q. We should really be using the algebraic closure Q of Q,
instead of C. The Galois cohomology set %!(Gal(Q/Q), Aut(Gg))
is defined to be the natural limit of the sets %!(Gal(F/Q), Aut(Gg)),
where F ranges over all finite Galois extensions of Q.

Exercises for §18.4.

#1. In Case @ of the proof of Theorem IEZT, show that the matrix A
can be chosen to be Hermitian.

[Hint: A must be a scalar multiple A of a Hermitian matrix (since ¥2 = 1). Use the
fact that #!(Gal(C/L);C*) is trivial (why?) to replace A with a scalar multiple of
itself that makes A = 1.]

§18.5. Q-forms of classical groups

By arguments similar to the ones applied to SL(n, R) in Section &4, it
can be shown that the Q-forms of almost any classical group come from
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special linear groups, unitary groups, orthogonal groups, or symplectic
groups. However, the special linear groups and unitary groups may in-
volve division algebras, and restriction of scalars (558) implies that the
groups may be over an extension F of Q. (Recall that unitary groups over
division algebras were defined in Definition B=813, and the involutions
T, and T, on the quaternion algebra ﬂ-ﬂ?‘b were defined in Example BZ12.)
Here is a list of the groups that arise:

(18.5.1) Definition. For any algebraic number field F, and any n, the fol-
lowing groups are said to be of classical type:
1) SL(n, D), where D is a division algebra whose center is F.
2) Sp(2n,F).
3) SO(A;F), where A is an invertible, symmetric matrix in Mat,,x;, (F).
4) SU(A, T¢; I]-I]l‘_f'b), where I]-l]l’?’b is a quaternion division algebra over F,
and A is an invertible, T.-Hermitian matrix in Matnxn(ﬂ-l]?’b).
5) SU(A, Ty; I]-I]I‘?’b), where I]-I]I‘?’b is a quaternion division algebra, and A
is an invertible, T,-Hermitian matrix in Matnxn(ﬂ-l]g’b).

6) SU(A, T;D), where
e D is a division algebra whose center is a quadratic extension L
of F,
e T is an anti-involution whose restriction to L is the Galois au-
tomorphism of L over F, and
e Ais an invertible, T-Hermitian matrix in Mat,,», (D).

(18.5.2) Remark. Definition IB 5T is directly analogous to the list of clas-
sical simple Lie groups (see Examples and BZ4). Specifically:
M) SL(n,D) is the analogue of SL(n, R), SL(n, C), and SL(n, H).
P) Sp(2n,F) is the analogue of Sp(2n,R) and Sp(2n, C).
B) SO(A;F) is the analogue of SO(m,n) and SO(n, C).
B) SU(A, T¢; I]-I]l’?'b) is the analogue of Sp(m,n).
B) SU(A, T4; I]-I],‘?'b) is the analogue of SO(n, H).
B) SU(A, ;D) (with T nontrivial on the center) is the analogue of
SU(m,n).
(18.5.3) Theorem. Suppose
e G is classical, and
e no simple factor of G¢ is isogenous to SO(8, C).

Then every irreducible, arithmetic lattice in G is commensurable to the
integer points of some group (of classical type) listed in Definition I 2.
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(18.5.4) Remark. To state the conclusion of Theorem more explic-
itly, let us assume, for simplicity, that the center of G is trivial. Then
Theorem 853 states that there exist:

e algebraic number field F, with places S* and ring of integers O,

e agroup Gr listed in Definition I8R5, with corresponding semisim-

ple Lie group G that is defined over F, and

e a homomorphism @: [ cg~ Go — G, with compact kernel,

such that @ (A(Gp)) is commensurable to T (cf. Proposition E53).

(18.5.5) Warning. Although @ (A(Ge)) is commensurable to I, this does
not imply that @ (A(GF)) is commensurable to Gg. For example, the
image of SL(2,Q) in PSL(2, Q) has infinite index (cf. Exercise b=ZZ1).

Each of the groups in Definition I8 51 has a corresponding semisim-
ple Lie group G that is defined over F. Before determining which Lie group
corresponds to each F-group, we first find the complexification of G. This
is similar to calculations that we have already seen, so we omit the details.

(18.5.6) Proposition (cf. Section I8 ). The notation of each part of this
proposition is taken from the corresponding part of Definition I8 51. We
use d to denote the degree of the central division algebra D, and the ma-
trix A is assumed to be n X n.

M) SL(n,D ®f C) = SL(dn, C).

P) Sp(2n,C) = Sp(2n, C) (obviously!).

B) SO(A;C) = SO(n,C).

@) SU(A, Te; HY? & C) = Sp(2n, C).

B) SU(A, T,; H? ®F C) = SO(2n, C).

B) SU(A, ;D ®f C) = SL(dn, C).

If F ¢ R, then the semisimple Lie group G corresponding to Gr is the

complex Lie group in the corresponding line of the above proposition.

However, if F C R, then G is some R-form of that complex group. The
following result lists the correct R-form for each of the groups of classical

type.
(18.5.7) Proposition. The notation of each part of this proposition is taken
from the corresponding part of Definition [IE5. We use d to denote the
degree of the central division algebra D, and the matrix A is assumed to
ben x n.

Assume F is an algebraic number field, and that F C R. Then:
SL(dn,R) if D®r R = Matgx4(R),
SL(dn/2,H) otherwise.

B) Sp(2n,R) = Sp(2n, R) (obviously!).

m SL(n,D ®f R) = {
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B) SO(A,R) = SO(p,n — p).
Sp(2n, R) if H%‘b = Matzx2 (R),
Sp(p,n—p) if HE" = H.

SO(p,2n—p) if HEY = Matyyo (R),
SO(n, H) if &Y = H.

l

B) SU(A, Te; HA? @p R) = {

B) SU(A, T,; I]-I]?’b ®rR) = {

SU(p,dn —p) ifL ¢ R,

if L ¢ R and
D ®r R = Matgx4(R),

SL(dn/2,H) otherwise.

B) SU(A, T;D ®r R) = {SL(dn,R)

(18.5.8) Remark. Proposition I854 does not specify the value of p,
where it appears. However, it can be calculated for any particular ma-
trix A. For example, to calculate p in (B), note that, because L ¢ R, we
have
D®rR =D ®; C=Matg«q(C),

so we may think of A € Mat, «, (D) as a (dn) X (dn) Hermitian matrix.
Then p is the number of positive eigenvalues of this Hermitian matrix
(and dn — p is the number of negative eigenvalues). We have already seen
this type of consideration in Notation 62210 and Proposition EZ_11.

(18.5.9) Remark. The table on page B80 summarizes the above results in
a format that makes it easy to find the arithmetic subgroups of any given
simple Lie group G (or, by restriction of scalars, to find the irreducible
arithmetic subgroups of any semisimple Lie group that has G as a simple
factor), except that (as indicated by “?”) the list is not complete for groups
whose complexification is isogenous to SO(8, C).

The arithmetic group I' that corresponds to a given F-form Gr is ob-
tained by:

o replacing F with its ring of integers O, or

e replacing D with an order Op (see Lemma E8).

By restriction of scalars (558), I'is an arithmetic subgroup of [[,cg~ G°.

A parenthetical reference indicates the corresponding part of Defi-
nition I8, and also of Proposition I8 58 (for F, = C) and Proposi-
tion I85 4 (for F, = R). The reference column (combined with the “m or
p +q” column) also lists additional conditions that determine Gr ®f F is
the desired simple Lie group G (except that the parameters p and g will
need to be calculated, if they arise).

The Q-rank of the corresponding arithmetic group I is either given
explicitly (as a function of n), or is the dimension of a maximal isotropic
subspace (of the associated vector space over either the field F or the
division algebra D, as indicated).
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|Lie group G | Fform Gr | reference [ morp+q | rankgl |
SL(m, R) SL(n, D) (m), F C R, m=dn n-1
D split/R
SUB, ;D) | B, FCLCR,| m=dn |D-subspace
D split/R
SL(m, C) SL(n, D) (M, F ¢ R m=dn n-1
SU(B,T;D) @B), F ¢ R m =dn | D-subspace
(soL ¢ R)
SL(m, H) SL(n,D) (m, F C R, m=dn/2, n-1
D not split/R d even
SUB, ;D) | B),FCLCR,| m=dn/2, | D-subspace
D not Spht/[R d even
SU(p,q) | SU(B,T;D) (B), F C R, p +q = dn | D-subspace
L¢R
SO(p, q) SO(B; F) @), FCR p +q =mn | F-subspace
SU(B, T,;D) B), F C R, p +4q = 2n,| D-subspace
D split/R d=72
? Remark I8STA| p+g=38 ?
SO(m, C) SO(B; F) @), F ¢ R m=mn F-subspace
SU(B, T+; D) @®), F ¢ R m = 2n, | D-subspace
d=2
? Remark TS 10 m =38 ?
SO(m,H) |SU(B,T,;D) @), F C R, m =mn, |D-subspace
D not split/R d=2
? Remark IS5 10 m =4 ?
Sp(2m, R) Sp(2n, F) @), FcR m=n n
SU(B, T.; D) @), F CR, m =mn, |D-subspace
D split/R d=2
Sp(2m,C) | Sp(2n,F) @),F ¢R m=n n
SU(B, T.;D) @), F ¢ R m=n, D-subspace
d=2
Sp(p,q) |SUB,T;D)| @) FCR, p +q =n, | D-subspace
D not split/R d=2

See Remark I85 on page BZ9 for an explanation of this table.
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(18.5.10) Remark (“triality”). Perhaps we should explain why the state-
ment of Theorem assumes no simple factor of G¢ is isogenous to
SO(8, C). Fundamentally, the reason PSO(8, C) is special is that, unlike
all the other simple Lie groups over C, it has an outer automorphism ¢
of order 3, called “triality” For all of the other simple groups, the outer
automorphism group is either trivial or has order 2.

Here is how the triality automorphism ¢ can be used to construct
Q-forms that are not listed in Theorem I853. We first choose any ho-
momorphism «: Gal(C/Q) ontp (¢) (so the kernel of «is a cubic, Galois
extension of Q). The triality automorphism can be chosen so that it com-
mutes with the action of the Galois group (in other words, ¢ is “defined
over Q”), so the homomorphism « is a 1-cocycle into Aut(PSO(8,C)).
Therefore, by the correspondence between cohomology and Q-forms
(I8Z3), there is a corresponding Q-form Gg. This Q-form is not any
of the groups listed in Theorem 853, because, for all those groups, the
image of the induced homomorphism «: Gal(C/Q) — Out(G¢) has order
1 or 2, not 3.

Mathematicians who understand the triality automorphism can con-
struct the corresponding Q-form explicitly, by reversing the steps in the
proof of Proposition I8Z3. Namely, for each o € Gal(C/Q), let

0 =o(o) - o € Aut(PSO(8,C)).
Then
Go = {g €PSO8,0) | 0(g) =g, Vo € Gal(C/Q) }.

§18.6. Applications of the classification of arithmetic groups

Several results that were stated without proof in previous chapters are
easy consequences of the above classification of F-forms.

(18.6.1) Corollary (cf. Proposition B223). Suppose T is an arithmetic sub-
group of SO(m,n), and m+n = 5 isodd. Then there is a finite extension F
of Q, with ring of integers O, such that I' is commensurable to SO(A; O),
for some invertible, symmetric matrix A in Maty, x,, (F).

Proof. Let G = SO(m, n). Restriction of scalars (555I8) implies there is a
group G that is defined over an algebraic number field F and has a simple
factor that is isogenous to G, such that I' is commensurable to @0. By
inspection, we see that a group of the form SO(m, n) never appears in
Proposition I858, and appears at two places in Proposition 852, How-
ever, in our situation, we know that m + n is odd, so the only possibility
for @p is SO(A; F). Therefore, I' is commensurable to SO(A; Q). O
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(18.6.2) Corollary (cf. Remark ET4BH)). If G = SO(2,n), with n > 5,
and n is odd, then rankgr G = 2, but there is no lattice T’ in G, such that
rankgI = 1.
Proof. We have rankg SO(2,n) = min{2,n} = 2 (see Proposition BLJ).

From the Margulis Arithmeticity Theorem (5=21), we know that I’ is
arithmetic, so Corollary I8 6T tells us that I' is of the form SO(B;©),
where

e () is the ring of integers of some algebraic number field F, and

e Bis a symmetric bilinear form on F"**2,
If rankg ' = 1, then G/T is not compact, so Corollary B3 tells us that
we may take F = Q; therefore @ = Z. We see that:

1) B has signature (2,71) on R"*2 (because G = SO(2,n)), and

2) no 2-dimensional Q-subspace of Q"*2 is totally isotropic (because
we have rankq I’ < 2).

Recall the following important fact that was used in the proof of Propo-
sition B4
Meyer’s Theorem. If By(x,y) is any nondegenerate, symmetric
bilinear form on R4, such that
o B is defined over Q,

o d=5,and
o By is isotropic over R (that is, B(v,v) = 0 for some nonzero
v € R%),
then By is also isotropic over Q (thatis, B(v,v) = 0 for some nonzero
v e Q9.

This theorem, tells us there is a nontrivial isotropic vector v € Q"*2,
Then, because B is nondegenerate, there is a vector w € Q"*2, such that
B(v,w) =1and B(w,w) = 0. Let V be the R-span of {v,w}. Because the
restriction of B to V is nondegenerate, we have R"*2 = V@V*, This direct
sum is obviously orthogonal (with respect to B), and the restriction of B
to V has signature (1, 1), so we conclude that the restriction of Bto V+ has
signature (1,72—1). Hence, there is an isotropic vector in V. By applying
Meyer’s Theorem again, we conclude that there is an isotropic vector z in
(V). Then (v, z) is a 2-dimensional totally isotropic subspace of Q"+2,
This is a contradiction. d

(18.6.3) Corollary (cf. Proposition 622). If n ¢ {3, 7}, then every nonco-
compact, arithmetic subgroup of SO(1,n) is commensurable to a conju-
gate of SO(A;Z), for some invertible, symmetric matrix A € Maty, x, (Q).

Proof. Assume, for simplicity, that n = 5, and let I be a noncocompact,
arithmetic subgroup of G = SO(1, 5). Since I'is not cocompact, there is no
need for restriction of scalars: I corresponds to a Q-form Gq on G itself
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(see Corollary B372). We may assume the Q-form is not SO(A; Q); other-
wise, I'is as described. Therefore, by inspection of Proposition I8 58 and
Proposition I854, we see that Gg must be of the form SU(A, T; I]-[Igh),
where A € Mat3X3(|]-|]ﬁé’h), and I]-I]?I’b ®q R = Matoyo (R).

Because G/I' is not compact, there is a vector v € (I]-I]&’b)3, such that

T7,(v)TAv = 0 (see Exercise [87#4). Hence, it is not difficult to see that,
by making a change of basis, we may assume

1 0 O )
A=|0 -1 0, forsomep e Hg" .
0O 0 p

Since the identity matrix Id,«» is the image of 1 € H—Hgb under any iso-
morphism l]-I]fé;b ®g R — Matxx2(R), this means

1
1
G =SU(A; I]-Hﬁé’b ®q R) = SO(Ag;R), where Ag = -1 1
* %
* %
Therefore, G is isomorphic to either SO(2,4) or SO(3, 3); it is not isoge-
nous to SO(1,5). This is a contradiction. O

(18.6.4) Proposition (see Proposition BE63). Every noncocompact, arith-
metic subgroup of SL(3,R) is commensurable to a conjugate of either
SL(3,7Z) or a subgroup of the form SU(J3, 0;O), where

0 01
e« J3=|0 1 0f,
1 00
e L is a real quadratic extension of Q, with Galois automorphism o,

and
e (O is the ring of integers of L.

Proof. Let I' be an arithmetic subgroup of G = SL(3, R), such that G/T is
not compact. We know, from the Margulis Arithmeticity Theorem (5=21),
that T is arithmetic. Since G/T is not compact, there is no need for re-
striction of scalars (see Corollary B372), so there is a Q-form Gq of G,
such thatT'is commensurable to Gz. By inspection of Propositions I8 54
and I8, we see that there are only two possibilities for Go. We con-
sider them individually, as separate cases.

Case 1. Assume Gg = SL(n,D), for some central division algebra D of
degree d over Q, with dn = 3. Because 3 is prime, there are only two
possibilities for n and d.

Subcase 1.1. Assumen = 3 and d = 1. Since d = 1, we have dimg D = 1,
so D = Q. Therefore, Gg = SL(3,Q). So T = SL(3,2).
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Subcase 1.2. Assumen =1 and d = 3. We have Gqg = SL(1, D). Therefore
I' =~ SL(1,Op) is cocompact (see Proposition EE88(2)). This is a contra-
diction.

Case 2. Assume Gq = SU(A, T; D), for A,D, o as in IEL(A), with F = Q,
LCcR,anddn = 3. If n =1, then Gg < SL(1, D), so it has no unipotent
elements, which contradicts the fact that G/T is not compact. Thus, we
may assume that n = 3and d = 1.

Since d = 1, we have D = L, so Gg = SU(A, 0;L), where o is the
(unique) Galois automorphism of L over Q, and B is a o-Hermitian form
on L3.

Since T is not cocompact, we know rankgI' = 1, so there is some
nonzero v € L3 with vTAv = 0 (cf. Example @I 5(®)). From this, it is not
difficult to construct a basis of L3 in which A is a scalar multiple of J3
(see Exercise Bl). O

Exercises for §18.6.

#1. Assume that F C R, and that A is an invertible, symmetric matrix
in Mat,«, (F). Show that if exactly p of the eigenvalues of A are
positive, then SU(A;R) = SO(p,n — p).

#2. Suppose
e FCR, I]-I]I‘?’b is a quaternion division algebra over F, and
e Ais an invertible T.-Hermitian matrix in Mat,,«, (D) that is di-
agonal.
Show:
a) every entry of the matrix A belongs to F (and, hence, to R), and
b) if exactly p of the diagonal entries of A are positive, then we
have SU(A, T¢; I]-I]?‘b ®r R) = Sp(p,n —p).

#3. Complete the proof of Proposition I8 64, by showing that we may
assume A = J.
[Hint: Assume v; and v3 are isotropic, and v» is orthogonal to both vy and vs.
Multiply A by a scalar in Q, so vZ*sz = 1. Then normalize v3, so vl*Avg =1

#4. (B.Farb) For each n > 2, find a cocompact lattice I, in SL(n, R), such
thatIb € I3 €Iy € - - -. (If we did not require I, to be cocompact,
we could let I;; = SL(n, Z).)

#5. Show that if G = SU(A, T,; I]-I]?’b), as in Definition T8 51(H), then
there exists A’ € Maty, (H4?), such that A’ is skew-Hermitian with
respect to the standard anti-involution 1., and G = SU(A’, T; I]-I]}“;‘h ).
[Hint: Use the fact that T, (x) = j~17c(x)J.]
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§18.7. G has a cocompact lattice

We have already seen that if G is not compact, then it has a noncocompact
lattice (see Corollary EI-14). In this section, we will show there is also a
lattice that is cocompact:

(18.7.1) Theorem. G has a cocompact, arithmetic lattice.

To illustrate the main idea, we briefly recall the prototypical case,
which is a generalization of Example B34,

(18.7.2) Proposition. SO(m,n) has a cocompact, arithmetic lattice.

Proof. Let
« F=Q(2),
o be the Galois automorphism of F over Q,
O =7[V2],
B(x,») = 3 xjyj = V221 Xp+jYp+j, for x,y € FP*a,
G = SO(B)°,
I' = Gp, and
e A: Gr — G x G? defined by A(g) = (g,0(g)).
We know (from restriction of scalars) that A(I') is an irreducible, arith-
metic lattice in G X G (see Proposition 6E58). Since G% = SO(p + q)
is compact, we may mod it out, to conclude that I' is an arithmetic lat-

tice in G = SO(m,n)°. Also, since GY is compact, we know that T is
cocompact (see Corollary B5T1T). O

More generally, the same idea can be used to prove that any simple
group G has a cocompact, arithmetic lattice. Namely, start by letting K
be a compact group that has the same complexification as G. (For clas-
sical groups, the correct choice of K can be found by looking at Proposi-
tion I8TH.) Then show that G x K has an irreducible, arithmetic lattice.
More precisely, construct

e an extension F of Q that has exactly two places ¢ and T, and

e a group G that is defined over F,

such that G’ and G7 are isogenous to G and K, respectively.

Although we could do this explicitly for the classical groups, we will
save ourselves a lot of work (and also be able to handle the exceptional
groups at the same time) by quoting the following powerful theorem.
(18.7.3) Theorem (Borel-Harder). Suppose

e F is an algebraic number field,

e S is the set of places of F,

e G is defined over F,
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e Gc is connected and simple, and has trivial center, and
e for each o € S*, we are given some Fy-form G4 of Gc.

Then there exists a group G that is defined over F, such that G = Gy, for
each o € §*.

Remark on the proof. For any place o of F, there is a natural map
o*: #(Gal(C/F),Aut(Gc)) — #'(Gal(C/F,), Aut(Gc)).

Namely, any element of the domain corresponds to an F-form G of Gc.
The twisted group GO is defined over ¢ (F), and is therefore also defined
over F,. Hence, it determines an element of the range. (The map can
also be defined directly, in terms of 1-cocycles, by restricting a cocycle
«: Gal(C/F) — Aut(Gc) to the subgroup Gal(C/Fy).)

However, we should replace C with Q in the domain (see Correc-
tion IBZH([@)). Making this correction, and putting together the maps
for the various choices of o, we obtain a map

%'(Gal(Q/F), Aut(Gg)) — éw%l(Gal(C/Fg),Aut(Gc)).

The theorem is proved by showing that this map is surjective. O

(18.7.4) Corollary. If G is isotypic (see Definition b6 1), then G has a co-
compact, irreducible, arithmetic lattice.

Proof. Assume G has trivial center (by passing to an isogenous group),
and write G = G! X - - - x G", where each G' is simple. Let G = G,
and assume, for simplicity, that G is simple, for every i (see Exercise D).
Then, by assumption, G(iC =~ @(C for every i, which means that G' is an
R-form of (A;(.

Let F be an extension of Q, such that F has exactly n places vq,..., Uy,
and all of them are real (see Lemma I8 Z38). The Borel-Harder Theorem
(IB—Z3)) provides some group G that is defined over F, such that éFvi = Gy,

for each i. Then restriction of scalars (558) tells us that @(9 is (isomor-
phic to) an irreducible, arithmetic lattice in [T}, Gp, =G.

We may assume that G" is compact (by replacing G with G x K for
a compact group K, such that G x K is isotypic). Then Corollary 510
tells us that every irreducible, arithmetic lattice in G is cocompact. [

Proof of Theorem IEZ1. We may assume G is simple. (If I; and I are
cocompact, arithmetic lattices in G; and G», then I'} x I is a cocompact,
arithmetic lattice in G; X G».) Then G is isotypic, so Corollary I8Z4A
applies. O

The converse of Corollary I8Z4 is true (even without assuming co-
compactness):
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(18.7.5) Proposition (cf. Proposition E512). If G has an irreducible, arith-
metic lattice, then G is isotypic.

By the Margulis Arithmeticity Theorem (5221, there is usually no
need to assume that the lattice is arithmetic:

(18.7.6) Corollary. G is isotypic if
e it has an irreducible lattice, and

e itis notisogenous to a group of the form SO(1,n) xK or SU(1,n) XK,
where K is compact.

We know that if G has an irreducible, arithmetic lattice that is not
cocompact, then G is isotypic (see Proposition I8Z3) and has no compact
factors (see Corollary E510). However, the converse is not true:

(18.7.7) Example. Every irreducible lattice in SO(3,H) x SO(1,5) is co-
compact.

Proof. Suppose I' is an irreducible lattice in SO(3, H) x SO(1, 5), such that
G /T is not compact. This will lead to a contradiction.

The Margulis Arithmeticity Theorem (5=21l) implies that T is arith-
metic, so Corollary EE2-I3 implies that I' can be obtained by restriction
of scalars. Hence, there exist:

e an algebraic number field F with exactly two places 1 and o, and
¢ a (connected) group G that is defined over F,
such that
e Gis isogenous to SO(3, H),
o GYis isogenous to SO(1,5), and
e I'is commensurable to A(Gp) in G xGO.

Since SO(n, H) occurs only once in Propositions I8 58 and I[85 com-
bined, Gy must be of the form SU(A, T,; H#?), for some A € Mats, 3 (H?).

However, since G /T is not compact, the proof of Corollary im-
plies that GY is isomorphic to either SO(2,4) or SO(3, 3); it is not isoge-
nous to SO(1,5). This is a contradiction. O

We close with a stronger version of a fact that was used in the proof
of Corollary T84

(18.7.8) Lemma. For any natural numbers v and s, not both 0, there is an
algebraic number field F with exactly v real places and s complex places.

Proof. Let n = r + 2s. It suffices to find an irreducible polynomial
f(x) € Q[x] of degree n, such that f(x) has exactly r real roots. (Then
we may let F = Q(x), where « is any root of f(x).)
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Choose a monic polynomial g(x) € Z[x], such that

e g(x) has degree n,
e g(x) has exactly 7 real roots, and
¢ all of the real roots of g(x) are simple.
For example, choose distinct integers ay, ..., a,, and let

900 = (x —an) -+ (x = @) (x* + 1),

Fix a prime p. Exercise B allows us to assume
1) g(x) = x™ (mod p?), and
2) min{g(t) | g'(t) =0} > p,
by replacing g(x) with kg (x/k), for an appropriate integer k.
Let f(x) = g(x)—p. From (I0), we know that f(x) = x"—p (mod p?),
so the Eisenstein Criterion (BZH) implies that f is irreducible. From (2),

we know that f(x) has the same number of real roots as g(x) (see the
figure below). Therefore f(x) has exactly 7 real roots. O

y=9g(x)

\/
v = f(x)

~_]

Exercises for §18.7.

#1. Use restriction of scalars to construct cocompact arithmetic sub-

#2.

#3.

#4.

groups of SU(m,n) and Sp(m, n) for all m and n.
[Hint: See the proof of Proposition IZZ2.]

The proof of Corollary IR—Z4 assumes that Gé is simple for every i.
Remove this assumption.

[Hint: You may use Remark IR (without proof), and you will need the full
strength of Lemma [ZZ3R.]

Construct a noncocompact, irreducible lattice in SL(2, R) x SO(3).

[Hint: The free group F» is a noncocompact lattice in SL(2, R). Let I be the graph
of a homomorphism F, — SO(3) that has dense image.]

In the proof of Example T84, show there exists v € (I]-ﬂ}“:‘b)3, such
that T, (v)TAv = 0.
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[Hint: If g is a nontrivial unipotent element of Gr, then there is some w, such that
g fixes the nonzero vector v = gw — w.]

#5. a) Suppose g(x) is a monic polynomial of degree n, and assume
k € Z < {0}, such that kg(x) € Z[x]. Show k"g(x/k) € Z[x].
b) Suppose g(x) is a monic, integral polynomial of degree n, and
p is a prime. Show that p*"g(x/p?) = x" (mod p?).
¢) Suppose g(x) and h(x) are monic polynomials, and k and »n
are nonzero integers, such that h(x) = k"g(x/k). Show that

min{ ()| | h'(t) =0} = k"min{ |g(t)| | g'(t) =0}.

Notes

A proof of the classification of complex semisimple Lie algebras
(IBT1,I8T2) can be found in standard texts, such as [6, Thm. 11.4,
pp. 57-58, and Thm. 18.4, p. 101].

The classification of real simple Lie algebras (Theorem IEI4) was
obtained by E. Cartan [4]. (The intervening decades have led to enormous
simplifications in the proof.)

In Sections and I3, our cohomological approach to the classi-
fication of F-forms of the classical groups is based on [T, §2.3], where
full details can be found. See [IZ] for a list of all F-forms (mostly with-
out proof), including exceptional groups (intended for readers familiar
with root systems). The special case of real forms (including exceptional
groups) is proved, by a somewhat different approach, in [5, Chap. 10].

Theorem is due to Weil [3]. A proof (together with Proposi-
tions IR 1A and I8LM) is in [0, §2.3, pp. 78-92]. We copied (IB1H),
(CZ5), and (IB5H) from [10, p. 92], except that [I0] uses a different
description of the groups in IS T(H) (see Exercise I8 G#ES).

Exercise IB3#4 is an easy special case of the Skolem-Noether Theo-
rem, which can be found in texts on ring theory, such as [9, §12.6, p. 230].

Exercise [83#M, the classification of division algebras over R, is due
to Frobenius (1878), and a proof can be found in [4, pp. 452-453].

Theorem is due to A.Borel and G.Harder [Il]. See [8] for an
explicit construction of G in the special case where the simple factors
of G are classical.

G.Prasad (personal communication) supplied Example IZZ4. It is
a counterexample to the noncocompact part of [8, Thm. C], which erro-
neously states that isotypic groups with no compact factors have both
cocompact and noncocompact irreducible lattices.

Remark IZZ2is a consequence of [3, Prop. 1 of App. 2, p. 385], since
a connected Lie group is simple if and only if its adjoint representation
has no nonzero, proper, invariant subspaces.
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Meyer’s Theorem (used in the proof of Corollary IZ62) can be found
in [2, Thm. 1 of §1.7 and Thm. 5 of §1.6, pp. 61 and 51] or [, Cor. 2 of
§4.3.2, p. 43].
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Chapter 19

Construction of a Coarse
Fundamental Domain

The ordinary 2-torus is often depicted as a square with opposite sides
identified, and it would be useful to have a similar representation of
I'\G, so we would like to construct a fundamental domain for I' in G.
Unfortunately, it is usually not feasible to do this explicitly, so, as in
Chapter @, where we showed that SL(n, Z) is a lattice in SL(n, R), we will
make do with a nice set that is close to being a fundamental domain:

(19.0.1) Definition (cf. Definition E=22). A subset F of G is called a coarse
fundamental domain for I in G if

1) TF =G, and

2) {y el | FnyF + &} is finite.

The main result is Theorem I 22, which states that the desired set ‘F
can be constructed as a finite union of (translates of) “Siegel sets” in G.
Applications of the construction are described in Section T3l

Recall: The Standing Assumptions (10 on page BT) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: Q-rank (Chapter 8). Recommended:
Siegel sets for SL(n, Z) (sections [Z1 to [Z3).


http://creativecommons.org/publicdomain/zero/1.0/
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§19.1. What is a Siegel set?

Before defining Siegel sets in every semisimple group, we recall the fol-
lowing special case:

(19.1.1) Definition (cf. Definition ZZ4). A Siegel set for SL(n,Z) is a set
of the form Sy, = N Ac K < SL(n,R), where

e Nisacompact subset of the group N of upper-triangular unipotent
matrices,

e Ac={a€Alaii1=2cajifori=1,...,n—1}, where Ais the
group of positive-definite diagonal matrices (and ¢ > 0), and

e K =S0(n).

In this section, we generalize this notion by replacing SL(n, Z) with
any arithmetic subgroup (or, more generally, any lattice) in any semisim-
ple Lie group G. To this end, note that the subgroups N, A, and K
above are the components of the Iwasawa decomposition G = KAN (or
G = NAK), which can be defined for any semisimple group (see Theo-
rem B24):

e N is a maximal unipotent subgroup of G.

e Ais a maximal R-split torus of G that normalizes N, and

e K is a maximal compact subgroup of G.

Now, to construct Siegel sets in the general case, we will do two
things. First, we rephrase Definition T9 11 in a way that does not re-
fer to any specific realization of G as a matrix group. To this end, recall
that, for G = SL(n, R), the positive Weyl chamber is

A" ={aeAlai;>aii1fori=1,...,n—-1}.
Therefore, in the notation of Definition Y11, we have A" = A;, and, for

any ¢ > 0, it is not difficult to see that there exists some a € A, such that
Ac = aA™" (see Exercise [ZZZI1). Therefore, letting C = Na, we see that

Sy = CA'K, and C is a compact subset of NA.

This description of Siegel sets can be generalized in a natural way to any
semisimple group G.

However, all of the above is based entirely on the structure of G, with
no mention of I, but a coarse fundamental domain ¥ needs to be con-
structed with a particular arithmetic subgroup I' in mind. For example,
if T\G is compact (or, in other words, if rankgI' = 0), then our coarse
fundamental domain needs to be compact, so none of the factors in the
definition of a Siegel set can be unbounded. Therefore, we need to re-
place the maximal R-split torus A with a smaller torus S that reflects the
choice of a particular subgroup I. In fact, S will be the trivial torus when
G /T is compact. In general, S is a maximal Q-split torus of G (hence, S is
compact if and only if I'\ G is compact).
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Now, if S is properly contained in A, then NSK is not all of G. Hence,
NS will usually not be the appropriate replacement for the subgroup
NA. Instead, if we note that NA is the identity component of a minimal
parabolic subgroup of SL(n,R) (see Example 844(0)), and that NA is
obviously defined over Q, then it is natural to replace NA with a minimal
parabolic Q-subgroup P of G.

The following definition implements these considerations.
(19.1.2) Definition. Assume

e G is defined over Q,

e T'is commensurable to Gz,

e P is a minimal parabolic Q-subgroup of G,

e Sis a maximal Q-split torus that is contained in P,

e ST is the positive Weyl chamber in S (with respect to P),

e K is a maximal compact subgroup of G, and

e ( is any nonempty, compact subset of P.
Then © = ©¢ = CS*K is a Siegel set for I'in G.
(19.1.3) Warning. Our definition of a Siegel set is slightly more general
than what is usually found in the literature, because other authors place

some restrictions on the compact set C. For example, it is often assumed
that C has nonempty interior.

Exercises for §19.1.

#1. Show that if @ = CS*K is a Siegel set, then there is a compact
subset C’ of G, such that & = S*C'.

[Hint: Conjugation by any element of S* centralizes MS and contracts N (where
P = MSN is the Langlands decomposition).]

#2. For every compact subset C of G, show there is a Siegel set that
contains C.
[Hint: Exercise B3#4.]

§19.2. Coarse fundamental domains made from Siegel sets

(19.2.1) Example. Let
e G =SL(2,R),

e © be a Siegel set that is a coarse fundamental domain for SL(2,7)
in G (see Figure [/.ZA(b])), and

e I' be a subgroup of finite index in SL(2, 7).
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Then © may not be a coarse fundamental domain for I', because I'S may
not be all of G. In fact, if the hyperbolic surface I'\ $) has more than one
cusp, then no Siegel set is a coarse fundamental domain for I.

However, if we let F be a set of coset representatives for I' in SL(2, Z),
then F& is a coarse fundamental domain for I (see Exercise Z2ZZ4(0)).

From the above example, we see that a coarse fundamental domain
can sometimes be the union of several translates of a Siegel set, even in
cases where it cannot be a single Siegel set. In fact, this construction
always works (if T is arithmetic):

(19.2.2) Reduction Theory for Arithmetic Groups. If I' is commensu-
rable to Gz, then there exist a Siegel set © and a finite subset F of Gq, such
that F = F © is a coarse fundamental domain for T in G.

The proof will be given in Section 4.

Although the statement of this result only applies to arithmetic lat-
tices, it can be generalized to the non-arithmetic case. However, this
extension requires a notion of Siegel sets in groups that are not defined
over Q. The following definition reduces this problem to the case where
I'is irreducible.

(19.2.3) Definition. If ©; is a Siegel set for I;in G, fori = 1,2,...,n, then
B XGr XXy
is a Siegel set for the latticeI'1 X - - - X I}, in G; X - - - X Gy
Then, by the Margulis Arithmeticity Theorem (5=21), all that remains

is to define Siegel sets for lattices in SO(1,n) and SU(1,n), but we can
use the same definition for all simple groups of real rank one:

(19.2.4) Definition. Assume G is simple, rankg G = 1, and K is a maximal
compact subgroup of G.
0) If rankgT = 0, and C is any compact subset of G, then © = CK is a
Siegel set in G.
1) Assume now that rankgI' = 1. Let P be a minimal parabolic sub-
group of G, with Langlands decomposition P = M AN, such that
I' N N is a maximal unipotent subgroup of T. (CCZ4N)
If
e (Cis any compact subset of P, and
e AT is the positive Weyl chamber of A (with respect to P),
then © = CA*K is a generalized Siegel set in G.

(19.2.5) Remark. If T is commensurable to Gz (and G is defined over Q),
then (I"CZZN) holds if and only if P is defined over Q (and is therefore a
minimal parabolic Q-subgroup).

We can now state a suitable generalization of Theorem TI22:
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(19.2.6) Theorem. If G has no compact factors, then there exist a general-
ized Siegel set © and a finite subset F of G, such that F = F & is a coarse
fundamental domain for T in G.

The proof is essentially the same as for Theorem T2,

Exercises for §19.2.

#1. Without using any of the results in this chapter (other than the
definitions of “Siegel set” and “coarse fundamental domain”), show
that if rankgI' = 0, then some Siegel set is a coarse fundamental
domain for I in G.

#2. Suppose F; and F» are coarse fundamental domains for I'1 and I; in
G1 and Gy, respectively. Show that F; X F» is a coarse fundamental
domain for I§ X I» in Gy X Go.

#3. Suppose N is a compact, normal subgroup of G, and let T be the
image of I'in G = G/N. Show that if ‘F is a coarse fundamental
domain for T in G, then

F={geG|lgNeF}
is a coarse fundamental domain for I in G.

#4. If G is simple, rankg G = 1, and G is defined over Q, then Defini-
tions TIT2 and TIZ4A give two different definitions of the Siegel
sets for Gz. Show that Definition T9Z4 is more general: any Siegel
set according to Definition TI T is also a Siegel set by the other
definition.

[Hint: Remark TIZ1.]

§19.3. Applications of reduction theory

Having a coarse fundamental domain is very helpful for understanding
the geometry and topology of I'\G. Here are a few examples of this (with
only sketches of the proofs).

§19.3(i). I' is finitely presented. Proposition EZ2 tells us that if
I' has a coarse fundamental domain that is a connected, open subset
of G, then T is finitely presented. The coarse fundamental domains con-
structed in Theorems TI 22 and TY2ZH are closed, rather than open, but
it is easy to deal with this minor technical issue:

(19.3.1) Definition. A subset & of G is an open Siegel set if © = OS*K,
where (? is a nonempty, precompact, open subset of P.

Choose a maximal compact subgroup K of G that contains a maximal
compact subgroup of Cs(S). Then we may let:



396 19. CONSTRUCTION OF A COARSE FUNDAMENTAL DOMAIN

e F = F& be a coarse fundamental domain, with & = C S*K, such
that C < P° and T is connected (see Exercise H),

¢ (@ be a connected, open, precompact subset of P° that contains C,

e © = (©S*K be the corresponding open Siegel set, and

« F=FC.
Then 7 is a coarse fundamental domain for I' (see Exercise B), and ¥ is
both connected and open.

This establishes Theorem E—ZT11, which stated (without proof) that
I is finitely presented.

§19.3(ii). Mostow Rigidity Theorem. When rankqI; = 1, G.Prasad
constructed a quasi-isometry @: G1/K; — G2/K» from an isomorphism
p:I1 — Iy, by using the Siegel-set description of the coarse fundamen-
tal domain for I3\G;. This completed the proof of the Mostow Rigidity
Theorem (I5122).

§19.3(iii). Divergent torus orbits.

(19.3.2) Definition. Let T be an R-split torus in G, and let x € G/I. We
say the T-orbit of x is divergent if the natural map T — Tx is proper.

(19.3.3) Theorem. rankqI is the maximal dimension of an R-split torus
that has a divergent orbit on G/T.

We start with the easy half of the proof:

(19.3.4) Lemma (cf. Exercise Bl). Assume G is defined over Q, and let S be
a maximal Q-split torus in G (so dim S = rankq Gz). Then the S-orbit of
eGy is divergent.

Now, the other half:

(19.3.5) Theorem. If T is an R-split torus, and dim T > rankgq I, then no
T-orbit in G/T is divergent.

Proof (assuming rankgI' = 1). Let T be a 2-dimensional, R-split torus T
of G, and define 7t: T — G /T, by 1t(t) = tI. Suppose 7T is proper. (This
will lead to a contradiction.)

Let P be a minimal parabolic Q-subgroup of G, and let S be a maximal
Q-split torus in P. For simplicity, let us assume that I' = Gz, and also
that a single open Siegel set © = KS~ @ provides a coarse fundamental
domain for I' in G. (Note that, since we are considering G /I, instead of
I'\G, we have reversed the order of the factors in the definition of the
Siegel set, and we use the opposite Weyl chamber.)

Choose a large, compact subset C of G/T, and let Tk be a large circle
in T that is centered at e. Since 7T is proper, we may assume Ty is so large
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that 11 (Tg) is disjoint from C. Since Ty is connected, this implies 17 (Tk)
is contained in a connected component of the complement of C. So there
exists y €I, such that Tz € &Pzy (cf. Remark T9Z10 below).

Let t € Tg, and assume, for simplicity, that y = e. Thent € ©P, and,
since Tk is closed under inverses, we see that SP; also contains ¢ L. How-
ever, it is not difficult to see that conjugation by any large element of Py
expands the volume form on P (see Exercise [). Since the inverse of an
expanding element is a contracting element, not an expanding element,
this is a contradiction. O

Theorem can be restated in the following geometric terms:

(19.3.6) Theorem (see Theorem ZZ1). rankq I' is the largest natural num-
ber v, such that some finite cover of the locally symmetric space I'\G /K
contains a closed, simply connected, r-dimensional flat.

§19.3(iv). The large-scale geometry of locally symmetric spaces.
If we let 1: G — I'\G/K be the natural map, then it is not difficult to
see that the restriction of 1t to any Siegel set is proper (see Exercise B).
In fact, with much more work (which we omit), it can be shown that the
restriction of 7t is very close to being an isometry:

(19.3.7) Theorem. If © = C S*K is any Siegel set, and
m: G —» I'\G/K is the natural map,
then there exists c € R, such that, for all x,y € &, we have
d(m(x),m(y)) <d(x,y) <d(m(x), m(y)) +c.
This allows us to describe the precise shape of the the locally sym-
metric space associated to I', up to quasi-isometry:
(19.3.8) Theorem. Let
e X =T'\G/K be the locally symmetric space associated toT, and
e ¥ =rankqT.
Then X is quasi-isometric to the cone on a certain (r — 1)-dimensional
simplicial complex at .
Idea of proof. Modulo quasi-isometry, any features of bounded size in X
can be completely ignored. Note that:

e Theorem T334 tells us that, up to a bounded error, © looks the
same as its image in X.

e There is a compact subset C’ of G, such that © = S*(C’ (see Exer-
cise I TZE]), so every element of © is within a bounded distance
of S*. Therefore, © and S* are indistinguishable, up to quasi-
isometry.
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Then, since F = F & covers all of X, we conclude that X is quasi-isometric
to Uger £5°.

The Weyl chamber S* is a cone; more precisely, it is the cone on an
(r — 1)-simplex at «. Therefore, up to quasi-isometry, X is the union of
these finitely many cones, so it is the cone on some (* — 1)-dimensional
simplicial complex at oo. O

(19.3.9) Remarks.

1)

2)

The same argument shows that we get the same picture if, instead
of looking at X modulo quasi-isometry, we look at it from farther
and farther away, as in the definition of the asymptotic cone of X
in Definition 2ZZ8. Therefore, the asymptotic cone of X is the cone
on a certain (r — 1)-dimensional simplicial complex at «. This
establishes Theorem ZZZ3.

For a reader familiar with “Tits buildings; the proof (and the con-
struction of F) shows that this simplicial complex at o can be con-
structed by taking the Tits building of parabolic Q-subgroups of G,
and modding out by the action of T.

Exercises for §19.3.

#1.

#2.

#3.

#4.

#5.

Show that I' has only finitely many conjugacy classes of finite sub-
groups.

[Hint: If H is a finite subgroup of I, then H9 c K, for some g € G. Write g = yx,
with y e Tand x € F. Then HYx = x - HY < ¥, so H is conjugate to a subset of
{yellFnyF+0}l

Let G = SL(n,R), I' = SL(n,Z), and S be the group of positive-
definite diagonal matrices. Show the S-orbit of I'e is proper.

[Hint: 1f s; j/s;; is large, then conjugation by s contracts a unipotent matrix y
whose only off-diagonal entry is y; ;.|

Show that every open Siegel set is an open subset of G (so the ter-
minology is consistent).

Assume
e K contains a maximal compact subgroup of C¢(S),
e (Cis a compact subset of P, and
e Fis a finite subset of G.
Show there is a compact subset C, of P°, such that CS*K < C.S*K
and FC.S*K is connected.
[Hint: Show P°(K n Cp(S)) = P.]

Show the set F constructed in Subsection isindeed a coarse
fundamental domain for I' in G.
[Hint: Exercise [ZZF#2.]
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#6. Let T: G — T'\G be the natural map. Show thatif © = CS*K is a
Siegel set for I, then the restriction of 1T to & is proper.
[Hint: Let v be a nontrivial element of N nT. If g is a large element of &, then
V9 ~ el

#7. Show that if @ is contained in a compact subset of P, then conju-
gation by any large element of KS~ (@ P7 expands the Haar measure
on P.

[Hint: Conjugation by any element of M U N preserves the measure, conjugation
by an element of @@ is bounded, and S~ centralizes SM and expands N. Also note
that Pz = M7z N7 (see Exercise TUZZd).|

§19.4. Outline of the proof of reduction theory

(19.4.1) Notation. Throughout this section, we assume
e G is defined over Q,
e T'is commensurable to Gz, and

e P is a minimal parabolic Q-subgroup of G, with Langlands decom-
position P = MSN.

In order to use Siegel sets to construct a coarse fundamental domain,
a bit of care needs to be taken when choosing a maximal compact sub-
group K. Before stating the precise condition, we recall that the Cartan
involution corresponding to K is an automorphism T of G, such that
T2 is the identity, and K is the set of fixed points of T. (For example, if
G =SL(n,R)and K = SO(n), then t(g) = (g')!is the transpose-inverse
of g.)

(19.4.2) Definition. A Siegel set © = CS*K is normal if S is invariant
under the Cartan involution corresponding to K.

Fix a normal Siegel set @ = C S*K, and some finite F < Gq. Then,
letting ¥ = F &, the proof of Theorem T2 has two parts, correspond-
ing to the two conditions in the definition of coarse fundamental domain
(CIom):

i) © and F can be chosen so that I'’f = G (see Theorems

and I Z4), and

ii) for all choices of ©and F, theset {y €T | F nyF + @} is finite
(see Theorem TCIZAR).

We will sketch proofs of both parts (assuming rankg I' = 1). However, as
a practical matter, the methods of proof are not as important as under-
standing the construction of the coarse fundamental domain as a union
of Siegel sets (see Section T3 2), and being able to use this in applications
(as in Section TI3).



400 19. CONSTRUCTION OF A COARSE FUNDAMENTAL DOMAIN

§19.4(i). Proof thatI' F = G. Here is the rough idea: Fix a base point
in I'\G. A Siegel set can easily cover all of the nearby points (see Exer-
cise [U_T#2), so consider a point I'g that is far away. Godement’s Criterion
(B31) implies there is some nontrivial unipotent v € I, such that v9 ~ e.
Replacing g with a different representative of the coset replaces v with a
conjugate element. If we assume all the maximal unipotent Q-subgroups
of G are conjugate under T, this implies that we may assume v € N. If we
furthermore assume, for simplicity, that the maximal Q-split torus S is
actually a maximal R-split torus, then the Iwasawa decomposition (8279)
tells us G = NSK. The compact group K is contained in our Siegel set &,
and the subgroup N is contained in I'S if © is sufficiently large, so let
us assume g € S. Since g contracts the element v of N, and, by defini-
tion, S* consists of the elements of S that contract N, we conclude that
gEeStcG.

We now explain how to turn this outline into a proof.

Recall that all minimal parabolic Q-subgroups of G are conjugate un-
der Gq (see Proposition B38(M)). The following technical result from the
algebraic theory of arithmetic groups asserts that there are only finitely
many conjugacy classes under the much smaller group Gz. In geometric
terms, it is a generalization of the fact that hyperbolic manifolds of finite
volume have only finitely many cusps.

(19.4.3) Theorem. There is a finite subset F of Gq, such that T F Py = Gq.

The finite subset F provided by the theorem can be used to construct
the coarse fundamental domain F:

(19.4.4) Theorem. If F is a finite subset of Gq, such that T'FPq = Gq, then
there is a (normal) Siegel set © = C S*K, such that TFS = G.

Idea of proof (assuming rankqgI' < 1). For simplicity, assume I' = Gz,
and that F = {e} has only one element (see Exercise B), so

I Py = Gog. (19.4.5)

The theorem is trivial if T’ is cocompact (see Exercise TIZZI), so let us
assume rankgI' = 1.

From the proof of the Godement Compactness Criterion (531), we
have a compact subset Cy of G, such that, for each g € G, either g € T'Cy,
or there is a nontrivial unipotent element v of I, such that v9 ~ e. By
choosing C large enough, we may assume Cy < © (see Exercise TYTZE2).

Now suppose some element g of G is not in I'©. Then g ¢ I'Cy, so
there is a nontrivial unipotent element v of I, such that

v9 =~ e. (19.4.6)

From (INZ31), we see that we may assume v € N, after multiplying g on
the left by an element of I (see Exercise B).
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We have G = PK (cf. Exercise B3#4)). Furthermore, P = MSN, and
I' intersects both M and N in a cocompact lattice (see Example BELT3(B),
Theorem B33(8), and Exercise &3#8). Therefore, if we multiply g on the
left by an element of I' N P, and ignore a bounded error, we may assume
g € S (see Exercise B). Then, since rankg T’ = 1, we have either g € S* or
g~' € S* (see Exercise B). From (I9ZH), we conclude it is g thatisin S*.
So g € &, which contradicts the fact that g ¢ I'. O

(19.4.7) Remark. The above proof overlooks a technical issue: in the
Langlands decomposition P = MSN, the subgroup M may be reductive,
rather than semisimple. However, the maximality of S implies that the
central torus T of M has no R-split subtori (cf. Theorem B33(B)), so it can
be shown that this implies T/ T7 is compact. Therefore M /My is compact,
even if M is not semisimple.

§19.4(ii). Proof that < intersects only finitely many I-translates.
We know that I'is commensurable to Gz. Therefore, if we make the minor
assumption that G¢ has trivial center, then I' € Gq (see Exercise bZZd).
Hence, the following result establishes Condition TIOT(@) for F = F&:
(19.4.8) Theorem (“Siegel property”). If

e © = CS*K is a normal Siegel set, and

s (€ GQ,
then{y € Gz | q© nyS + &} is finite.
Proof (assuming rankg I’ < 1). The desired conclusion is obvious if & is

compact, so we may assume rankg I' = 1. To simplify matters, letI' = Gz,
and

assume g = e is trivial.
The proof is by contradiction: assume
o=yo',
for some large element y of I, and some 0,0’ € &. Since y is large,

we may assume o is large (by interchanging o with ¢’ and replacing y
with y~! if necessary). Let

u be an element of Nz of bounded size.
Since 0 € © = CS*TK, we may write
o =cskwithce C,s e S*, and k € K.

Then s must be large (since K and C are compact), so conjugation by s per-
forms a large contraction on N. Since u°¢ is an element of N of bounded
size, and K is compact, this implies that u? =~ e. In other words,

ur? =e.
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~

In addition, we know that u¥ € Gz. Since o’ € &, we conclude that
uY € N (see Exercise [2).

Now we use the assumption that rankg I’ = 1: since

u¥ e NnN?,
Lemma B2 tells us that N = N7, so Proposition E30(B) implies
Yy € Ng(N) =P.

Then, since (MN)z has finite index in P7 (see Exercise @), we may assume
Yy € (MN)Z

This implies that we may work inside of M N: if we choose a compact
subset C = MN, such that CS* < CS, then we have

C(KNP)NnyC(KNP)+ (19.4.9)
(see Exercise B). Since C(KNP)is compact (and I is discrete), we conclude
that there are only finitely many possibilities for y. O

(19.4.10) Remark. When rankgI' = 1, the first part of the proof estab-
lishes the useful fact that there is a compact subset Cy of G, such that if
yeTl,and ©nyS & Cy, then y € P.

Exercises for §19.4.

#1. Show that every Q-split torus of G is invariant under some Car-
tan involution of G. (Therefore, for any maximal Q-split torus S,
there exists a maximal compact subgroup K, such that the resulting
Siegel sets CS*K are normal.)

[Hint: If T is any Cartan involution, then there is a maximal R-split torus A, such
that T(a) = a~! for all a € A. Any R-split torus is contained in some conjugate
of A

#2. In the proof of Theorem TIZ4, explain why it may be assumed
that v € N.

[Hint: Being unipotent, v is contained in the unipotent radical of some minimal
parabolic Q-subgroup (see Proposition BE3H8(H)). Since I' Pq = Gq, we know that all
minimal parabolic Q-subgroups are conjugate under I.]

#3. In the proof of Theorem ITTZ4, complete the proof without assum-
ing that g € S.

[Hint: Write g = pk € PK. If C is large enough that MN < (I' n P)C, then we have
g €Tcsk < TCSK, so v* =~ el]

#4. Show that if P = MAN is a Langlands decomposition of a par-
abolic Q-subgroup of G, then (MN)z contains a finite-index sub-
group of Py.

[Hint: A Q-split torus can have only finitely many integer points.]

#5. Show that if rankgl = 1, then S = §* U (S*)~L
[Hint: If s € S*, then st € S* for all t € Q* (and, hence, for all t € R*).]
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#6. Prove Theorem TI 44 in the case where rankg ' = 1.

[Hint: Replace the imprecise arguments of the text with rigorous statements, and
do not assume F is a singleton. (In order to assume v € N, multiply g on the left
by an element x of FI. Then xI'x~! contains a finite-index subgroup of I' N P.)]

#7. Let © = CS™*K be a Siegel set, and let P be the minimal parabolic
Q-subgroup corresponding to S*. Show there is a neighborhood W
of ein G, such thatif y € Gz and y? € W, for some o € &, then
Y € unip P.

#8. Suppose
e T is the Cartan involution corresponding to the maximal com-
pact subgroup K, and
e Sis a T-invariant.
Show KNP c M < Cg(S).
[Hint: Since Cg (S) is T-invariant, the restriction of T to the semisimple part of M is
a Cartan involution. Therefore K n M contains a maximal compact subgroup of M,
which is a maximal compact subgroup of P. The second inclusion is immediate
from the definition of the Langlands decomposition.]
#9. Establish (Z).
[Hint: SNnPNny(EnP)+@(sinceyePandSnP=CST(KNnP)=C(KnP)S*
(see Exercise B).]|

#10. Give a complete proof of Theorem TIZ3.

#11. Show that I has only finitely many conjugacy classes of maximal

unipotent subgroups.

[Hint: You may assume, for simplicity, that I = Gz is arithmetic. Use Proposi-
tion B34(Q@) and Theorem TIZ3.]

Notes

The main results of this chapter were obtained for many classical
groups by L. Siegel (see, for example, [8]), and the general results are due
to A.Borel and Harish-Chandra [2].

The book of A.Borel [] is the standard reference for this material;
see [0, Thm. 13.1, p. 90] for the construction of a fundamental domain
for Gz as a union of Siegel sets. The proof there does not assume Gz
is a lattice, so this provides a proof of the fundamental fact that every
arithmetic subgroup of G is a lattice (see Theorem EI1T). See [B, §4.6]
for an exposition of Borel and Harish-Chandra’s original proof of this
fact (using the Siegel set &, ¢, ¢, for SL(n, Z) from Definition [Z24).

Theorem TI3A was conjectured by C.L.Siegel in 1959, and was
proved by L. Ji [@, Thm. 7.6]. Another proof is in E. Leuzinger [5, Thm. B].

The construction of coarse fundamental domains for non-arithmetic
lattices in groups of real rank one is due to Garland and Raghunathan
[3]. (An exposition appears in [, Chap. 13].) Combining this result with
Theorem TI 22 yields Theorem TIZH.
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Exercise TO3#1 can be found in [6, Thm. 4.3, p. 203].

Regarding Remark T944, see [, Prop. 8.5, p. 55] or [6, Thm. 4.11,
p. 208] for a proof that if T is a Q-torus that has no Q-split subtori, then
T /T7 is compact.
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Chapter 20

Ratner’s Theorems
on Unipotent Flows

This chapter presents three theorems that strengthen and vastly gener-
alize the well-known and useful observation that if V is any straight line
in the Euclidean plane R?, then the closure of the image of L in T? is a
very nice submanifold (see Example ZI_I1). The plane can be replaced
with any Lie group H, and V can be any subgroup of H that is generated
by unipotent elements.

§20.1. Statement of Ratner’s Orbit-Closure Theorem

(20.1.1) Example. Let
e V be any 1-dimensional subspace of the vector space R?,
e T2 = R%2/72 be the ordinary 2-torus,
e x € T2 and
e 17: R? — T2 be the natural covering map.

Geometrically, V + x is a straight line in the plane, and it is classical (and
not difficult to prove) that:

Recall: The Standing Assumptions (200 on page BT are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/

Main prerequisites for this chapter: none.
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1) If the slope of the line V + x is rational, then w(V + x) is closed,
and it is homeomorphic to the circle T! (see Exercise [I).

2) If the slope of the line V +x is irrational, then the closure of 7t (V +x)
is the entire torus T? (see Exercise D).

An analogous result holds in higher dimensions: if we take any vec-
tor subspace of R, the closure of its image in T? will always be a nice
submanifold of T?. Indeed, the closure will be a subtorus of T*:

(20.1.2) Example (see Exercise B). Let

e V be a vector subspace of R,

e TY = RY/Z! be the ordinary ¢-torus,

e x € T!, and

e 1: RY — T?be the natural covering map.

Then the closure of 71(V + x) in T? is homeomorphic to a torus T* (with
O0<k<?).

More precisely, there is a vector subspace L of R, such that

¢ the closure of m(V + x) is (L + x), and

e Lis defined over Q (or, in other words, L n Z! is a Z-lattice in L), so

(L +x) =L/(LnZY isa torus.

The above observation about tori generalizes in a natural way to
much more general homogeneous spaces, by replacing:

o R3 with any connected Lie group H,

e 73 with a lattice A in H,

« the vector subspace V of R? with any subgroup of H that is gener-
ated by unipotent elements,

e x + V with the coset xV,

e the map m: R’ — T? with the natural covering map w: H — H/A,
and

« the vector subspace L of R with a closed subgroup L of H.

Because it suffices for our purposes, we state only the case where H is
semisimple (so we call the group G, instead of H):

(20.1.3) Ratner’s Orbit-Closure Theorem. Suppose
e V is a subgroup of G that is generated by unipotent elements, and
e x € G/T.

Then there is a closed subgroup L of G, such that the closure of Vx is Lx.
Furthermore, L can be chosen so that:

1) L contains the identity component of V,
2) L has only finitely many connected components, and
3) there is an L-invariant, finite measure on Lx.
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(Also note that Lx is closed in G/I, since it is the closure of Vx.)

(20.1.4) Remark. Write x = gT, for some g € G, and let A = (gTg~') n L.

1) The theorem tells us that the closure of Vx is a very nice subman-
ifold of G/I. Indeed, the closure is homeomorphic to the homoge-
neous space L/A.

2) Conclusion (B) of the theorem is equivalent to the assertion that A
is a lattice in L.

(20.1.5) Warning. The assumption that V is generated by unipotent el-
ements cannot be eliminated. For example, it is known that if V is
the group of diagonal matrices in G = SL(2,R), then there are points
x € G/SL(2,27), such that the closure of Vx is a fractal. This means that
the closure of Vx can be a very bad set that is not anywhere close to
being a submanifold.

Unfortunately, the known proofs of Ratner’s Orbit-Closure Theorem
are rather long. One of the paramount ideas in the proof will be de-
scribed in Section P4, but, first, we will present a few of the theorem’s
applications (in Section PZII2) and state two other variants of the theorem
(in Section P03).

Exercises for §20.1.

#1. Verify Example PU_T_T(M).
#2. Verify Example PITT(2).
#3. Verify Example P22

#4. Show that if V is connected, then the subgroup L in the conclusion
of Theorem can also be taken to be connected.

#5. (Non-divergence of unipotent flows) Suppose
e {u'}is a unipotent one-parameter subgroup of G, and
e x € G/I.
Use Theorem to show there is a compact subset K of G, such
that
{t e R|ulx € K} is unbounded.

(Hence, Theorem [Z4d is logically a corollary of Theorem PIIT3. However, in prac-
tice, Theorem IZZ is used in the proof of Theorem BT I3.

[Hint: Conclusion (8) of Theorem EI3 is crucial.]

#6. Show, by providing an explicit counterexample, that the assump-
tion that {u'} is unipotent cannot be eliminated in Exercise B.

[Hint: Consider the one-parameter group of diagonal matrices in SL(2, R), and let
I =SL(2,2).]
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§20.2. Applications

We will briefly describe just a few of the many diverse applications of
Ratner’s Orbit-Closure Theorem (Z0-13).

§20.2(i). Closures of totally geodesic subspaces.

(20.2.1) Example. Let M be a compact, Hl
hyperbolic n-manifold (with n > 2). .
e There is a covering map : H™ - M H

that is a local isometry.
e There is a natural embedding
: H - Hn
e Let f1 be the composition 17 o (,
so fi: H' - M.
Then the image of f; is a curve in M. It is well known (though not at all
obvious) that the closure of this curve can be a very bad set; in fact, even
though $H! and M are nice, smooth manifolds, this closure can be a fractal.
(This is a higher-dimensional analogue of the example in Warning P13
In the literature, it is the fact that the closure of a geodesic in a compact
manifold of negative curvature can be a fractal.)
It is a consequence of Ratner’s Theorem that this pathology never
occurs if we replace $! with a higher-dimensional hyperbolic space:

(20.2.2) Corollary. Let:
e mneN, withm <n,
e M be a compact, hyperbolic n-manifold,
o : H" — M be a covering map that is a local isometry,

L: H™ - H™ be a totally geodesic embedding, and
fm=Tol S0 fin: H™ — M.

Ifm = 2, then the closure f, (™) of the image of f, is a (totally geodesic)
immersed submanifold of M.

Proof. We prove only that the closure is a submanifold, not that it is
totally geodesic. Let

V =S0(1,m), G =S0(1,n), and x € ((H™),
SO
e G acts by isometries on £)",
o M =T\$H", for some lattice I in G, and
o ((H™M) =Vx.
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From Ratner’s Orbit-Closure Theorem (Z0-13)), we know there is a sub-
group L of G, such that 'V =TL. So

Sm(H™) = (1 (H™)) = m(Vx) = m(Lx)

is an immersed submanifold of M. O

(20.2.3) Remarks.

1) The same conclusion holds (with the same proof) when £ and $"
are replaced with much more general symmetric spaces Xand ¥
that have no compact factors, except that the closure may not be
totally geodesic if rank X < rank Y.

2) When rank X = rank ¥, one proves that the submanifold is totally
geodesic by showing that the subgroup L in the above proof is in-
variant under the appropriate Cartan involution of G.

§20.2(ii). Values of quadratic forms. Many of the most impressive
applications of Ratner’s Orbit-Closure Theorem (and the related results
that will be described in Section PZII3) are in Number Theory. As an exam-
ple, we present a famous result on values of quadratic forms. It is now an
easy corollary of Ratner’s Orbit-Closure Theorem, but, historically, it was
proved by Margulis before this major theorem was available (by proving
the relevant special case of the general theorem).

Let

Q(x) = Q(x1,x2,...,Xxn) be a quadratic form in n variables

(in other words, Q (x) is a homogeneous polynomial of degree 2).
Classical number theorists were interested in determining the values
of ¢ for which the equation Q(x) = ¢ has an integer solution; that is, a
solution with X € Z™. For example:
1) Lagrange’s 4-Squares Theorem tells us that if
Q(x1,X2,X3,X4) = X2 + X3 + x5 + x3,
then Q(X) = ¢ has a solution iff ¢ € 7=9.
2) Fermat’s 2-Squares Theorem tells us that if Q (x1, x2) = x7+x3, and
p is an odd prime, then Q (X ) = p has a solution iff p = 1 (iod 4).
These very classical results consider only forms whose coefficients are
integers, but we can also look at forms with irrational coefficients, such
as

Q(x1,Xx2,X3,X1) = 3x% —/2x2X3 + TTX3.

For a given quadratic form Q (), it is clear that

the equation Q (X' ) = ¢ does not have an integral solution,
for most real values of c,
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for the simple reason that there are only countably many possible integer
values of the variables x1,x>,..., Xy, but there are uncountably many
possible choices of c. Therefore, instead of trying to solve the equation
exactly, we must be content with solving the equation approximately.
That is, we will be satisfied with knowing that we can find a value of
Q () that is within € of ¢, for every € (and every c¢). In other words, we
would like to know that Q (Z") is dense in R.

(20.2.4) Examples. There are some simple reasons that Q (Z™) may fail
to be dense in R:

1) Suppose all of the coefficients of Q (X ) are integers. Then we have
Q(Z™) < Z,s0 Q(Z™) is obviously not dense in R. More generally, if
Q(x) is a scalar multiple of a form with integer coefficients, then
Q(Z™) is not dense in R.

2) Suppose all values of Q(x) are = 0 (or all are < 0). (In this case,
we say that Q (X)) is positive-definite (or negative-definite, respec-
tively). For example, this is the case if

Q(X) = a1x? + axx3 + azxs + - - - + anx2,
with all coefficients a; of the same sign. Then it is clear that Q (Z™)
is not dense in all of R.

3) Let Q(x1,x2) = xi — ax3, where & = 3 + 2+/2. Then, although it
is not obvious, one can show that Q (Z?) is not dense in R (see Ex-
ercise B). Certain other choices of « also provide examples where
Q(7?) is not dense (see Exercise P), so having only 2 variables in
the quadratic form can cause difficulties.

4) Even if a form has many variables, there may be a linear change
of coordinates that turns it into a form with fewer variables. (For
example, letting z = x + /2y transforms x? + 2+/2xy + 2y? into
z2.) A form that admits such a change of coordinates is said to be
degenerate. Therefore, a degenerate form with more than 2 vari-
ables could merely be a disguised version of a form with 2 variables
whose image is not dense in R.

The following result shows that any quadratic form avoiding these
simple obstructions does have values that are dense in R. It is often
called the “Oppenheim Conjecture; because it was an open problem un-
der that name for more than 50 years, but that terminology is no longer
appropriate, since it is now a theorem.

(20.2.5) Corollary (Margulis’ Theorem on Values of Quadratic Forms). Let
Q (X)) be a quadratic form in n = 3 variables, and assume Q (X ) is:

e not a scalar multiple of a form with integer coefficients,

e neither positive-definite nor negative-definite, and



20.2. APPLICATIONS 411

e nondegenerate.
Then Q (Z™) is dense in R.

Proof. For simplicity, assume n = 3. Let

e G =SL(3,R), and

e H=S0(Q)°={heG|QhxX)=Q(x)forall X € R3}°.
Since Q (x) is nondegenerate, and neither positive-definite nor negative-
definite, we have H = SO(1,2)° = PSL(2, R), so H is generated by unipo-
tent elements. Furthermore, calculations in Lie theory (which we omit)
show that the only connected subgroups of G containing H are the obvi-
ous ones: H and G. Therefore, Ratner’s Orbit-Closure Theorem (I 13)
tells us that either:

e HGy is closed, and Gz N H is a lattice in H, or
o the closure of HGy is all of G.

However, if Hy = Gz N H is a lattice in H, then the Borel Density Theorem
(E2H) implies that H is defined over Q (see Exercise ETZd). Then, since
H = SO(Q)°, a bit of algebra shows that Q (X)) is a scalar multiple of a
form with integer coefficients (see Exercise ). This is a contradiction.

Therefore, we conclude that the closure of HGy is all of G. In other
words,

HGy is dense in G,
SO
HGz(1,0,0) is dense in G(1,0,0).
Since Gz(1,0,0) < 73, and G(1,0,0) = R3 < {0}, this tells us that
HZ73 is dense in R3.
Then, since Q (X ) is continuous, we conclude that
Q(HZ?) is dense in Q (R3).
We also know:
e Q(HZ3) = Q(Z3), by the definition of H, and

e Q(R3) = R, because Q (X)) is neither positive-definite nor negative-
definite (see Exercise B).

Therefore Q (Z3) is dense in R. O

§20.2(iii). Products of lattices.
(20.2.6) Corollary (see Exercise B). If I} and I» are any two lattices in G,
and G is simple, then either
1) I and I are commensurable, so the product I' I, is discrete, or
2) I I is dense in G.
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Exercises for §20.2.

#1.

#2.

#3.

#4.

#5.

#6.

Suppose Bis a quadratic irrational. (This means that «is irrational,
and that « is a root of a quadratic polynomial with integer coeffi-
cients.) Show that fis badly approximable: i.e., there exists € > 0,
such that if p/q is any rational number, then

p_
qB

€
>?.

Let Q(x1,x2) = x7 — B%x3, where B is any badly approximable
number (cf. Exercise M). Show that Q (Z?) is not dense in R.
[Hint: There exists 6 > 0, such that |Q(p,q)| = 6 for p,q € 7 < {0}.]

Let Q(x1,x2) = X2 — ax3, where & = 3 + 2+/2. Show Q(Z?) is not
dense in R.
[Hint: Use previous exercises, and note that 3 + 2/2 = (1 + ﬂ)z.]

Suppose Q(x) is a nondegenerate quadratic form in n variables.
Show that if SO(Q)° is defined over Q, then Q (X) is a scalar mul-
tiple of a form with integer coefficients.

[Hint: Up to scalar multiples, there is a unique quadratic form that is invariant
under SO(Q)°, and the uniqueness implies that it is invariant under the Galois
group Gal(C/Q).]

Suppose Q(Xx) is a quadratic form in n variables that is neither
positive-definite nor negative-definite. Show Q (R") = R.

[Hint: Q(AX) = A’Q(X).]

Prove Corollary PZILZH.

[Hint: LetT =11 xI» C G X G,and H = {(g,9) | g € G }. Show the only connected
subgroups of G X G that contain H are the two obvious ones: H and GxG. Therefore,
Ratner’s Theorem implies that either H NI is alattice in H, or I'H is dense in G X G.]

§20.3. Two measure-theoretic variants of the theorem

Ratner’s Orbit-Closure Theorem (ZII3) is purely topological, or qualita-
tive. In some situations, it is important to have quantitative information.

(20.3.1) Example. We mentioned earlier that if V is a line with irrational
slope in R?, then the image (V) of V in T2 is dense (see Example PTIT).
For applications in analysis, it is often necessary to know more, namely,
that 17(V) is uniformly distributed in T°. Roughly speaking, this means
that a long segment of 1r(V) visits all parts of the torus equally often
(see Exercise ).

(20.3.2) Definition. Let
e U be a probability measure on a topological space X, and

c:[0,0) — X be a continuous curve in X.
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We say that c is uniformly distributed in X (with respect to u) if, for
every continuous function f: X — R with compact support, we have

lim 1 ij(c(t))dt = J fdu.
T-o T Jo X

Ratner’s Orbit-Closure Theorem tells us that if

e U is any one-parameter subgroup of G, and

e Xx is any point in G/T,
then the closure of the U-orbit Ux is a nice submanifold of G/T. The

following theorem tells us that the U-orbit is uniformly distributed in
this submanifold.

(20.3.3) Ratner’s Equidistribution Theorem. Let
e {u!} be any one-parameter unipotent subgroup of G,
e x € G/T, and
e c(t) =ulx, fort € [0, ).
Then there is a connected, closed subgroup L of G, such that
1) there is a (unique) L-invariant probability measure u on Lx,
2) the curve c is uniformly distributed in Lx, with respect to U,
3) the closure of {c(t) |t € [0,c0)} is Lx (so Lx is closed in G/T), and
4) {ut} c L.
In the special case where V is a one-parameter unipotent subgroup

of G, the following theorem is a consequence of the above Equidistribu-
tion Theorem (see Exercise B).

(20.3.4) Ratner’s Classification of Invariant Measures. Suppose
e V is a subgroup of G that is generated by unipotent elements, and
e U is any ergodic V-invariant probability measure on G/T.

Then there is a closed subgroup L of G, and some x € G /I, such that u is
the unique L-invariant probability measure on Lx.
Furthermore, L can be chosen so that:

1) L has only finitely many connected components,
2) L contains the identity component of V, and
3) Lx is closed in G/T.
Here is a sample consequence of the Measure-Classification Theorem:

(20.3.5) Corollary. Suppose
e u; is a nontrivial unipotent element of G;, fori =1, 2,

o f:G1/T1 — G2/ is a measurable map that intertwines the transla-
tion by u, with the translation by u,; that is,

fuix) =uz f(x), fora.e. x € G/,
and
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e G is connected and almost simple.
Then f is a continuous function (a.e.).

Proof. Let
e G =G XGy,
o T =T) XD,

e U= (Up,uUx) €G,and

e graph(f) = {(x, f(x)) | x € G1/T1 } C G/I.
The projection from G/I' to G,/I7 defines a natural one-to-one corre-
spondence between graph(f) and G;/I7. In fact, since f intertwines u;
with uy, it is easy to see that the projection provides an isomorphism
between the action of u; on G;/I and the action of u on graph(f). In
particular, the u;-invariant probability measure p; on G;I naturally cor-
responds to a u-invariant probability measure u on graph(f).

The Moore Ergodicity Theorem (IZ=24) tells us that u; is ergodic
for ui, so uis ergodic for u. Hence, Ratner’s Measure-Classification The-
orem (ZII34A) provides

¢ a closed subgroup L of G, and
e x € G/T,
such that
e uis the L-invariant measure on Lx, and
e Lx is closed.

Since the definition of y implies that u(graph(f)) = 1, and the choice
of L implies that the complement of Lx has measure 0, we may assume,
by changing f on a set of measure 0, that

graph(f) < Lx.

Assume, for simplicity, that L is connected and G; is simply con-
nected. Then the natural projection from L to G; is an isomorphism
(see Exercise H), so there is a (continuous) homomorphism p: G; — G»,
such that

L = graph(p).
Assuming, for simplicity, that x = (e, e), this implies that f(gl') = p(g)T
for all g € G. So f, like p, is continuous. O

As an example of the many important consequences of Ratner’s
Measure-Classification Theorem (Z034), we point out that it implies the
Equidistribution Theorem (ZO0333)). The proof is not at all obvious, and
we will not attempt to explain it here, but the following simple exam-
ple illustrates the important precept that knowing all of the invariant
measures can lead to an equidistribution theorem.
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(20.3.6) Proposition. Let
e {g'} be a one-parameter subgroup of G,
u be the G-invariant probability measure on G/T,
x € G/T, and
c(t) = gtx.

If

u is the only gt-invariant probability measure on G /T, and
G /T is compact,

then the curve c is uniformly distributed in G /T, with respect to p.

Proof. Suppose c is not uniformly distributed. Then there is a sequence
Ty — o, and some continuous function fy € C(G/T'), such that

1 (T
ggﬁjo folc(®)) dt # pfo) (20.3.7)

By passing to a subsequence, we may assume that

1 (T
?\(f)=lgrg?kjo Fle()dt

exists for every f € C(G/T) (see Exercise B). Then:

1) Ais a continuous linear functional on the space C(G/I') of continu-
ous functions on G /T, so the Riesz Representation Theorem (B610)
tells us that A is a measure on G/T.
2) A(1) =1, so A is a probability measure.
3) From the definition of A, itis not difficult to see that Ais g!-invariant
(see Exercise B).
Since p is the only gl-invariant probability measure, we must have A = p.
However, (Z132) says A(fo) # u(fo), so this is a contradiction. O

(20.3.8) Remark. Here is a rough outline of how the three theorems are
proved:

1) Measure-Classification is proved in the case where V is unipotent.
o The general case of Measure-Classification follows from this.
2) Equidistribution is a consequence of Measure-Classification.

3) Equidistribution easily implies Orbit-Closure in the special case
where V is a one-parameter unipotent subgroup.
e The general case of Orbit-Closure can be deduced from this.

(20.3.9) Remarks.

1) Ratner’s Measure-Classification Theorem (ZI33) remains valid if
the lattice I is replaced with any closed subgroup of G. However,
the other two theorems do not remain valid in this generality.
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2) Ratner’s Theorems assume that V is generated by unipotent ele-

ments, but N.Shah suggested that they might remain valid under
the much weaker assumption that the Zariski closure of V is gen-
erated by unipotent elements. For the important case where the
Zariski closure of V is semisimple (with no compact factors), this
was recently proved by Y.Benoist and J.-F. Quint.

Exercises for §20.3.

#1.

#2.

#3.

#4.

#5.

Suppose pu is a probability measure on a compact metric space X.
Show that a curve c: [0, o) — X is uniformly distributed with re-
spect to u if and only if, for every open subset @ of X, such that
u@@) =0, we have

1
%151010 ?l{te [0, T]|c(t) € O} = u(O).

[Hint: Bound the characteristic function of @ above and below by continuous func-
tions and apply Definition ZO32.]

Show that if v is a nonzero vector of irrational slope in R?, then
the curve c¢(t) = m(tv) is uniformly distributed in T? (with respect
to the usual Lebesgue measure on the torus).

[Hint: Any continuous function on T2 can be approximated by a trigonometric
polynomial Z am‘neZTnmXJrermy_]

Show that if V = {u!} is a one-parameter unipotent subgroup
of G, then the conclusions of Theorem PTI34 follow from Theo-
rem P33

[Hint: Pointwise Ergodic Theorem (see Exercise TZ3#ZR).]

In the setting of the proof of Corollary P31, show that the pro-
jection L — G is a (surjective) covering map.

[Hint: Show L n ({e} N G2) is discrete, by using Fubini’s Theorem and the fact that
graph(f) has nonzero measure.]

Suppose

] Tk — OO,

e G/I'is compact, and

e c:[0,o) — G/T'is a continuous curve.
Show there is a subsequence Ty, — oo, such that

. 1 (.
A() = lim - [, rlea

i—o0

exists for all f € C(G/T).

[Hint: It suffices to consider a countable subset of C(G/I') that is dense in the
topology of uniform convergence.]
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#6. In the notation used in the proof of Proposition PZI3H, show, for
every f € C(G/I') and every s € R, that

1 (e
) = %ﬂﬁjo F(g® (b)) dt.

§20.4. Shearing — a key ingredient in the proof

The known proofs of any of the three variants of Ratner’s Theorem are
quite lengthy, so we will just illustrate one of the main ideas that is in-
volved. To keep things simple, we will assume G = SL(2, R).
(20.4.1) Notation. Throughout this section,

e G =SL(2,R),

; 1 0]. )
su =, ;|isa one-parameter unipotent subgroup of G,

t
e al = [% et] is a one-parameter diagonal subgroup of G, and
e X =SL(2,R)/T.

The proofs of Ratner’s Theorems depend on an understanding of
what happens to two nearby points of X as they are moved by the one-
parameter subgroup u'.

(20.4.2) Definition. If x and y are any two points of G/T, then there exists
q € G, such that y = gx. If x is close to y (which we denote x = ),
then g may be chosen close to the identity. Therefore, we may define a
metric d on G/T by

d(x,w:nnn{nq—ldn ‘ 1€, }

ax =y
where
e Id is the identity matrix, and
e || -] is any (fixed) matrix norm on Maty«>(R). For example, one may
take

[i Z}H=max{lal,|b|,|c|,|d|}.

(Actually, this definition does not guarantee d(x,y) = d(y, x), SO
it may not define a metric, but let us ignore this minor issue.)

Now, we consider two points x and gx, with g = Id, and we wish to
calculate d(utx,utqx) (see Figure PTIZA).
e To get from x to gx, one multiplies by g; therefore
d(x,qx) = llq - 1d|.
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t
ultgx
qf\/-.

X utx
FIGURE 20.4A. The ut-orbits of two nearby orbits.

e To get from u'x to utqx, one multiplies by utqu1; therefore
dutx,utgx) = |lutqu=t —1d]|.
(Actually, this equation only holds when the right-hand side is small
— there are infinitely many elements g of G with gulx = u'qx, and
the distance is obtained by choosing the smallest one, which may
not be ulqu-tif t is large.)

Letting
—=|2 P
q - C d )
a simple matrix calculation shows that
Eooot g a—bt b
waqu —1d = [c ta-dyt-bt2 d+ bt] : (20.4.3)

(20.4.4) Notation. For convenience, let x; = utx and y; = uty.

Consider the right-hand side of Equation (Z20023), with a, b, ¢, and d
very small. Indeed, let us say they are infinitesimal (too small to see).
As t grows, it is the quadratic term in the bottom left corner that will
be the first matrix entry to attain macroscopic size. Comparing with
the definition of u! (see Notation PILZ), we see that this is exactly the
direction of the u!-orbit. Therefore:

(20.4.5) Proposition (Shearing Property). The fastest relative motion be-
tween two nearby points is parallel to the orbits of the flow.

Y A
9

Xt \

FIGURE 20.4B. Shearing: If two points start out so close
together that we cannot tell them apart, then the first
difference we see will be that one gets ahead of the other,
but (apparently) following the same path. It is only much
later that we will be able to detect any difference between
their paths.
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(20.4.6) Remarks.

1) The only exception to Proposition is that if g is in the cen-
tralizer Cg(ut), then utqu-t = g for all t; in this case, the points
x¢ and yy simply move along together at exactly the same speed,
with no relative motion.

2) In contrast to the above discussion of u!,
e the matrix a'! is diagonal, but
e the largest entry in

i | a  e*b
aqa - =|,-2tc ¢

is an off-diagonal entry,
so, under the action of the diagonal group, points move apart (at
exponential speed) in a direction transverse to the orbits (see Fig-

ure 2020Q).
y /J.)t/
@
X

—

FIGURE 20.4C. Divergence under a diagonal subgroup:
when two points start out so close together that we can-
not tell them apart, the first difference we see will be in a
direction transverse to the orbits.

The Shearing Property (Z023) shows that the direction of fastest
relative motion is along u!. However, in the proof of Ratner’s Theorems,
it turns out that we wish to ignore motion along the orbits, and consider,
instead, only the component of the relative motion that is transverse (or
perpendicular) to the orbits of uf. This direction, by definition, does not
belong to {u'!}.

(20.4.7) Definition. Suppose, as before, that x and 7y are two points in X
with x ~ y. Then, by continuity, x; ~ y; for a long time. Eventually, we
will be able to see a difference between x; and ;. The Shearing Property
(2Z35) tells us that, when this first happens, y; will be indistinguishable
from some point on the orbit of x; that is, y; ~ xy for some t’. This
will continue for another long time (with t" some function of t), but we
can expect that y; will eventually diverge from the orbit of x — this is
transverse divergence. (Note that this transverse divergence is a second-
order effect; it is only apparent after we mod out the relative motion
along the orbit.) Letting x;- be the point on the orbit of x that is closest
to y;, we write y; = gxp for some g € G. Then g — Id represents the
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transverse divergence. When this transverse divergence first becomes
macroscopic, we wish to understand which of the matrix entries of g —1Id
are macroscopic.

In the matrix on the right-hand side of Equation (Z0:Z3), we have
already observed that the largest entry is in the bottom left corner, the
direction of {u'}. If we ignore that entry, then the two diagonal entries
are the largest of the remaining entries. The diagonal corresponds to the
subgroup {a'}. Therefore, the fastest transverse divergence is in the
direction of {a'}. Notice that {a’} normalizes {u'}.

(20.4.8) Proposition. The fastest transverse motion is along some direc-
tion in the normalizer of u'.

More precisely, if x,y € X, with x = y, and v > 0 is much smaller
than the injectivity radius of X, then either:

1) there exist large t,t’ € R and g € N¢ ({ul}) such that
u'y ~ gu''xandlgl = d(g, {u'}) =,
or

2) forallt € R, there exists t' € R, such that u'y =~ u' x (i.e., there is
no transverse motion, only shearing).

To illustrate how understanding the transverse motion can be use-
ful, let us prove a very special case of Ratner’s Orbit-Closure Theorem
ex3).

(20.4.9) Proposition. Let C = {ut}x, for some x € X, and assume

e C is a minimal ut-invariant closed subset of X (this means that no
nonempty, proper, closed subset of C is {u'}-invariant), and

e {geGlgC=C}={u'l.
Then C = {ul}x, so C is a submanifold of X.
Proof. We wish to show C < {u!}x, but Exercise 0 implies that it suffices
to prove only the weaker statement that C < Ng ({u'}) x.

Suppose C ¢ Ng({u'}) x. Then, since C is connected, there exists

v € C, with ¥y =~ x, but v ¢ Ng({u'}) x. From Proposition PZZ8, we
see that there exist t,t’ € R and

g € Ne({u'}), with g ¢ {u'}, such that uty ~ gul'x.
For simplicity, let us pretend that
uly is equal to gut x,

rather than merely being approximately equal (see Exercise B). Then we
have C n gC + @ (because u'y € C and gut' x € gC). This contradicts
Exercise . 0
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Exercises for §20.4.

#1. Under the assumptions of Proposition P49, show:
ifge Ng({u'}),butg ¢ {u'}, thenCn gC = @.
(In particular, gx ¢ C.)

[Hint: gCis ul-invariant (because g € N¢ ({u'})), so CngCis a ul-invariant subset
of the minimal set C.]

#2. Complete the proof of Proposition Z-29 by eliminating the pre-
tense that u'y is equal to gut x.

[Hint: The compact sets C and {g € Ng({u'}) | llgll = d(g,{ut}) =r} - Care
disjoint, so it is impossible for a point in one set to be arbitrarily close to a point
in the other set.]

Notes

Theorem is due to M.Ratner [I3], under the assumption that
V is either unipotent or connected. (A shorter proof can be found in
[].) This additional hypothesis was removed by N. Shah [I5] (except for
a technical problem involving Conclusions (2) and (B) that was resolved
in [, Cor. 3.5.4]).

See [9] for a more thorough introduction to Ratner’s Theorems, their
proofs, and some applications.

See [I8, Lem. 2] for the construction of orbits whose closure is not
a submanifold, demonstrating the pathology in Warning and Ex-
ample ZOZ1. However, it was conjectured by G.A.Margulis [B, §1.1]
that certain analogues of Ratner’s Theorems are valid in some situations
where the subgroup V is a split torus of dimension > 1; see [B, §4.4c]
and [8] for references on this open problem and its applications.

Corollary PZIZ2 was proved by N.Shah [4]. The generalization in
Remark PO23([) is due to T.Payne [I0].

Corollary 223 is due to G. A. Margulis [4]. See [5] for a survey of its
history and later related developments.

Corollary ZIXZH was discovered by N. Shah [I5, Cor. 1.5]. This con-
sequence of Ratner’s Theorem played an important role in [I4].

Theorem is due to M. Ratner [I3].

Theorem 2034 was proved by M.Ratner [I2] in the case where V
is either unipotent or connected. (See [2] for a shorter and more self-
contained proof in the case where V = SL(2, R).) The general case is due
to N. Shah [15].

Corollary 20314 was proved by M. Ratner [I1] if G; = G» = SL(2, R).
The general case is due to D. Witte [IY].

Proposition 23 is a special case of a classical result in Ergodic
Theory that can be found in textbooks such as [I8, Thm. 6.19].
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See [I] for the work of Y.Benoist and J.-F.Quint mentioned in Re-
mark ZO39(). Shah’s suggestion about Zariski closures appears in [15,
end of §1, p. 232].

The discussion of shearing in Section 204l is excerpted from [9, §1.5],
except that Proposition 20229 is a variant of [9, Prop. 1.6.10].
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Appendix A

Basic Facts about Semisimple Lie Groups

§A1l. Definitions

We are interested in groups of matrices that are (topologically) closed:

(Al.1) Definitions.

1) Let Matyy,(R) be the set of all £ x £ matrices with real entries. This
has a natural topology, obtained by identifying it with the Euclidean
space R,

2) Let SL(¢,R) = {g € Matyx¢(R) | detg = 1}. This is a group under
matrix multiplication (see Exercise M), and it is a closed subset of
Mat,x,(R) (see Exercise B).

3) A Lie group is any (topologically) closed subgroup of some SL(¢, R).

Recall that an abstract group is simple if it has no nontrivial, proper,
normal subgroups. For Lie groups, we relax this to allow normal sub-
groups that are discrete (except that the one-dimensional abelian groups
R and T are not considered to be simple).

(A1.2) Definition. A Lie group G is simple if it has no nontrivial, con-
nected, closed, proper, normal subgroups, and G is not abelian.

(A1.3) Example. It can be shown that G = SL(¢, R) is a simple Lie group
(when £ > 1). If £is even, then {+1d} is a subgroup of G, and it is normal,
but, because this subgroup is not connected, it does not disqualify G
from being simple as a Lie group.

Recall: The Standing Assumptions (E10 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/
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(A1.4) Remark. Although Definition BT2 only refers to closed normal
subgroups, it turns out that, except for the center, there are no normal
subgroups at all: if G is simple, then every proper, normal subgroup of G
is contained in the center of G.

(A1.5) Other terminology. Some authors say that SL(n, R) is almost sim-
ple, and reserve the term “simple” for groups that have no (closed) nor-
mal subgroups at all, not even finite ones.

A Lie group is said to be semisimple if it is a direct product of simple
groups, modulo passing to a finite-index subgroup and/or modding out
a finite group:

(A1.6) Definitions.

1) G, is isogenous to G if there is a finite, normal subgroup N; of
a finite-index subgroup G; of G;, for i = 1,2, such that G}/N; is
isomorphic to G5 /No.

2) G is semisimple if it is isogenous to a direct product of simple Lie
groups. That is, G is isogenous to G; X - - - X G4, where each G; is
simple.

(Al1.7) Example. SL(2,R) x SL(3,R) is a semisimple Lie group that is not
simple (because SL(2,R) and SL(3, R) are normal subgroups).

(A1.8) Remark (see Exercise B2Z9). If G is semisimple, then the center
of G is finite.

(A1.9) Assumption (cf. the Standing Assumptions [4:0.0J). Now that we
have the definition of a semisimple group, we will henceforth assume in
this chapter that the symbol G always denotes a semisimple Lie group
with only finitely many connected components (but the symbol I' will
never appear).

(A1.10) Warning. A Lie group is usually defined to be any group that is
also a smooth manifold, such that the group operations are C* functions.
Proposition B62(I) below shows that every closed subgroup of SL(¢, R) is
a Lie group in the usual sense. However, the converse is false: not every
Lie group (in the usual sense) can be realized as a subgroup of some
SL(¢,R). (In other words, not every Lie group is linear.) Therefore, our
Definition BT_1(B) is more restrictive than the usual definition. (However,
every connected Lie group is “locally isomorphic” to a linear Lie group.)

Exercises for §A1.

#1. Show that SL(#, R) is a group under matrix multiplication.

[Hint: You may assume (without proof) basic facts of linear algebra, such as the
fact that a square matrix is invertible if and only if its determinant is not 0.]



#2.

#3.

#4.

#5.

#0.
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Show that SL(¢, R) is a closed subset of Matyy,(R).

[Hint: For a continuous function, the inverse image of a closed set is closed.]

Recall that GL(£,R) = {g € Matyx,(R) | detg # 0}, and that this
is a group under matrix multiplication. Show that it is (isomorphic
to) a Lie group, by showing it is isomorphic to a closed subgroup
of SL(¢ + 1,R).

Suppose G = Gy X - - - X Gy, where each G; is simple, and N is a
connected, closed, normal subgroup of G. Show there is a subset S
of {1,...,7}, such that N = [[;c5 Gi.

[Hint: If the projection of N to G; is all of G;, then G; = [G{,G;] = [N, G;] € N.]

Show that if G is semisimple, and N is any closed, normal subgroup
of G, then G/N is semisimple.
[Hint: Exercise Hl.]

Suppose N is a connected, closed, normal subgroup of G. Show
that there is a connected, closed, normal subgroup H of G, such
that G is isogenous to N X H.

[Hint: Exercise B.]

§A2. The simple Lie groups

It is clear from Definition ATB(P) that the study of semisimple groups
requires a good understanding of the simple groups. Probably the most
elementary examples of simple Lie groups are special linear groups and
orthogonal groups, but symplectic groups and unitary groups are also
fundamental. A group of any of these types is called “classical’ (The
other simple groups are “exceptional; and are less easy to construct.)

(A2.1) Definition. G is a classical group if it is isogenous to the direct
product of any collection of the groups constructed in Examples
and BZ4 below. That is, each simple factor of G is either a special linear
group or the isometry group of a bilinear, Hermitian, or skew-Hermitian
form, over R, C, or H (where H is the algebra of quaternions).

(A2.2) Notation. Let
e gT denote the transpose of the matrix g,

e g* denote the adjoint (that is, the conjugate-transpose) of g,
e G° denote the identity component of the Lie group G, and
b I‘I’VL,T’L = dlag(]-! l! sy l! _11 _11 srey _1) € Mat(m+n)><(m+n)([R),

where the number of 1’s is m, and the number of —1’s is n.

(A2.3) Example.
1) The special linear group SL(n,R) is a simple Lie group (if n > 2).
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2) Special orthogonal group. Let
SO(m,n) = {g € SLm +n,R) | g'Iyng = Imm }-
This is always semisimple (if m + n > 3). It may not be connected,
but the identity component SO(m, n)° is simple if either m +n = 3
or m +n = 5. (Furthermore, the index of SO(m,n)° in SO(m, n) is
<2)
We use SO(n) to denote SO(n, 0) (or SO(0, 1), which is the same
group).
3) Special unitary group. Let
SU(m,n) ={geSLm+n,C) | g*Imng =Imn}.
Then SU(m,n) is simple if m + n = 2.
We use SU(n) to denote SU(n,0) (or SU(0, n)).
4) Symplectic group. Let

(0 Hduem
J2m = <_Idm><m 0 ) S GL(Z?’I’L, [R)

(where Id;; < denotes the m X m identity matrix), and let
Sp(2m,R) = {g € SL2m,R) | g"Jam g = Jom }.
Then Sp(2m, R) is simple if m > 1.

(A2.4) Example. Additional simple groups can be constructed by replac-
ing the field R with either the field C of complex numbers or the division
ring H of quaternions:

1) Complex and quaternionic special linear groups: SL(n,C) and
SL(n,H) are simple Lie groups (if n > 2).

Note: The noncommutativity of H causes some difficulty in
defining the determinant of a quaternionic matrix. To avoid this
problem, we define the reduced norm of a quaternionic n X n ma-
trix g to be the determinant of the 2n x 2n complex matrix ob-
tained by identifying H" with C?". Then, by definition, g belongs
to SL(n, H) if and only if its reduced norm is 1. It is not difficult
to see that the reduced norm of a quaternionic matrix is always a
(nonnegative) real number (see Exercise ).

2) Complex and quaternionic special orthogonal groups:
SO(n,C) = {g €SL(n,C) | g'1d g =1d}
and
SO(n,H) = {g € SLn,H) | T,(g")Id g =1d },
where T, is the reversion on H defined by
Ty(ag +a1i+axj+ask) =ag+ aii—azj+ ask.
(Note that T, (ab) = T, (b) T, (a) (see Exercise B); T, is included in
the definition of SO(n, H) in order to compensate for the noncom-
mutativity of H (see Exercise B).)
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3) Complex symplectic group: Let
Sp(2m,C) = {g € SL2m,O) | g"Jom g = Jom }.
4) Symplectic unitary groups: Let
Spim,n) ={geSLim+n,H) | g*Imng =Imn }-

Here, as usual, g* denotes the conjugate-transpose of g; recall that
the conjugate of a quaternion is defined by

a+bi+cj+dk=a—-bi—-cj—dk
(and that Xy = vy X). We use Sp(n) to denote Sp(n, 0) (or Sp(0, n)).

(A2.5) Other terminology. Some authors use

e SU*(2n) to denote SL(n, H),

e SO*(2n) to denote SO(n, H), or

e Sp(n, R) to denote Sp(2n, R).
(A2.6) Remark. SL(2,R) is the smallest connected, noncompact, simple
Lie group; it is contained (up to isogeny) in any other. For example:

1) If SL(n,R), SL(n, C), or SL(n, H) is not compact, then n > 2, so the
group contains SL(2, R).

2) If SO(m,n) is semisimple and not compact, then min{m,n} > 1
and max{m,n} = 2, so it contains SO(1, 2), which is isogenous to
SL(2, R).

3) If SU(m,n) or Sp(m,n) is not compact, then min{m,n} > 1, so
the group contains SU(1, 1), which is isogenous to SL(2, R).

4) Sp(2m,R) and Sp(2m, C) both contain Sp(2, R), which is equal to
SL(2, R).

5) If SO(n, C) is semisimple and not compact, then n > 3, so the group
contains SO(1, 2), which is isogenous to SL(2, R).

6) If SO(n,H) is not compact, then n > 2, so it contains a subgroup
conjugate to SU(1, 1), which is isogenous to SL(2, R).

The classical groups are just examples, so one would expect there to
be many other (more exotic) simple Lie groups. Amazingly, that is not
the case — there are only finitely many others:

(A2.7) Theorem (E.Cartan). Every simple Lie group is isogenous to either
1) a classical group, or
2) one of the finitely many exceptional groups.

See Sections X and for an indication of the proof of Theo-
rem B2
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Exercises for §A2.

#1. For all nonzero g € Mat, «,, (H), show that the reduced norm of g
is a nonnegative real number.
[Hint: Use row and column operations in Maty x» (H) to reduce to the case where
g is upper triangular. For n = 1, the reduced norm of g is g g.]

#2. In the notation of Example BZ4, show that 1, (ab) = 7, (b) T, (a)
forall a,b € H.

[Hint: Calculate explicitly, or note that T, (x) = jxj ! (and Xy = ¥ x).]
#3. For g, h € Matyx, (H), show that 7, ((gh)T) = T,,(hT) T, (g7).
#4. Show that SO(n, H) is a subgroup of SL(n, H).

§A3. Haar measure

Standard texts on real analysis construct a translation-invariant measure
on R". this is called Lebesgue measure, but the analogue for other Lie
groups is called “Haar measure:”

(A3.1) Proposition (Existence and Uniqueness of Haar Measure). If H is
any Lie group, then there is a unique (up to a scalar multiple) o -finite Borel
measure p on H, such that

1) u(C) is finite, for every compact subset C of H, and
2) u(hA) = u(A), for every Borel subset A of H, and every h € H.

(A3.2) Definitions.

1) The measure u of Proposition B3 is called the left Haar measure
on H. Analogously, there is a unique right Haar measure with
U(Ah) = u(A) (see Exercise D).

2) H is unimodular if the left Haar measure is also a right Haar mea-
sure. (This means pu(hA) = u(Ah) = u(A).)

(A3.3) Remark. Haar measure is always inner regular: p(A) is the supre-
mum of the measures of the compact subsets of A.

(A3.4) Proposition. There is a continuous homomorphism A: H — R*Y,
such that, if u is any (left or right) Haar measure on H, then

u(hAh=1 = A(h) u(A), for allh € H and any Borel set A < H.

Proof. Let u be a left Haar measure. For each h € H, define ¢b;,: H — H by
¢n(x) = hxh~1. Then ¢y, is an automorphism of H, so (¢p) s« is a left
Haar measure. By uniqueness, we conclude that there exists A(h) € R™,
such that (¢p)«u = A(h) p. Itis easy to see that Ais a continuous homo-
morphism. By using the construction of right Haar measure in Exercise 2,
it is easy to verify that the same formula also applies to it. O
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(A3.5) Definition. The function A defined in Proposition B34 is called
the modular function of H.

(A3.6) Other terminology. Some authors call 1/A the modular function,
because they use the conjugation h~'Ah, instead of hAh~!.

(A3.7) Corollary. Let A be the modular function of H, and let A be a Borel
subset of H.

1) If u is a right Haar measure on H, then u(hA) = A(h) u(A), for all
h e H.

2) If u is a left Haar measure on G, then u(Ah) = A(h™1) u(A), for all
h e H.

3) H is unimodular if and only if A(h) = 1, for allh € H.
4) A(h) = |det(Ady h)| for all h € H (see Notation BG613).

(A3.8) Remark. G is unimodular, because semisimple groups have no
nontrivial (continuous) homomorphisms to R* (see Exercise B).

(A3.9) Proposition. Let u be a left Haar measure on a Lie group H. Then
U(H) < o if and only if H is compact.

Proof. (<) See Proposition B3TI(M).

(=) Since u(H) < o (and the measure u is inner regular), there is a
compact subset C of H, such that u(C) > u(H)/2. Then, for any h € H,
we have

p(hC) + p(C) = p(C) + u(C) = 2u(C) > pu(H),

so hC cannot be disjoint from C. This implies that h belongs to the
set C - C~1, which is compact. Since h is an arbitrary element of H, we
conclude that H = C - C~! is compact. O

Exercises for §A3.

#1. Prove the existence (but not uniqueness) of Haar measure on H,
without using Proposition B3, under the additional assumption
that the Lie group H is a C* submanifold of SL(¢, R) (cf. Proposi-
tion BB2(M)).

[Hint: For k = dim H, there is a differential k-form on H that is invariant under left
translations.]

#2. Suppose u is a left Haar measure on H, and define [i(A) = u(A™1).
Show [i is a right Haar measure.

#3. Assume G is connected. Show that if ¢: G — A is a continuous
homomorphism, and A is abelian, then ¢ is trivial.
[Hint: The kernel of a continuous homomorphism is a closed, normal subgroup.]
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§A4. G is almost Zariski closed

(A4.1) Definitions.

1) Weuse R[x1,1,...,Xs¢] to denote the set of real polynomials in the
¢ variables {xijll=<i,j=<<?}.

2) For any Q € R[x1,1,...,X¢¢], and any g € Matx,(C), we use Q (g)
to denote the value obtained by substituting the matrix entries g; ;
into the variables x; j. For example, if Q = x71,1x2,2 — X1,2X2,1, then
Q(g) is the determinant of the first principal 2 x 2 minor of g.

3) For any subset 9 of R[x11,...,X.¢], let

Var(Q) = {g € SL({,R) | Q(g) =0, VQ € 9 }.
This is the variety associated to 9.

4) A subset H of SL(¢, R) is Zariski closed if there exists a subset Q of
R[x1,1,---,Xpe]), suchthat H = Var(Q). (In the special case where H
is a subgroup of SL(¢, R), we may also say that H is a real algebraic
group or an algebraic group that is defined over R.)

5) The Zariski closure of a subset H of SL(¥, R) is the (unique) small-
est Zariski closed subset of SL(#, R) that contains H. This is some-
times denoted H. (It can also be denoted H, if this will not lead to
confusion with the closure of H in the ordinary topology.)

(A4.2) Example.
1) SL(¢,R) is Zariski closed. Let Q = .
2) The group of diagonal matrices in SL(¢, R) is Zariski closed. Let
Q={xijli+j}
3) For any A € GL(¢, R), the centralizer of A is Zariski closed. Let
¢
Q= ‘[ > (XikArk,j — AikXk,j)

lsi,jsﬁ}.
k=1

4) If we identify SL(n, C) with a subgroup of SL(2n, R), by identifying
C with R?, then SL(n, C) is Zariski closed, because it is the central-
izer of Tj, the linear transformation in GL(2n, R) that corresponds
to scalar multiplication by i.

5) The classical groups of Examples and B2 4 are Zariski closed
(if we identify C with R? and H with R* where necessary).

(A4.3) Other terminology.

e Other authors use GL(¥#, R) in the definition of Var(Q), instead of
SL(#¢,R). Our choice leads to no loss of generality, and simplifies
the theory slightly. (In the GL theory, one should, for technical
reasons, stipulate that the function 1/ det(g) is considered to be a
polynomial. In our setting, det g is the constant function 1, so this
is not an issue.)
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e What we call Var(Q) is actually only the real points of the vari-
ety. Algebraic geometers usually consider the solutions in C, rather
than R, but our preoccupation with real Lie groups leads to our em-
phasis on real points.

(A4.4) Example. Let

et 0 00
0 et 0 0

H = 0o o0 1 t teR + cSL(4,R).
0O 0 01

Then H is a 1-dimensional subgroup that is not Zariski closed. Its Zariski
closure is

a 0 0 0

— |lo 1/a 0 0| |aer~10},

H=310 0 1 ¢ teRr C SL(4,R).
0 0 0 1

The point here is that the exponential function is transcendental, not
polynomial, so no polynomial can capture the relation that ties the diag-
onal entries to the off-diagonal entry in H. Therefore, as far as polynomi-
als are concerned, the diagonal entries in the upper left are independent
of the off-diagonal entry, as we see in the Zariski closure.

(A4.5) Remark. If H is Zariski closed, then the set Q of Definition B4_1 can
be chosen to be finite (because the ring R[x1,1,...,X¢¢] is Noetherian).

Everyone knows that a (nonzero) polynomial in one variable has only
finitely many roots. The following important fact generalizes this obser-
vation to any collection of polynomials in any number of variables.

(A4.6) Theorem. Every Zariski closed subset of SL({,R) has only finitely
many connected components.

(A4.7) Definition. A closed subgroup H of SL(¥#, R) is almost Zariski closed
if it has only finitely many components, and there is a Zariski closed
subgroup H; of SL(4,R), such that H° = H;. In other words, in the
terminology of Definition BE=21, H is commensurable to a Zariski closed
subgroup.

(A4.8) Examples.

1) Let H be the group of diagonal matrices in SL(2,R). Then H is
Zariski closed (see Example BZ-2(2)), but H° is not: any polynomial
that vanishes on the diagonal matrices with positive entries will
also vanish on the diagonal matrices with negative entries. So H°
is almost Zariski closed, but it is not Zariski closed.

2) Let G = SO(1, 2)°. Then G is almost Zariski closed (because SO(1, 2)
is Zariski closed), but G is not Zariski closed (see Exercise ).
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These examples are typical: a connected Lie group is almost Zariski
closed if and only if it is the identity component of a group that is Zariski
closed.

The following fact gives the Zariski closure a central role in the study
of semisimple Lie groups.

(A4.9) Theorem. If G < SL(4,R), then G is almost Zariski closed.

Proof. Let G be the Zariski closure of G. Then G is semisimple. (For ex-
ample, if G is irreducible in SL(#, C), then G is also irreducible, so Corol-
lary BZ4 below implies that EO is semisimple.)

Since G has only finitely many connected components (see Assump-
tion AT9), we may assume, by passing to a subgroup of finite index, that
it is connected. This implies that the normalizer Ny (4r) (G) is Zariski
closed (see Exercise ). Therefore G is contained in the normalizer, which
means that G is a normal subgroup of G.

Hence (up to isogeny), we have G = G x H, for some closed, normal
subgroup H of G (see Exercise BI#H). So G = Cz(H)® is almost Zariski
closed (see Example BZ_2(B)). O

(A4.10) Warning. Theorem B2 relies on our standing assumption that
G is semisimple (see Example BZ4). (Actually, it suffices to know that,
besides being connected, G is perfect; that is, G = [G, G] is equal to its
commutator subgroup.)

Exercises for §A4.

#1. Show that SO(1, 2)° is not Zariski closed.
[Hint: We have

1 s+ s-L o
55,% s+l glesom2 o s>o
0 o' 2

If a rational function f: R \ {0} — R vanishes on R*, then it also vanishes on R™.]

#2. Show that if H is a connected Lie subgroup of SL(#, R), then the
normalizer Nsy,r)(H) is Zariski closed.
[Hint: g € N (H) if and only if ghg~! = b, where b < Maty,;(R) is the Lie algebra
of H.]

#3. Show that if H is the Zariski closure of a subgroup H of G, then
gHg™!is the Zariski closure of gHg™!, for any g € G.

#4. Suppose Gis a connected subgroup of SL(#, R) that is almost Zariski

closed, and that @ C R[x1,1,...,X¢¢].
a) Show that G nVar(Q) is a closed subset of G.



#5.

#6.

#7.

#8.

#9.

A4. G IS ALMOST ZARISKI CLOSED 437

b) Show thatif G £ Var(Q), then G nVar(Q) does not contain any
nonempty open subset of G.
¢) Show that if G ¢ Var(Q), then G n Var(Q) has measure zero,
with respect to the Haar measure on G.
[Hint: For (B) and (g), you may assume, without proof, that, for some d, there exist
@ =Var(Q-1) € Var(Qp) € Var(91) € --- € Var(Q4) = Var(Q),

such that G n (Var(Qy) ~ Var(9y_1)) is a (possibly empty) k-dimensional C* sub-
manifold of G, for 0 < k < d. (G n Var(Q_1) is called the singular set of the
variety G N Var(Qy).)]

Show, for any subspace V of R, that
Stabs¢,r) (V) = {g € SLI,R) | gV =V }
is Zariski closed.

A Zariski-closed subset of SL(¥¢, R) is irreducible if it cannot be writ-
ten as the union of two Zariski-closed, proper subsets. Show that
every Zariski-closed subset A of SL(£, R) has a unique decomposi-
tion as an irredundant, finite union of irreducible, Zariski-closed
subsets. (By irredundant, we mean that no one of the sets is con-
tained in the union of the others.)

[Hint: The ascending chain condition on ideals of R[x1 1,..., Xy ¢] implies the de-
scending chain condition on Zariski-closed subsets, so A can be written as a finite
union of irreducibles. To make the union irredundant, the irreducible subsets must
be maximal.]

Let H be a connected subgroup of SL(#, R). Show thatif H € AjUAy,
where A; and A» are Zariski-closed subsets of SL(#, R), then either
H c Ayor H c A».

[Hint: The Zariski closure H-= By U -+ - UBy is an irredundant union of irreducible,

Zariski-closed subsets (see Exercise B). For h € H, we have H = hBj U - - - UhBy, SO
uniqueness implies that h acts as a permutation of {B;}. Because H is connected,

conclude that H = Bj is irreducible.]

Assume G is connected, and G < SL(¥, R). Show there exist
¢ a finite-dimensional real vector space V,
e avector v in V, and
e a continuous homomorphism p: SL(¥¢,R) — SL(V),
such that G = Stabsy,r) (V)°.

[Hint: Let Vi, be the vector space of polynomial functions on SL(¢, R), and let W,
be the subspace consisting of polynomials that vanish on G. Then SL(4, R) acts
on Vy by translation, and W, is G-invariant. For n sufficiently large, W, contains
generators of the ideal of all polynomials vanishing on G, so G = Stabgy (g,g) (Wn)°.
Now let V be the exterior power /\d Vn, where d = dim Wy, and let v be a nonzero
vector in /\d Wil

Show that the center of G is finite.

[Hint: The identity component of the Zariski closure of Z(G) is a connected, normal
subgroup of G.]
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§A5. Three useful theorems

§A5(i). Real Jordan decomposition.

(A5.1) Definition. Let g € GL(n, R). We say that g is
1) semisimple if g is diagonalizable (over C),

2) hyperbolic if
¢ g is semisimple, and
e every eigenvalue of g is real and positive,

3) elliptic if
e gis semisimple, and
e every eigenvalue of g is on the unit circle in C,

4) unipotent (or parabolic) if 1 is the only eigenvalue of g over C.

(A5.2) Remark. A matrix g is semisimple if and only if the minimal poly-
nomial of g has no repeated factors.

1) Because its eigenvalues are real, any hyperbolic g element is diag-
onalizable over R. That is, there is some h € GL(¥, R), such that
h~lghis a diagonal matrix.

2) An element is elliptic if and only if it is contained in some compact
subgroup of GL(¢, R). In particular, if g has finite order (that is, if
g™ =Id for some n > 0), then g is elliptic.

3) A matrix g € GL(¢, R) is unipotent if and only if the characteristic
polynomial of g is (x — 1)’. (That is, 1 is the only root of the char-
acteristic polynomial, with multiplicity £.) Another way of saying
this is that g is unipotent if and only if g — Id is nilpotent (that is,
if and only if (g — Id)" = O for some n € N).

(A5.3) Remark. Remark BZ8 implies that if G is not compact, then it
contains nontrivial hyperbolic elements, nontrivial elliptic elements, and
nontrivial unipotent elements.

(A5.4) Proposition (Real Jordan Decomposition). Any element g of G can
be written uniquely as the product g = aku of three commuting elements
a, k,u of G, such that a is hyperbolic, k is elliptic, and u is unipotent.

§A5(ii). Engel’s Theorem on unipotent subgroups.

(A5.5) Definition. A subgroup U of SL(¥, R) is said to be unipotent if all
of its elements are unipotent.
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(A5.6) Example. Let N be the group of upper-triangular matrices with 1’s
on the diagonal; that is,
1

1
N = c SL(¢, R).

o -,
It is obvious that N is unipotent.

Therefore, it is obvious that every subgroup of N is unipotent. Con-
versely:

(A5.7) Theorem (Engel’s Theorem). Every unipotent subgroup of SL(¢, R)
is conjugate to a subgroup of the group N of Example Ao 8.

§AS5(iii). Jacobson-Morosov Lemma.

(A5.8) Theorem (Jacobson-Morosov Lemma). For every unipotent ele-
ment u of G, there is a subgroup H of G isogenous to SL(2,R), such that
u € H.

Exercises for §A5.

#1. Show that an element of SL(#,R) is unipotent if and only if it is
conjugate to an element of the subgroup N of Example B3 8.

[Hint: If gis unipotent, then all of its eigenvalues are real, so it can be triangularized
over R.]

#2. Show that the Zariski closure of every unipotent subgroup is unipo-
tent.

§AG6. The Lie algebra of a Lie group
(A6.1) Definition. A map p from one Lie group to another is a homomor-
phism if
e itis a homomorphism of abstract groups (i.e., p(ab) = p(a) p(b)),
and
e it is continuous.

(Hence, an isomorphism of Lie groups is a continuous isomorphism of
abstract groups, whose inverse is also continuous.)

Although the definition only requires homomorphisms to be contin-
uous, it turns out that they are always infinitely differentiable:

(A6.2) Proposition. Suppose H, and H, are closed subgroups of GL({;, R),
fori=1,2. Then

1) H; is a C* submanifold of GL(¥;,R),
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2) every (continuous) homomorphism from Hy to H is C® and
3) if Hy < Hy, then the coset space H> /H, is a C® manifold.

(A6.3) Remark. In fact, the submanifolds and homomorphisms are real
analytic, not just C®, but we will have no need for this stronger statement.

(A6.4) Remark. If H is any Lie group, then conjugation by any element h
of H is an automorphism. That is, if we define a map @,: H — H by
@n(x) = h~1xh, then @y, is a continuous automorphism of H. Any such
automorphism is said to be “inner?’ The group of all inner automor-
phisms is isomorphic to H/Z(H), where Z(H) is the center of H. For
some groups, there are many other automorphisms. For example, every
inner automorphism of an abelian group is trivial, but the automorphism
group of R™is GL(n, R), which is quite large. In contrast, it can be shown
that the group of inner automorphisms of G has finite index in Aut(G)
(since G is semisimple).

(A6.5) Definitions.
1) For A, B € Maty«,(R), the commutator (or Lie bracket) of A and B
is the matrix [A,B] = AB — BA.
2) A vector subspace ) of Mat«,(R) is a Lie algebra if it is closed
under the Lie bracket. That is, for all A, B € h, we have [A, B] € §.

3) A map p from one Lie algebra to another is a homomorphism if
e it is a linear transformation, and
e it preserves brackets (thatis, [p(A), p(B)] = p([A, B])).

4) Suppose H is a closed subgroup of GL(¢,R). Then H is a C* man-
ifold, so it has a tangent space at every point; the tangent space
at the identity element e is called the Lie algebra of H. Note that,
since H is contained in the vector space Mat,«¢(R), its Lie algebra
can be identified with a vector subspace of Matyx,(R).

(A6.6) Notation. Lie algebras are usually denoted by lowercase German
letters: the Lie algebras of G and H are g and b, respectively.
(A6.7) Examples.

1) The Lie algebra sl(#, R) of SL(#, R) is the set of matrices whose trace
is O (see Exercise [).

2) The Lie algebra so(n) of SO(n) is the set of n x n skew-symmetric
matrices of trace O (see Exercise B).

Itis an important fact that the Lie algebra of H is indeed a Lie algebra:

(A6.8) Proposition. If H is a closed subgroup of SL(£,R), then the Lie
algebra of H is closed under the Lie bracket.

Here is a very useful reformulation:
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(A6.9) Corollary. Suppose H, and H; are Lie groups, with Lie algebras 1),
and Y. If Hy is a subgroup of H», then by, is a Lie subalgebra of b».

Hence, for every closed subgroup of H, there is a corresponding Lie
subalgebra of h. Unfortunately, the converse may not be true: although
every Lie subalgebra corresponds to a subgroup, the subgroup might not
be closed.

(A6.10) Example. The 2-torus T? = R?/7? can be identified with the Lie
group SO(2) x SO(2). For any line through the origin in R?, there is a
corresponding 1-dimensional subgroup of T2. However, if the slope of
the line is irrational, then the corresponding subgroup of T2 is dense, not
closed.

Therefore, in order to obtain a subgroup corresponding to each Lie
subalgebra, we need to allow subgroups that are not closed:

(A6.11) Definition. Suppose H; and H are Lie groups, and p: H; — H>
is a homomorphism. Then p(H;) is a Lie subgroup of Ho.

(A6.12) Proposition. If H is a Lie group with Lie algebra b, then there is
a one-to-one correspondence between the connected Lie subgroups of H
and the Lie subalgebras of b.

(A6.13) Definitions. Let H be a Lie group in SL(¥, R).

1) If h: R — H is any (continuous) homomorphism, we call h a one-
parameter subgroup of H, and we usually write h!, instead of h(t).

2) We define exp: Matyx,(R) — GL(¥,R) by
expX = > aXe
k=0
This is called the exponential map.

(A6.14) Proposition. Let h be the Lie algebra of a Lie group H < SL(¢, R).
1) For any X € b, the function xt = exp(tX) is a one-parameter sub-
group of H.
2) Conversely, every one-parameter subgroup of H is of this form, for
some unique X € b.
Furthermore, for X € Matyx,(R), we have
Xeh © VteR, exp(tX) € H.
(A6.15) Definition. Lie groups H; and H; are locally isomorphic if there
is a connected Lie group H and homomorphisms p;: H — H;, fori = 1,2,
such that each p; is a covering map.

(A6.16) Proposition. Two Lie groups are locally isomorphic if and only if
their Lie algebras are isomorphic.
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(A6.17) Notation (adjoint representation). Suppose § is the Lie algebra
of a closed subgroup H of SL(¢,R). For h € H and x € § = Matyx,(R),
we define

(Adg h)(x) = hxh™! €.
Then Ady: H — GL(h) is a (continuous) homomorphism. It is called the
adjoint representation of H.

Exercises for §AG.

#1. Suppose p: R™ — R" is a continuous map that preserves addition.
(That is, we have p(x + v) = p(x) + p(y).) Show (without using
Proposition BG2) that p is a linear transformation (and is there-
fore C*). This is a very special case of Proposition B62.

[Hint: By assumption, we have p(kx) = kp(x) for all k € Z, so p(tx) = tp(x) for
all t € Q (why?). Then continuity implies this is true for all t € R.]

#2. Verify Example BGA(M).

[Hint: A € sl(4,R) iff & det(Id+tA)|,_y = 0, and, letting A = 1/t, we have
det(Id +tA) = t! det(AI + A) = t{ (Al + (trace A)AL"L 4+ ... = 1 + (trace A)t + - - - ]

#3. Verify Example B&4().

[Hint: A matrix A of trace 01is in so(n) iff %(Id +tA)T(Id +tA) |,y = 0. Calculate
the derivative by using the Product Rule.]

#4. In the notation of Notation A6 14, show, for all h € H, that Ady h
is an automorphism of the Lie algebra h. (In particular, it is an
invertible linear transformation, so it is in GL(f).

[Hint: The map a — hah~! is a diffeomorphism of H that fixes e, so its derivative
is a linear transformation of the tangent space at e.]

§A7. How to show a group is semisimple

A semisimple group G = G; X - - - G, will often have connected, nor-
mal subgroups (such as the simple factors G;). However, these normal
subgroups cannot be abelian (see Exercise ). The converse is a major
theorem in the structure theory of Lie groups:

(A7.1) Theorem. A connected Lie group H is semisimple if and only if it
has no nontrivial, connected, abelian, normal subgroups.

(A7.2) Remark. A connected Lie group R is solvable if every nontriv-
ial quotient of R has a nontrivial, connected, abelian, normal subgroup.
(For example, abelian groups are solvable.) It can be shown that every
connected Lie group H has a unique maximal connected, closed, solv-
able, normal subgroup. This subgroup is called the radical of H, and
is denoted Rad H. Our statement of Theorem BZ1 is equivalent to the
more usual statement that H is semisimple if and only if Rad H is trivial
(see Exercise D).
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The following result makes it easy to see that the classical groups,
such as SL(n, R), SO(m,n), and SU(m, n), are semisimple (except a few
abelian groups in small dimensions).

(A7.3) Definition. A subgroup H of GL(¢, R) (or GL(¥¢, C)) is irreducible
if there are no nontrivial, proper, H-invariant subspaces of R’ (or C?,
respectively).

(A7.4) Example. SL(¢, R) is an irreducible subgroup of SL(¥¢, C) (see Exer-
cise B).

(A7.5) Warning. In a different context, the adjective “irreducible” can
have a completely different meaning when it is applied to a group. For
example, saying that a lattice is irreducible (as in Definition E=31) has
nothing to do with Definition BZ3.

(A7.6) Remark. If H is a subgroup of GL(¢, C) that is not irreducible (that
is, if H is reducible), then, after a change of basis, we have

GL(k,C) *
Hg( 0 GL(n—k,O)’

for some kwith1 <k <n - 1.
Similarly for GL(¥, R).

(A7.7) Corollary. If H is a nonabelian, closed, connected, irreducible sub-
group of SL(¥, C), then H is semisimple.

Proof. Suppose A is a connected, abelian, normal subgroup of H. For
each function w: A — C*, let

Vw={ved|VacA awv)=w(a)v}.
That is, a nonzero vector v belongs to V,, if
e v is an eigenvector for every element of A, and

¢ the corresponding eigenvalue for each element of a is the number
that is specified by the function w.

Of course, 0 € V,, for every function w;let W = {w | V, = 0}. (This is
called the set of weights of A on C'.)

Each element of a has an eigenvector (because C is algebraically
closed), and the elements of A all commute with each other, so there
is a common eigenvector for the elements of A. Therefore, W + &. From
the usual argument that the eigenspaces of any linear transformation are
linearly independent, one can show that the subspaces {V,, | w € W}
are linearly independent. Hence, W is finite.

For w € W and h € H, a straightforward calculation shows that
hVy = Vi), where (h(w))(a) = w(h~'ah). That is, H permutes the
subspaces {Vy, }wew. Because H is connected and W is finite, this implies
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hV, =V, for each w; that is, Vi, is an H-invariant subspace of C’. Since
H is irreducible, we conclude that V,, = C’.
Now, for any a € A, the conclusion of the preceding paragraph im-
plies that a(v) = w(a) v, for all v € C. Therefore, a is a scalar matrix.
Since deta = 1, this scalar is an ¢ root of unity. So A is a subgroup
of the group of ¢ roots of unity, which is finite. Since A is connected,
we conclude that A = {e}, as desired. O

Here is another useful characterization of semisimple groups.

(A7.8) Corollary. Let H be a closed, connected subgroup of SL(¢,C). If
e the center Z(H) is finite, and
e H* = H (where * denotes the “adjoint,” or conjugate-transpose),
then H is semisimple.

Proof. Because H* = H, it is not difficult to show that H is completely
reducible: there is a direct sum decomposition C* = @’_, V}, such that
the restriction H |y, is irreducible, for each j (see Exercise B).

Let A be a connected, normal subgroup of H. The proof of Corol-
lary BZ2 (omitting the final paragraph) shows that Aly, consists of scalar
multiples of the identity, for each j. Hence A C Z(H). Since A is con-
nected, but (by assumption) Z(H) is finite, we conclude that A is triv-
ial. O

(A7.9) Remark. There is a converse: if G is semisimple (and connected),
then G is conjugate to a subgroup H, such that H* = H. However, this is
more difficult to prove.

Exercises for §A7.

#1. Prove (=) of Theorem BEZ1l.

#2. Show that a connected Lie group H is semisimple if and only if H
has no nontrivial, connected, solvable, normal subgroups.

[Hint: If R is a solvable, normal subgroup of H, then [R,R] is also normal in H.
Repeating this eventually yields an abelian, normal subgroup.]

#3. Show that no nontrivial, proper C-subspace of C’ is invariant under
SL(¢, R).
[Hint: Suppose v,w € R?, not both 0. If they are linearly independent, then there
exists g € SL(¢,R) with g(v +iw) = v —iw. Otherwise, there exists nonzero A € C
with A(v + iw) € RY]

#4. Give an example of a nonabelian, closed, connected, irreducible
subgroup H of SL(¥, R), such that H is not semisimple.
[Hint: U(2) is an irreducible subgroup of SO(4).]
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#5. Suppose H < SL(¥,C). Show that H is completely reducible if

and only if, for every H-invariant subspace W of C¢, there is an
H-invariant subspace W’ of C’, such that C! = W & W'.
[Hint: (=>)IfW =Vie&---eV,and W nW = {0}, but (W ®V;) nW = {0} for
every j > s, then W + W = C’. («) Let W be maximal among the subspaces that
are direct sums of irreducibles, and let V be a minimal H-invariant subspace of W’.
Then W & V contradicts the maximality of W.]

#6. Suppose H = H* < SL(¥, C).

a) Show that if W is an H-invariant subspace of C’, then the or-
thogonal complement W+ is also H-invariant.
b) Show that H is completely reducible.

Notes

See [B] for a very brief introduction to Lie groups, compatible with
Definition BT_T(B). Similar elementary approaches are taken in the books
[@] and [3].

Almost all of the material in this appendix (other than §&4) can be
found in Helgason’s book [#]. However, we do not follow Helgason’s
notation for some of the classical groups (see Terminology BZ3).

Theorem B2 is proved in [5, Thm. 8.3.2, p. 112].

Proposition B54 can be found in [2, Lem. IX.7.1, p. 430].

See [2, Prop. 2 in §11.2 of Chapter 8, p. 166] or [i4, Thm. 3.17, p. 100]
for a proof of the Jacobson-Morosov Lemma (B5-8).

See [49, Thm. 2.7.5, p. 71] for a proof of Proposition A& 1A.

Remark BZ9 is due to Mostow [8].
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Appendix B

Assumed Background

Since the target audience of this book includes mathematicians from
a variety of backgrounds (and because very different theorems some-
times have names that are similar, or even identical), this chapter lists
(without proof or discussion) specific notations, definitions, and theo-
rems of graduate-level mathematics that are assumed in the main text.
(Undergraduate-level concepts, such as the definitions of groups, metric
spaces, and continuous functions, are generally not included.) All of this
material is standard, so proofs can be found in graduate textbooks (and
on the internet).

§B1. Groups and group actions

(B1.1) Notation. Let H be a group, and let K be a subgroup.

1) We usually use e to denote the identity element.

2) Z(H)y={ze€e H|hz=zhforall h € H} is the center of H.

3) Cy(K) = {h € H| hk = khfor all k € K} is the centralizer of K

in H.

4) Ng(K) ={h e H|hKh! =K} is the normalizer of K in H.
(B1.2) Definition. An action of a Lie group H on a topological space X is
a continuous function «: H X X — X, such that

e x(e,x) =x forall x € X, and
e 0(g,x(h,x)) = a(gh,x) for g,h € H and x € X.
(B1.3) Definitions. Let a (discrete) group A act on a topological space M.

1) The action is free if no nonidentity element of A has a fixed point.

Recall: The Standing Assumptions (B0 on page ET) are in effect, so, as
always, I' is a lattice in the semisimple Lie group G < SL(¥, R).
You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/
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2) It is properly discontinuous if, for every compact subset C of M,
theset {A € A | Cn (AC) = @} is finite.
3) For any p € M, we define Stabp(p) = {A € A | Ap = p}. Thisis a
subgroup of A called the stabilizer of p in A.
4) M is connected if it is not the union of two nonempty, disjoint,
proper, open subsets.

5) M is locally connected if every neighborhood of every p € M con-
tains a connected neighborhood of p.

(B1.4) Proposition. If A acts freely and properly discontinuously on a topo-
logical space M, then the natural map 1t: M — A\M is a covering map.

Under the simplifying assumption that M is locally connected, this
means that every p € A\M has a connected neighborhood U, such that
the restriction of Tt to each connected component of t=1(U) is a homeo-
morphism onto U.

§B2. Galois theory and field extensions

(B2.1) Theorem (Fundamental Theorem of Algebra). The field C of com-
plex numbers is algebraically closed; that is, every nonconstant polynomial
f(x) € C[x] has a root in C.

(B2.2) Proposition. Let F be a subfield of C, and let o: F — C be any
embedding. Then o extends to an automorphism & of C.

(B2.3) Notation. If F is a subfield of a field L, then |L : F| denotes dimp L,
the dimension of L as a vector space over F. This is called the degree
of L over F.

(B2.4) Proposition. If F and L are subfields of C, such that F < L, then
|L : F| is equal to the number of embeddings o of L in C, such that o |r = Id.

(B2.5) Definition. An extension L of a field F (of characteristic zero) is
Galois if, for every irreducible polynomial f(x) € F[x], such that f(x)
has a root in L, there exist «y,..., &, € L, such that

f(x)=(x-o0q) - (x—an).
That is, if an irreducible polynomial in F[x] has a root in L, then all of
its roots are in L.
(B2.6) Definition. Let L be a Galois extension of a field F. Then
Gal(L/F) ={oc e Aut(L) | o|r =1d }.
This is the Galois group of L over F.

(B2.7) Proposition. If L is a Galois extension of a field F of characteristic 0,
then |Gal(L/F)| = |L : F|.
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(B2.8) Corollary. If L is a Galois extension of a field F of characteristic 0,
then there is a one-to-one correspondence between

e the subfields K of L, such that F < K, and
e the subgroups H of Gal(L/F).

Specifically, the subgroup of Gal(L/F) corresponding to the subfield K is
Gal(L/K).

§B3. Algebraic numbers and transcendental numbers

(B3.1) Definitions.

1) A complex number z is algebraic if there is a nonzero polynomial
f(x) € Z[x], such that f(z) = 0.

2) A complex number is transcendental if it is not algebraic.

3) A (nonzero) polynomial is monic if its leading coefficient is 1; that
is, we may write f(x) = >;_oaxx* with a, = 1.

4) A complex number z is an algebraic integer if there is a monic
polynomial f(x) € Z[x], such that f(z) = 0.

(B3.2) Proposition. If « is an algebraic number, then there is some nonzero
m € Z, such that m« is an algebraic integer.

(B3.3) Proposition. The set of algebraic integers is a subring of C.

(B3.4) Proposition. Fix some n € N*. Let
e w be a primitive n" root of unity, and
e 73 be the multiplicative group of units modulo n.
Then there is an isomorphism
f:7; ~ Gal(Qlwl/Q): k ~ fi,
such that fy(w) = wX, for all k € Z5.

§B4. Polynomial rings
(B4.1) Definition. A commutative ring R is Noetherian if the following
equivalent conditions hold:
1) Every ideal of R is finitely generated.
2) If I, = I, < - - - is any increasing chain of ideals of R, then there is
some m, such that I,;; = I;ns1 = Ime2 = - - -.

(B4.2) Proposition (Hilbert Basis Theorem). For any field F, the polynomial

ring F[x1,...,xs] (in any number of variables) is Noetherian.
(B4.3) Theorem. Let F be a subfield of a field L. If L is finitely gen-
erated as an F-algebra (that is, if there exist cy,...,c, € L, such that

L =Fl[cy,...,cr)), then L is algebraic over F.



450 B. ASSUMED BACKGROUND

(B4.4) Proposition (Nullstellensatz). Let

e F be an algebraically closed field,

e F[x1,...,Xxy] be a polynomial ring over F, and

e I be any proper ideal of F[x1,...,Xy].
Then there exist a,,...,a, € F, such that f(a,,...,a,) = 0 for all
f(x1,...,xy) €L

(B4.5) Corollary. If B is any finitely generated subring of C, then there is
a nontrivial homomorphism from B to the algebraic closure Q of Q.

(B4.6) Lemma (Eisenstein Criterion). Let f(x) € Z[x]. If there is a prime
number p, and some a € Z, ~ {0}, such that

e f(x)=ax" (mod p), where n = deg f(x), and

e £(0) #0 (mod p?),
then f(x) is irreducible over Q.

§B5. General topology

(B5.1) Definitions. Let X be a topological space.
1) A subset C of X is precompact (or relatively compact) if the clo-
sure of C is compact.
2) X is locally compact if every point of X is contained in a precom-
pact, open subset.
3) X is separable if it has a countable, dense subset.

4) If Iis an index set (of any cardinality), and Xj; is a topological space,
for each i € I, then the Cartesian product X;c; X; has a natural
“product topology, in which a set is open if and only if it is a
union (possibly infinite) of sets of the form X;<; U;, where each U;
is an open subset of X;, and we have U; = X; for all but finitely
many i.

(B5.2) Theorem (Tychonoff’s Theorem). If X; is a compact topological
space, for each i € I, then the Cartesian product X;c; X; is also compact
(with respect to the product topology).

(B5.3) Proposition (Zorn's Lemma). Suppose < is a binary relation on a
set P, such that:

e Iffa<bandb < c, thena < c.

e Ifa<bandb < a,thena =b.

e a<aforalla.

If C < P, such that, for all c1,c» € C, either ¢ < ¢y or ¢» < c1, then
there exists b € P, such thatc < b, for all c € C.

Then there exists a € P, such that a £ b, for all b € P.
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§B6. Measure theory

(B6.1) Assumption. Throughout this section, X and Y are complete, sep-
arable metric spaces. (Recall that complete means all Cauchy sequences
converge.)

(B6.2) Definitions.
1) The Borel o-algebra B(X) of X is the smallest collection of subsets
of X that:
e contains every open set,
e is closed under countable unions (that is, if A, Ay,... € B,
then UJ;2, A; € B), and
e is closed under complements (thatis, if A € B, then X\ A € B).
2) Each element of B(X) is called a Borel set.
3) A function f: X — Y is Borel measurable if f~1(A) is a Borel set
in X, for every Borel set Ain Y.

4) A function u: B(X) — [0, o] is called a measure if it is countably
additive. This means that if A, A,,... are pairwise disjoint, then

u (U Ai) = zIJ(Ai)-
i-1 i-1

5) Ameasure pon X is Radonif u(C) < o, for every compact subset C
of X.

6) A measure u on X is o-finite if X is the union of countably many
sets of finite measure. This means X = |J;>; A;, with u(A;) < o for
each i.

(B6.3) Proposition. If u is a measure on X, and f is a measurable function
on X, such that f > 0, then the integral [, f du is a well-defined element
of [0, ], such that:

1) [y Xadu = u(A) if Xa is the characteristic function of A.

2) x(arfi + axfo) du = a1 [y fr du + az [x fo du for ai,a; € [0, ).

3) if {fn} is a sequence of measurable functions on X, such that we
have 0 < f1 < fo < - -+, then

| lim fodyr = Jim | fodn.

(B6.4) Corollary (Fatou’s Lemma). If { fn},_, is a sequence of measurable
functions on X, with f,, = 0 for all n, and u is a measure on X, then

J liminf f,, du < liminfj fndu.
X n—w n—o Jx

(B6.5) Proposition. If X is locally compact and separable, then every
Radon measure u on X is inner regular. This means

U(E) = sup{ u(C) | C is a compact subset of E}, for every Borel setE.
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(B6.6) Proposition (Lusin’s Theorem). Assume u is a Radon measure on X,
and X is locally compact. Then, for every measurable function f: X — R,
and every € > 0, there is a continuous function g: X — R, such that

p{xeX| fx)+g(x)}<e.
(B6.7) Definition. If u is a measure on X, and f: X — Y is measurable,
then the push-forward of u is the measure f,u on Y that is defined by
(fsm)(A) =u(f1(A)) forAcy.

(B6.8) Proposition (Fubini’s Theorem). Assume
e X; and X, are complete, separable metric spaces, and
e U; is a o-finite measure on Xj, fori =1, 2.
Then there is a measure v = Uy X U on Xy X X», such that:
1) v(E1 XE») = v(E1) - v(E2) when E; is a Borel subset of X; fori =1, 2,
and

2) [x,xx, fAv = Ix, [x, f(x1,x2) du2(x2) dui(x1) when the function
f: X1 XX, — [0, 0] is Borel measurable.

(In particular, [y, f(x1,x2) duz2(x2) is a measurable function of x1.)

(B6.9) Definitions.

1) The support of a function f: X — Cis defined to be the closure of
{xeX|f(x)+0}.
2) Cq(X) = {continuous functions f: X — C with compact support }.
3) A: C.(X) — Cis a positive linear functional on C.(X) if:
e it is linear (that is, A(a1f1 + a>f2) = a1A(f1) + axA(f>) for
ai,a; € Cand fi, f» € C(X)), and
e it is positive (that is, if f(x) = 0 for all x, then A(f) > 0).

(B6.10) Theorem (Riesz Representation Theorem). Assume X is locally
compact and separable. If A is any positive linear functional on C.(X),
then there is a Radon measure u on X, such that

A(f) = Jdeu for all f € C.(X).

(B6.11) Definitions. Assume u is a measure on X, and the function
@: X — Cis measurable.

1) For 1 < p < oo, the $P-norm of @ is

el = (] Iqo(x)l”du(x))l/p.

2) An assertion P(x) is said to be true for almost all x € X (or to
be true almost everywhere, which is usually abbreviated to a.e.),
if u({x | P(x)isfalse}) = 0.
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3) In particular, two functions @, and ¢; are equal (a.e.) if

p({x | @1(x) = @2(x)}) = 0.
This defines an equivalence relation on the set of (measurable)
functions on X.
4) The £™norm (or essential supremum) of @ is
l@lle = min{a € (—o, 0] | @(x) < afora.e. x}.

5) VX, u) = {@: X - C| [[@lly <o}, forl <p < co. An element
of $P(X, ) is called an $P-function on X. Actually, two functions
in $P(X, u) are identified if they are equal almost everywhere, so,
technically, $7(X, u) should be defined to be a set of equivalence
classes, instead of a set of functions.

(B6.12) Definition. Two measures p and v on X are in the same measure
class if they have exactly the same sets of measure O:

U(A) =0 < v(A) =0.
(This defines an equivalence relation.)

(B6.13) Theorem (Radon-Nikodym Theorem). Two o -finite measures u
and v on X are in the same class if and only if there is a measurable
function D: X — R, such that u = Dv. That is, for every measurable
subset A of X, we have u(A) = [, D dv.

The function D is called the Radon-Nikodym derivative dyu/dv.

§B7. Functional analysis

(B7.1) Definitions. Let [ be either R or C, and let V be a vector space
over [F.

1) A topological vector space is a vector space V, with a topology,
such that the operations of scalar multiplication and vector ad-
dition are continuous (that is, the natural maps F X V — V and
V xV — V are continuous).

2) A subset C of V is convex if, for all v,w € Cand 0 <t < 1, we
have tv + (1 - t)w € C.

3) A topological vector space V is locally convex if every neighbor-
hood of 0 contains a convex neighborhood of 0.

4) A locally convex topological vector space V is Fréchet if its topol-

ogy can be given by a metric that is complete (that is, such that
every Cauchy sequence converges to a limit point).

5) A normon V is a function || ||: V — [0, o), such that:
@ llv+w| <|lvll+|lwl] forall v,w €V,
() llav| = lall|lv|lfora € Fand v € V, and

(c) Jlv|l = 0if and only if v = 0.
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Note that any norm || || on V provides a metric that is defined by
d(v,w) = ||lv — w]|. Thus, the norm determines a topology on V.

6) A Banach space is a vector space B, together with a norm || ||, such
that the resulting metric is complete. (Banach spaces are Fréchet.)

7) An inner product on V is a function (| ): V x V — F, such that
(@) (av+bw | x) =al{v|x)+b{w|x)fora,b e Fandv,w,x €V,
b) (v | w)={(w|v)for v,w €V, where a denotes the complex
conjugate of a, and
(¢) (v |v)=0forall v eV, with equality iff v = 0.
Note that if (|) is an inner product on V, then a norm on V is
defined by the formula ||v| = +/{(v | V).

8) A Hilbert space is a vector space J, together with an inner prod-
uct (| ), such that the resulting normed vector space is complete.
(Hence, every Hilbert space is a Banach space.)

9) An isomorphismbetween Hilbert spaces (1, (|)1) and (H>, (| )2)
is an invertible linear transformation T: H; — >, such that

(Tv | Tw), = (v | w); forallv,w € HH;.
An isomorphism from # to itself is called a unitary operator

on H.

(B7.2) Example. If 1 is a measure on X, then the $”-norm makes £7(X, u)
into a Banach space (for 1 < p < ). Furthermore, $2(X, u) is a Hilbert
space, with the inner product

(@)= jxcp(x) W00 du(x).

(B7.3) Definitions. Let B be a Banach space (over [ € {R, C}).

1) A continuous linear functional on B is a continuous function
A: B — [ thatis linear (which means A(av + bw) = aA(v) + bA(w)
fora,b € Fand v,w € B).

2) B* = {continuous linear functionals on B} is the dual of B. This

is a Banach space: the norm of a linear functional A is
IAll = sup{[A(V)| v e B, lv] <1}.

3) For each v € 7B, there is a linear function e, : B* — [, defined by
ey (A) = A(v). The weak* topology on B* is the coarsest topology
for which every e, is continuous.

In other words, the basic open sets in the weak* topology are
of the form {A € B* | A(v) € U}, for some v € B and some open
subset U of F. A set in B* is open if and only if it is a union of sets
that are finite intersections of basic open sets.

4) Any continuous, linear transformation from B to itself is called a
bounded operator on B.
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5) The set of bounded operators on B is itself a Banach space, with
the operator norm

ITI = sup{ (T | [lv] <13.

(B7.4) Proposition (Banach-Alaoglu Theorem). If B is any Banach space,
then the closed unit ball in B* is compact in the weak* topology.

(B7.5) Proposition (Hahn-Banach Theorem). Suppose
e B is a Banach space over [,
e W is a subspace of B (not necessarily closed), and
e A: W — [ is linear.
If |[A(w)| < |lw]|| for all w € W, then A extends to a linear functional
A: B — [, such that |A(v)| < ||[v| forallv € B.
(B7.6) Proposition (Open Mapping Theorem). Assume X and Y are Fréchet
spaces, and f: X — Y is a continuous, linear map.
1) If f is surjective, and O is any open subset of X, then f(©) is open.
2) If f is bijective, then the inverse f~1:Y — X is continuous.

(B7.7) Assumption. Hilbert spaces are always assumed to be separable.
This has the following consequence:

(B7.8) Proposition. There is only one infinite-dimensional Hilbert space
(up to isomorphism). In other words, every infinite-dimensional Hilbert
space is isomorphic to $%(R, u), where i is Lebesgue measure.

(B7.9) Definitions.

1) If 41 and ., are Hilbert spaces, then the direct sum 3, & H> is a
Hilbert space, under the inner product

(@1, @2) | (W1,@2)) = (@1 | Y1) + (P2 | Y2).
By induction, this determines the direct sum of any finite number of
Hilbert spaces; see Definition ITH1 for the direct sum of infinitely
many.

2) We use “1” as an abbreviation for “is orthogonal to” Therefore, if
@,y € H, then ¢ L ¢ means (@ | @) = 0. For subspaces X, X’
of H, we write X L K'if ¢ L @' forall p € K and ¢’ € X'.

3) The orthogonal complement of a subspace K of H is

Kt={pecH | pLX}.
This is a closed subspace of H. Wehave H = K+X*+and K L K+,
soH =Keae XK.

4) The orthogonal projection onto a closed subspace K of # is the
(unique) bounded operator P: H — X, such that

e P(p) =@ forall p € X, and
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e P(y)=0forall p € X+ .
(B7.10) Definitions. Let T: H — 7 be a bounded operator on a Hilbert
space FH.
1) The adjoint of T is the bounded operator T* on H, such that
(T |y)=(p | T*y) foral @,y c H.
It does not always exist, but T* is unique if it does exist.
2) T is self-adjoint (or Hermitian) if T = T*.
3) Tis normal if TT* = T*T.
4) T is compact if there is a nonempty, open subset @ of H, such
that T((?) is precompact.
(B7.11) Proposition. Let T be a bounded operator on a Hilbert space .
1) If T(H) is finite-dimensional, then T is compact.

2) The set of compact operators on H is closed (in the topology defined
by the operator norm).

(B7.12) Proposition (Spectral Theorem). If T is any bounded, normal op-
erator on any Hilbert space 3, then there exist

e a finite measure u on [0, 1],
e a bounded, measurable function f: [0,1] — C, and
e an isomorphism U: H — $%[0,1], ),
such that U(T@) = fU(@), for all p € H (where fU (@) denotes the

pointwise multiplication of the functions f and U ().
Furthermore:

1) T is unitary if and only if | f(x)| = 1 for a.e. x € [0, 1].
2) T is self-adjoint if and only if f(x) € R for a.e. x € [0, 1].

(B7.13) Definition. In the situation of Proposition BZI2, the spectral
measure of T is f L.

(B7.14) Corollary (Spectral Theorem for compact, self-adjoint operators).
Let T be a bounded operator on any Hilbert space H . Then T is both self-
adjoint and compact if and only if there exists an orthonormal basis {e; }
of H, such that

1) each e, is an eigenvector of T, with eigenvalue A,

2) An € R, and

3) limy—co Ay = 0.
(B7.15) Proposition (Fréchet-Riesz Theorem). If A is any continuous lin-

ear functional on a Hilbert space H , then there exists ¢ € H, such that
AM@) ={(@ | y) forall p € H.



Appendix C
A Quick Look at S-Arithmetic Groups

Classically, and in the main text of this book, the Lie groups under con-
sideration were manifolds over the field R of real numbers. However,
in some areas of modern mathematics, especially Number Theory and
Geometric Group Theory, it is important to understand the lattices in Lie
groups not only over the classical field R (or C), but also over “nonar-
chimedean” fields of p-adic numbers. The natural analogues of arith-
metic groups in this setting are called “S-arithmetic groups” Roughly
speaking, this generalization is obtained by replacing the ring Z with a
slightly larger ring.

(C0.1) Definition. For any finite set S = {p1, p2,..., pn} of prime num-
bers, let

Zs={p€Q
a

This is called the ring of S-integers.

(C0.2) Example.
1) The prototypical example of an arithmetic group is SL(¢, Z).

2) The corresponding example of an S-arithmetic group is SL(¥, Zs)
(where S is a finite set of prime numbers).
That is, while arithmetic groups do not allow their matrix entries to have

denominators, S-arithmetic groups allow their matrix entries to have de-
nominators that are products of certain specified primes.

every prime factor
ofgisin §

}:Z[l/pl,l/p%,l/pn]

Most of the results in this book can be generalized in a natural way
to S-arithmetic groups. (The monographs [5] and [8] treat S-arithmetic
groups alongside arithmetic groups throughout.) We will now give a very
brief description of these more general results.

You can copy, modify, and distribute this work, even for commercial purposes, all without
asking permission.  http://creativecommons.org/publicdomain/zero/ 1.0/
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(C0.3) Remark. The monograph [5] of Margulis deals with a more gen-
eral class of S-arithmetic groups that allows R to be replaced with cer-
tain “local” fields of characteristic p, but we discuss only the fields of
characteristic 0.

§C1. Introduction to S-arithmetic groups

Most of the theory in this book (and much of the importance of the theory
of arithmetic groups) arises from the fundamental fact that Gz is a lattice
in G. Since the ring Zs is not discrete (unless § = &), the group Gz, is
usually not discrete, so it is usually not a lattice in G. Instead, it is a
lattice in a group Gs that will be defined in this section.

The construction of R as the completion of Q can be generalized as
follows:

(C1.1) Definition (p-adic numbers). Let p be a prime number.

1) If x is any nonzero rational number, then there is a unique integer
vV = Vp(x), such that we may write

— v a

X =p b’
where a and b are relatively prime to p. (We let v,(0) = «.) Then
Vp(x) is called the p-adic valuation of x.

2) Let
dp(x,y) =p >,

It is easy to verify that d, is a metric on Q. It is called the p-adic
metric.

3) Let Q, be the completion of Q with respect to this metric. (That
is, Q, is the set of equivalence classes of convergent Cauchy se-
quences.) This is a field that naturally contains Q. It is called the
field of p-adic numbers.

4) If G is an algebraic group over Q, we can define the group G(Q,)
of Q,-points of G.

(C1.2) Notation. To discuss real numbers and p-adic numbers uniformly,
it is helpful to let Q, = R.

The construction of arithmetic subgroups by restriction of scalars
(see Section B3) is based on the fact that the ring O of integers in a
number field F embeds as a cocompact, discrete subring in @, g_ Fy.
Using this fact, it was shown that G(O) is a lattice in Xyes, G(Fy).

Similarly, to obtain a lattice in a p-adic group G(Z,), or, more gener-
ally, in a product Xyesui«} Fy of p-adic groups and real groups, we note
that

Zs embeds as a cocompact, discrete subringin € Q.
peSU{w}
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Using this fact, it can be shown that

G(Os)isalatticeinGs = X G(Qp).
peSU{o}

We call G(Os) an S-arithmetic subgroup.

(C1.3) Example. Let G be the special linear group SL,,.

1) Letting S = &, we have Zg¢ = Z and Gs = SL(n,R). So SL(n,Z) is
an S-arithmetic lattice in SL(7, R). This is a special case of the fact
that every arithmetic lattice is an S-arithmetic lattice (with § = @).

2) Letting S = {p}, where p is a prime, we see that SL(n,Z[1/p]) is a
lattice in SL(n, R) x SL(n, Qp).

3) More generally, letting S = {p1,p>,...,p+}, Where p1,...,p, are
primes, we see that SL(n, Zs) is a lattice in

SL(n,R) X SL(n, Qp,) X SL(n,Qp,) X - - - X SL(n, Qp, ).

This is an elaboration of our previous comment that SL(¢, Zs) is the pro-
totypical example of an S-arithmetic group (see Example C1I2).

(C1.4) Remark [2, Chap. 7]. In the study of arithmetic subgroups of a Lie
group G, the symmetric space G/K is a very important tool. In the theory
of S-arithmetic subgroups of Gg, this role is taken over by a space called
the Bruhat-Tits building of Gg. It is a Cartesian product

X5 = (GIK) X X Xp,

where X, is a contractible simplicial complex on which G(Q,) acts prop-
erly (but not transitively).

Optional: Readers familiar with the basic facts of Algebraic Number
Theory will realize that the above discussion has the following natural
generalization:

(C1.5) Definition (|9, p. 61], [8, p. 267]). Let
¢ O be the ring of integers of an algebraic number field F,
¢ S be a finite set of finite places of F, and
¢ G be a semisimple algebraic group over F, and
e Gs = Xyesus, G(Fy).
Then G(Os) is an S-arithmetic subgroup of Ggs.

(C1.6) Remark. More generally, much as in Definition B1T-19, if
e [’ is an S-arithmetic subgroup of Gg, and
e @: Gg — Ggs is a surjective, continuous homomorphism, with com-
pact kernel,
then any subgroup of Gs that is commensurable to @ (I'") may be called
an S-arithmetic subgroup of Gg.



460 C. A QUICK LOOK AT S-ARITHMETIC GROUPS

(C1.7) Theorem [8, Thm. 5.7, p. 268]. Every S-arithmetic subgroup of Gg
is a lattice in Gg.

§C2. List of results on S-arithmetic groups

(C2.1) Warning. The Standing Assumptions (E701) do not apply in this
appendix, because G is not assumed to be a real Lie group.

Instead:

(C2.2) Assumption. Throughout the remainder of this appendix:
e Gis a semisimple algebraic group over Q,
e Sis a finite set of prime numbers, and
e I'is an S-arithmetic lattice in Gs = Xpesuio} G(Qp).

To avoid trivialities, we assume Gg is not compact, so I is infinite.

(C2.3) Definition. As a substitute for real rank in this setting, let

S-rank G = z rankq, G.
pESU{eo}

(C2.4) Remark. All of these results generalize to the setting of Defini-
tion CI3, but we restrict our discussion to Q for simplicity.

The following theorems on S-arithmetic groups are all stated without
proof, but each result is provided with a reference for further reading.
The reader should be aware that these references are almost always sec-
ondary sources, not the original appearance of the result in the literature.

Results related to Chapter @ (Basic Properties of Lattices).
(E23s) I'\Gg is compact if and only if the identity element e is not an
accumulation point of T'Gs [9, Thm. 1.12, p. 22].
(EZ4s) IfT has anontrivial, unipotent element, thenI'\Gg is not compact.

In fact, Godement’s Criterion (53-1s) tells us that the converse is also
true.

(E51s) The Borel Density Theorem holds, for any continuous homomor-
phism p: G¢ — GL(V), where V is a vector space over R, C, or any
p-adic field Qp [§, Thm. I1.2.5 (and Lem. 11.2.3), p. 84].

(B=ZT1Mg) T is finitely presented [8, Thm. 5.11, p. 272].

(E=8Zs) (Selberg Lemma) I has a torsion-free subgroup of finite index [9,
Thm. 6.11, p. 93].

(E9Zs) (Tits Alternative) I' has a nonabelian free subgroup [5, App. B,
pp- 351-353].
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Results related to Chapter B (What is an Arithmetic Group?).

(EZ1s) (Margulis Arithmeticity Theorem) If S-rank G > 2, then every ir-
reducible lattice in Gg is S-arithmetic [5, Thm. IX.1.10, p. 298, and
Rem. (vi) on p. 290]. (Note that our definition of irreducibility is
stronger than the one used in [5].)

(B3Ts) (Godement Criterion) I'\Gs is compact if and only if T has no
nontrivial unipotent elements [8, Thm. 5.7(2), p. 268].

Remark. Exercise BE4#I1 (easily) implies:

1) [13, Thm. 1] If v is any nonarchimedean place of F, then every
lattice in G(F,) is cocompact.

2) If G(S«) is compact, then every lattice in G is cocompact.

Warning. We know that if @is the ring of integers of F, then G(©) embeds
as an arithmetic lattice in X,cs_ G(F,), but that restriction of scalars
allows us to realize this same lattice as the Z-points of an algebraic group
defined over Q (cf. Proposition E538). This means that all arithmetic
groups can be found by using only algebraic groups that are defined
over Q, not other number fields. It is important to realize that the same
cannot be said for S-arithmetic groups: most extensions of Q provide
many S-arithmetic groups that cannot be obtained from Q.

For example, suppose p is a prime in Z, but p factors in the integers O
of an extension field, and a is a prime factor of p in @. Then the subgroup
SL(2,0[1/p]) canbe obtained by restriction of scalars, but SL(2, O[1/a])
is an {a}-arithmetic subgroup that cannot be obtained by this method.

A result related to Chapter IZ (Amenable Groups).

(ITZZ3s) For v € S, if G(F,) is not compact, then G(F,) is not amenable
[T2, Rem. 8.7.11, p. 260].

Results related to Chapter I3 (Kazhdan’s Property (T)).

(3=Z4s) If rankr, G = 2, for every simple factor G of G(F,), and every
v € §, then Gs has Kazhdan'’s property [5, Cor. II1.5.4, p. 130].

(I3Z0s) If Gg has Kazhdan’s property, then I' also has Kazhdan’s prop-
erty [B, Thm. II1.2.12, p. 117].

(3Z3s) IfT'has Kazhdan’s property, thenT'/[I',T']is finite [5, Thm. III.2.5,
p. 115].
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A result related to Chapter @& (Margulis Superrigidity Theorem).

Assumption. Assume
e S-rank G = 2,
e T'is irreducible, and
e w is a place of some algebraic number field F’.

(IbTH\s) (Margulis Superrigidity Theorem [5, Prop. VII.5.3, p. 225]) If
e G’ is a Zariski-connected, noncompact, simple algebraic group
over F,,, with trivial center, and
e @:I' - G'(F),) is a homomorphism, such that @ (T) is:
o Zariski dense in G', and
o not contained in any compact subgroup of G’ (F,,),
then @ extends to a continuous homomorphism @: Gs — G’ (F},).
Furthermore, there is some v € §, such that F, is isomorphic to
a subfield of a finite extension of F,,.

Warning. Exercise I6-2Z1 does not extend to the setting of S-arithmetic
groups: for example, the lattice SL(n, Z) is not cocompact, but the image
of the natural inclusion SL(n,Z) = SL(n, Q,) is precompact.

Results related to Chapter 4 (Normal Subgroups of I).
(CIs) (Margulis Normal Subgroups Theorem [5, Thm. VIIL.2.6, p. 265])
Assume
e S-rankG > 2,
e I'is irreducible, and
e N is a normal subgroup of I.
Then either N is finite, or I'/N is finite.

(CZZT) If S-rank G = 1, then I' has (many) normal subgroups N, such
that neither N nor I'/N is finite [4, Cor. 7.6].

Results related to Chapter I8 (Arithmetic Subgroups of Classical

Groups).

(IBIXs) Let Q, be the algebraic closure of Q,. Then all but finitely many
of the simple Lie groups over Q, are isogenous to either SL(n, Qp),
SO(n,Qp), or Sp(2n, Qp), for some n [3, Thm. 11.4, pp. 57-58, and
Thm. 18.4, p. 101].

(IBIZs), (853s) Every Q-form or Q,-form of SL(n, Q,), SO(n, Q,), or
Sp(n, Q) is of classical type, except for some “triality” forms of
SO(8,Qp) (cf. Remark [BSTD) [8, §2.3].
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(I8510s) Unlike R, the field Q, has extensions of degree 3, so some
Qp-forms of SO(8, Q) are triality groups, even though there are no
such R-forms of SO(8, C).

(B—ZTs) Gs has a cocompact, S-arithmetic lattice [[].

(IBZ4s) If Gisisotypic, then Gg has a cocompact, irreducible lattice that
is S-arithmetic [T].

(IB—Z3s) If G has an irreducible, S-arithmetic lattice, then G is isotypic.

A result related to Chapter T4 (Construction of a Coarse Fundamen-
tal Domain). If F is any coarse fundamental domain for G(Z) in G(R),
then there is a compact subset C of X,cs G(Qp), such that F x Cis a
coarse fundamental domain for G(Zs) in Gg [8, Prop. 5.11, p. 267].

This implies that every S-arithmetic subgroup of Ggs is a lattice [8,
Thm. 5.7, p. 268], but the short proof outlined in Section [Z4 does not
seem to generalize to this setting.

Results related to Chapter 20 (Ratner’s Theorems on Unipotent
Flows). Ratner’s three main theorems (Z013, P33, and Z0-34) have
all been generalized to the S-arithmetic setting by Ratner [I0, IT] and
Margulis-Tomanov [B, /] (independently).
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‘B = a Banach space, page 454

I = a Hilbert space, page 454

B* = dual of ‘B, page 454

||IT|| = operator norm, page 455

1 = “is orthogonal to”, page 455

K+ = orthogonal complement of the subspace X, page 455
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S = a finite set of prime numbers, page 457

Zs =Z[1/p1,1/p2,...,1/pn] is the ring of S-integers, page 457
Qp = field of p-adic numbers, page 458

Qo = R, page 458

Gs = Xpesuio} G(Qp), page 459

S-rank G = X, c5u 1} Tankq, G, page 460
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